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Preface

A large part of modern analysis is centered around the Laplace operator
and its generalizations in various settings. On the other hand, under certain
technical conditions one can show that the generator of a continuous strong
Markov process must be a second order elliptic operator. These are the
two facts that make the connection between probability and analysis seem
natural. If we adopt the view that Brownian paths are the “characteristic
lines” for the Laplace operator, then it is no longer surprising that solutions
of many problems associated with the Laplace operator can be explicitly
represented by Brownian motion, for it is a well known fact in the theory
of partial differential equations that explicit solutions are possible if one
knows characteristic lines. While analysts are interested in what happens
in average, to a probabilist things usually happen at the path level. For
these reasons probability theory, and Brownian motion in particular, has
become a convenient language and useful tool in many areas of analysis.
The purpose of this book is to explore this connection between Brownian
motion and analysis in the area of differential geometry.

Unlike many time-honored areas of mathematics, stochastic analysis has
neither a well developed core nor a clearly defined boundary. For this reason
the choice of the topics in this book reflects heavily my own interest in the
subject; its scope is therefore much narrower than the title indicates. My
purpose is to show how stochastic analysis and differential geometry can
work together towards their mutual benefit. The book is written mainly
from a probabilist’s point of view and requires for its understanding a solid
background in basic euclidean stochastic analysis. Although necessary geo-
metric facts are reviewed throughout the book, a good knowledge of differen-
tial geometry is assumed on the part of the reader. Because of its somewhat
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xiv Preface

unusual dual prerequisites, the book is best suited for highly motivated ad-
vanced graduate students in either stochastic analysis or differential geom-
etry and for researchers in these and related areas of mathematics. Notably
absent from the book are a collection of exercises commonly associated with
books of this kind, but throughout the book there are many proofs which
are nothing but an invitation to test the reader’s understanding of the topics
under discussion.

During the writing of this book, I have greatly benefited from several
existant monographs on the subject; these include:

e N. Ikeda and S. Watanabe: Stochastic Differential Fquations and
Diffusion Processes, 2nd edition, North-Holland /Kodansha (1989);

e K. D. Elworthy: Stochastic Differential Equations on Manifolds,
Cambridge University Press (1982);

e M. Emery: Stochastic Calculus in Manifolds, Springer (1989);
e P. Malliavin: Stochastic Analysis, Springer (1997).

Overlaps with these works are not significant, and they and the more re-
cent An Introduction to the Analysis of Paths on a Riemannian Manifold,
American Mathematical Society (2000), by D. W. Stroock, are warmly rec-
ommended to the reader.

This book could not have been written without constant support from
my wife, who has taken more than her fair share of family duties during
its long gestation period. I would like to take this opportunity to thank
Elena Kosygina, Tianhong Li, Banghe Li, and Mark A. Pinsky for reading
early drafts of various parts of the book and for their valuable suggestions.
I would also like to acknowledge many years of financial support through
research grants from the National Science Foundation. Most of the book is
based on the lectures I have delivered at various places during the late 1990s,
notably at Academica Sinica in Beijing (1995), IAS /Park City Mathematics
Institute in Princeton (1996), Institut Henri Poincaré in Paris (1998), and
Northwestern University in Evanston (1999), and I would like to thank my
audiences for their comments and suggestions.

Elton P. Hsu
Hinsdale, IL
October, 2001.



Introduction

Stochastic differential equations on manifolds can be studied in three dif-
ferent but equivalent ways: intrinsic, extrinsic, and local, and we will see
examples of all three in this book. We prove the existence and uniqueness
of solutions by assuming that the manifold is a closed submanifold of some
euclidean space, in order to take advantage of the more familiar theory of
such equations in euclidean spaces. Once this is done, the extrinsic point of
view is pretty much abandoned. An intrinsic presentation of a result gives it
an appealing and compact form, and in many situations shows the relations
among the quantites involved more clearly. However, it is often the case
that earnest analysis can only be done in a judiciously chosen coordinate
system, so local calculations are unavoidable.

A dominating theme of the book is the relation between Brownian mo-
tion and curvature, for, aside from topology, it is curvature that distinguishes
a manifold from a euclidean space. Except for the first two chapters, the
reader will find curvature make its appearance on almost every page; there-
fore it is important that the reader should have a good grasp on its basic
definition and various incarnations. Because this book is mainly intended
for probabilists who are interested in geometric applications, basic euclidean
stochastic analysis is assumed. Differential geometry is reviewed on the spot,
and these brief reviews also familarize the reader with the notations to be
used. In order to give some guidance to the reader, in the following I will
give a general description of the contents of the book.

CHAPTER 1 introduces basic facts about stochastic differential equations
on manifolds. It starts with a review of the euclidean case. Equations on
manifolds are solved by embedding them in euclidean spaces (by virtue of

1



2 Introduction

Whitney’s embedding theorem). The main result is that every It6 type sto-
chastic differential equation on a manifold can be uniquely solved up to its
explosion time. The last section discusses diffusion processes from the view-
point of martingale problems, and the existence and uniqueness of diffusion
processes generated by smooth second order elliptic operators on manifolds
are proved by solving stochastic differential equations on manifolds.

CHAPTER 2 studies horizontal lift and stochastic development, two con-
cepts central to the Eells-Elworth-Malliavin construction of Brownian mo-
tion on a Riemannian manifold. Necessary background from differentil ge-
ometry is explained in the first two sections. The horizontal lift of a general
manifold-valued semimartingale is obtained by solving a horizontal stochas-
tic differential equation in the frame bundle. Stochastic line integrals of
covariant tensors of orders 1 and 2 along a semimartingale are also intro-
duced here. In the last two sections, we study martingales on manifolds and
submanifolds, and prove two local results on convergence and nonconfluence.

CHAPTER 3 starts with a review on the Laplace-Beltrami operator.
Brownian motion on a Riemannian manifold is defined as a diffusion gen-
erated by half of the operator. This definition is shown to be equivalent to
several other descriptions, including the one stating that it is a semimartin-
gale whose anti-development with the Levi-Civita connection is a euclidean
Brownian motion. After discussing several typical examples, we investigate
the effect of curvature on the radial process of Brownian motion by com-
paring it with the same process on a radially symmetric manifold. The
differential geometry needed for this purpose includes some basic properties
of the distance function and the Laplacian comparison theorem. The chap-
ter ends with an estimate on the exit time from a geodesic ball in terms of
the lower bound of the Ricci curvature.

CHAPTER 4 explores the connection between heat kernel and Brownian
motion, starting from the basic fact that the minimal heat kernel is the
transition density function of Brownian motion. Topics included in this
chapter are stochastic completeness, the Cy-property (also known as the
Feller property) of the heat semigroup, recurrence and transience, and heat
kernel comparison theorems. The common feature of these topics is that they
can be investigated by examining the radial process of Brownian motion.

CHAPTER b studies several problems on the short-time behavior of the
heat kernel and Brownian motion. The short-time asymptotic behavior of
the heat kernel for points within the cutlocus is the starting point of our
discussion. Varadhan’s asymptotic relation is then proved for a complete
Riemannian manifold. We also describe a general method for computing
the short-time asymptotics of the heat kernel at arbitrary two points of a



Introduction 3

compact Riemannian manifold. for distant points. This method is illus-
trated by computing the leading term of the heat kernel on a sphere at
two antipodal points. In the last section we prove global estimates for the
first and second derivatives of the logarithmic heat kernel on a compact
Riemannian manifold.

CHAPTER 6 contains two further applications of Brownian motion to
geometric problems. The first one is the Dirichlet problem at infinity on
a Cartan-Hadamard manifold. This problem is reduced to the problem of
angular convergence of Brownian motion. Two typical bounds on the sec-
tional curvature are discussed, namely a constant upper bound and a inverse
quadratically vanishing upper bound. The second application is estimating
the first nonzero eigenvalue of a compact manifold with nonnegative Ricci
curvature using the Kendall-Cranston coupling of Brownian motion.

CHAPTER 7 is devoted to probabilistic proofs of the Atiyah-Singer index
theorem. It starts with a discussion on solving heat equations on differen-
tial forms using a Feynman-Kac multiplicative functional dictated by the
Weitzenbock formula. The easy case of the Gauss-Bonnet-Chern theorem
is discussed first, and a probabilistic proof of Patodi’s local Gauss-Bonnet-
Chern theorem is given. We then explain the algebraic and geometric back-
ground for the Atiyah-Singer index theorem for the Dirac operator of a
twisted spin bundle on a spin manifold. From a probabilistic viewpoint, the
main difference between the two is that the latter requires a more precise
asymptotic computation of Brownian holonomy, which is carried out the in
the last section.

CHAPTER 8 is a basic course on stochastic analysis on the path space
over a compact Riemannian manifold. We first prove the quasi-invariance
of the Wiener measure on a euclidean path space and use it to derive the
integration by parts for the gradient operator. This is followed by a dis-
cussion of the spectral properties of the Ornstein-Uhlenbeck operator. The
concepts of the gradient operator and the Ornsten-Uhlenbeck operator are
then generalized to the path space of a Riemannian manifold. We prove
three formulas involving the gradient and the heat kernel due to Bismut.
One of them is used to give a proof of Driver’s integration by parts formula
for the gradient operator in the path space. In preparation for a logarithmic
Sobolev inequality on the path space, the Clark-Ocone-Haussman martin-
gale representation theorem is generalized to the setting of the path space
over a compact Riemannian manifold. After a general discussion of logarith-
mic Sobolev inequalities and hypercontractivity, we end the book by proving
the logarithmic Sobolev inequality for the path space.

NoTES AND COMMENTS and BIBLIOGRAPHY are limited to the imme-
diate literature I have consulted in preparing this monograph, and are not
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meant for distributing or adjudicating research credits, for in many cases
I have not cited original research publications. They may also serve as a
guide for those who are interested in more information or further research
on the topics covered in the book.

CHAPTERS 1, 2, 3, and SECTIONS 4.1, 5.1, 5.2, 5.4, 7.1, 7.2 form the
core of the book; the remaining part consists mostly of independent topics.
Readers who wish to study these topics selectively may find convenient the
list of GENERAL NOTATIONS included at the end of the book.



Chapter 1

Stochastic Differential
Equations and
Diffusions

We start with with a review of the basic theory of It0 type stochastic dif-
ferential equations (SDE) on euclidean space driven by general continuous
semimartingales. An Ito type stochastic differential equation on a manifold
M can be solved by first embedding M into a euclidean space R as a closed
submanifold and extending the vector fields of the equation from M to the
ambient space. Thus we obtain an equation of the same type on RY. A
solution of the extended equation starting from M will stay in M. Such an
extrinsic approach to stochastic differential equations on manifolds has the
obvious advantage of avoiding using local coordinates, thus enabling us to
streamline the exposition. Since we use an embedding only as an interme-
diate step, its extrinsic nature should not be a concern once an appropriate
uniqueness of the object under consideration is established.

We will pay special attention to the possibility of explosion of a solution.
The explosion time is the maximum stopping time up to which a solution
of the equation can be defined. If the driving semimartingale runs for all
time, then the explosion time coincides with the time at which the solution
escapes to infinity.

The last section of this chapter is a brief introduction to the theory
of diffusion processes and diffusion measures generated by smooth second
order elliptic operators on manifolds. As usual they are defined as solutions
of certain martingale problems. An important consequence of the uniqueness
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6 1. Stochastic Differential Equations and Diffusions

of solutions of martingale problems is the strong Markov property, which is
used explicitly or implicitly throughout the book.

Let us make a few remarks about the general probabilistic setting in this
book. Frequently we work with a probability space (2, F,P) equipped with
a filtration F, = {Fy, t > 0} of o-fields contained in F. We always assume
that F = limy F; and call (2, F,, P) a filtered probability space. Whenever
necessary, we assume that

(1) each Fy is complete with respect to PP, i.e., every null set (a subset of
of a set of measure zero) is contained in Fy;

(2) F. is right continuous: Fy =, Fs.
Since we deal almost exclusively with continuous stochastic processes, we
will drop the modifier “continuous” and assume that all stochastic processes
are continuous with probability one unless explicitly stated otherwise. In
the same spirit, we will also let go the ubiquitous “almost surely,” “with
probability one,” and the like whenever there is no possibility of confusion.

1.1. SDE on euclidean space

In this section we will study Itd type stochastic differential equations on
a euclidean space with locally Lipschitz coefficients driven by continuous
semimartingales. Later, when we study diffusions generated by a second
order elliptic, but not necessarily nondegenerate differential operator, we
will have to consider stochastic differential equations with locally Lipschitz
coefficients even when the coefficients of the generator are smooth. The
main result of this section is the existence and uniqueness of the solution of
such an equation up to its explosion time (THEOREM 1.1.8).

Let us first formulate the kind of equations we want to solve on RV, the
euclidean space of dimension N. Such an equation is given by a diffusion
coefficient matrix ¢ and a driving semimartingale Z. We assume that the
diffusion coefficient matrix o = {o? } : RY — M(N, 1) (the space of (N x I)-
matrices) is locally Lipschitz: for each R > 0 there is a constant C'(R)
depending on R such that

o(z) —o(y)| < C(R)[x —yl,  Va,y € B(R),

where B(R) = {z € R" : || < R}. We say that o is globally Lipschitz if
C(R) can be chosen independent of R.

We assume that the driving process Z = {Z;, t > 0} is an Rl-valued F,-
semimartingale (adapted to the filtration F..) defined on a filtered probability
space (2, F,,P). It is viewed as a column of [ real-valued semimartingales:



1.1. SDE on euclidean space 7

Zy = (Z},...,ZH)1. By definition Z = M + A, where M is a local F,-
martingale and A an F,-adapted process of local bounded variation such
that Ag = 0.

Let Xo € Fy be an RV-valued random variable measurable with respect
to Fg. Let 7 be an F,-stopping time and consider the following stochastic

differential equation (written in the integral form) for an R¥-valued semi-
martingale X = {X;,0 <t < 7} defined up to 7:

t
(1.1.1) X, = X +/ o(X)dZ;, 0<t<r.
0

Here the stochastic integral is in the It6 sense. We will refer to this equation
as SDE(0,Z,Xp). In a typical situation where Z; = (W, t) with an (I —1)-
dimensional euclidean Brownian motion W and o = (o1,b) with oy : RY —
M(N,l —1) and b : RN — RV, the equation takes on a more familiar form:

dXt =01 (Xt) th + b(Xt) dt.
Note that by allowing a solution to run only up to a stopping time, we have

incorporated the possibility that a solution may explode in finite time.

The following It6’s formula is a consequence of the usual 1t6’s formula for
semimartingales. For a function f € C%(RY), we use f,., Jz;z; to denote its
first and second partial derivatives with respect to the indicated variables.

Proposition 1.1.1. Let X be a solution of SDE(o,Z, Xy). Suppose that
f € C3RYN). Then

(1.1.2)  f(Xy)

f(Xo) /fx, Xs)dzZ$
/ forey (X0) 04(X,) 0% (X,) d( 2%, 2°)
1(Xo) / fo (X2 (X,) dME + / F(X0)oh (X,) dAC
/ Fore (X0) 04,(X,) 0% (X,) d(M°, MP)..
Proof. Exercise. ]

Our goal in this section is to prove the existence and uniqueness of a
solution up to its explosion time for the type of stochastic differential equa-
tions we just formulated. For this purpose we need an estimate concerning
1t6 integrals with respect to semimartingales. Let Z = M + A be the canon-
ical decomposition of the semimartingale Z into a local martingale and a
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process of locally bounded variation. Define
! !
(1.1.3) Qe =Y (M M)+ > (JA[F + |A%];) +1,

a=1 a=1
where |A%|; stands for the total variation of A“ on [0,¢]. Adding ¢ in the
definition makes @) strictly increasing, so that it has a continuous, strictly
increasing inverse n = {ns, t > 0}. Since {ns <t} = {s < Q:}, each 7y is a
finite F,-stopping time.

Lemma 1.1.2. There is a constant C depending only on m and | such that
for any F.-adapted, M(m,1)-valued continuous process F' and an F-stopping

time T,
t
/ FsdZ,
0

Proof. By considering each component separately, we may assume that

l=m =1. We have
t t
/ F,dM, / FsdAs
0 0

¢
/ FydZ,
0

t
Let Ny = / FydM,. By Doob’s inequality we have
0

2

(1.1.4) E max
0<t<r

< CIE/ |Fy)? dQs.
0

2

< 2 max
0<t<r

2
+ 2 max
0<t<r

2

max
0<t<r

E N;|2 < 4E|N.|? = 4E(N),.
Orggél t|7 < AR [Ny | (N)r

Now - -
W), = [P, < [T IR PaQ.,
0 0
hence
t 2 T
E max /Fdes §4E/ |Fy]?dQs.
0<t<t | Jo 0

On the other hand, by the Cauchy-Schwarz inequality,

2
t T 1
FydA; /FS A2+ 1 ————d|AJs
/ IV |]

T T ;l|4’
Fs2 A2+1 dAs/ St el L

71_7'
Z Fy|?dQs.
5 1R

t 2
/ FsdZ,
0

2
<

IN

IN

It follows that

E max
0<t<r

i
< 1OE/ |Fy)? dQs.
0
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Returning to the SDE(o, Z, Xy), we first consider a case without explo-
sion.

Theorem 1.1.3. Suppose that o is globally Lipschitz and Xg square inte-
grable. Then SDE (o, Z, Xo) has a unique solution X = {Xy, t > 0}.

Proof. In this proof we use the notation

¥ loc = gua Y|

for a vector-valued process Y. We solve the equation by the usual Picard’s
iteration. Define a sequence { X"} of semimartingales by X = X and

t
(1.1.5) Xi' = Xo +/ o (X2 dz,.
0

We claim that {X"} converges to a continuous semimartingale X which
satisfies the equation. Define the increasing process @ as in (1.1.3) and let
7 be its inverse as before. Each np is a stopping time for fixed 7. By (1.1.4)
and the assumption that ¢ is globally Lipschitz we have

E|X" - Xn_l‘io,m“ < OiE /OnT |o (Xg_l) —0 (XQ_Q) ‘2 dQs

nr 9
< CHE / | X2IXI?)T dQs.
0

Making the change of variable s = 7, in the last integral and using @, = u,
we have

T
(1.1.6) E|x" - x 2 gCQE/ Xt — xn
ST 0

Oonu

For the initial step, from
xt-xi- | ' o(Xo) dZ = o(Z0) 2
and (1.1.4) again we have 0
E|X' = XL < CE{[|Xo|* + 1] Qur} = C3T {E|Xo|> + 1},

oo,
which is assumed to be finite. Now we can iterate (1.1.6) to obtain

n n—1 (C4T 2
(1.1.7) E|X"-X \ oy < {E|Xo]* + 1} .
By Chebyshev’s inequality, this implies that
1 (4C4T
n n—1 2
IP’{|X .G mT_Qn}_ {E|Xo|* +1}.

By the Borel-Cantelli lemma we have, for fixed T' > 0,

1
P ‘X" X 1} < — for almost all n p = 1.
o,NT 2
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Since 15 T 0o as s T 00, it is now clear that X; = lim,,_,., X;* exists for each
fixed ¢ and that almost surely the convergence is uniform on [0, 7] for each
fixed T'. This shows that the limiting process X is continuous.

We now justify passing to the limit in (1.1.5). From the inequality

m
X7 = X oour < D 1X = X' M oor
l=n+1

we have

m
VBT = X7, < 30 \EIX - X,

l=n+1
Letting m — oo and using Fatou’s lemma on the left side and the estimate
(1.1.7) on the right side, we obtain

o0
112
VEIX —xn2 < S JEx - xmE

l=n+1
<> VEXoP 1,
I=n+1
which implies
(1.1.8) 1}1_}H;()E|X X”|OOT]T =0.

For the right side of (1.1.5) we have by LEMMA 1.1.2 and (1.1.8)
2

E max
0<t<nr

/ {0(X,) — o(X™M)} dZ,

< CsE /0 0(Xa) — o (X Qs

nr
< CﬁE/ X, — X720,

< CsTE|X — X2

— 0.

o0, NT

Now we can take the limit in (1.1.5) as n | oo and obtain, for each fixed
T >0,

tAnT
Xinnr = Xo +/ o(Xs)dZs.
0
Letting T' T oo, we have
t
X =Xy +/ o(Xs)dZs.
0

This shows that X is a semimartingale and satisfies SDFE (o, Z, X).
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For the uniqueness, suppose that Y is another solution. We have

X —Y, = /O {0(X,) — o(Y,)} dZs.

For a fixed positive integer N let 7y = inf {t > 0: |X; — Y;| > N}. We have
as before

9 NTNATN 9
E|X; — Yil2y pry < CoF /0 X, - Yl dQ..

If we let Vs = E|X —Y\Q then Vs < N, and after a change of variables

00,Ms TN ?
on the right side the above inequality can be written simply as

T
VT S CG/ Vsds.
0

This implies Vs = 0 for all s and hence X; =Y for all 0 < s < 7. By the
continuity of X and Y we have 7y T oo as N T oco. It follows that X, = Y
for all s > 0. |

In the above theorem, the solution X runs for all time because we have
assumed that the coefficient matrix ¢ is globally Lipschitz, which implies
that it can grow at most linearly. When the matrix ¢ is only locally Lips-
chitz, we have to allow the possibility of explosion. For example, the solution
of the equation

% = ;E?’ To = 17
is X; = 1/(1—t), which explodes at time ¢ = 1. In view of later applications,
we will take a more general viewpoint and define the explosion time of a path
in a locally compact metric space M. We use M=MU {On} to denote the
one-point compactification of M.

Definition 1.1.4. An M -valued path x with explosion time e = e(z) > 0
is a continuous map x : [0,00) — M such that xy € M for 0 <t < e and
xy = Oy for allt > e if e < co. The space of M -valued paths with explosion
time is called the path space of M and is denoted by W (M).

We state a few easy but useful facts about explosion times. Recall that
an exhaustion of a locally compact metric space M is a sequence of relatively
compact open sets {On} such that Oy C Onyq and M = |JX_; On.

Proposition 1.1.5. (1) Let {On} be an ezhaustion and 10, the first exit
time from On. Then 1o, Te as N | oo.

(2) Suppose that d : M x M — Ry is a metric on M with the property
that every bounded closed set is compact. Fix a point o € M. Let Tr be the
first exit time from the ball B(R) = {x € M : d(x,0) < R}. Then T | € as
R 7 oco.
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Proof. Exercise. ([

We will use Part (2) of the above proposition in two typical situations:
(i) M is a complete Riemannian manifold and d is the Riemannian distance
function; (ii) M is embedded as a closed submanifold in another complete
Riemannian manifold and d is the Riemannian metric of the ambient space.

Let B; = B;(W(M)) be the o-field generated by the coordinate maps up
to time ¢. Then we have a filtered measurable space (W (M), B.), and the
lifetime e : W(M) — (0, 00| is a By-stopping time.

For a locally Lipschitz coefficient matrix o, a solution of SDFE(o, Z, Xy)
is naturally a semimartingale defined up to a stopping time. Let us be more
precise.

Definition 1.1.6. Let (Q,F.,P) be a filtered probability space and T an
F.-stopping time. A continuous process X defined on the stochastic time
interval [0, T) is called an F,-semimartingale up to T if there exists a sequence
of Fy-stopping times 1, T T such that for each n the stopped process X™ =
{Xirr,,t > 0} is a semimartingale in the usual sense.

Definition 1.1.7. A semimartingale X up to a stopping time 7T is a solution
of SDE(o,Z, Xy) if there is a sequence of stopping times T, 1 T such that
for each n the stopped process X™ is a semimartingale and

tATh
Xinr, = Xo +/ o(X,)dZ,,  t>0.
0

We are now in a position to show that there is a unique solution X to
SDE(c,Z,Xo) up to its explosion time e(X).

Theorem 1.1.8. Suppose that we are given (i) a locally Lipschitz coef-
ficient matriz ¢ : RN — M(N,1); (ii) an Rl-valued F.-semimartingale
Z ={Zs,t > 0} on a filtered probability space (, Fy,P); (iii) an RN -valued,
Fo-measurable random variable Xo. Then there is a unique W (RN )-valued
random variable X which is a solution of SDE(o, Z, Xo) up to its explosion
time e(X).

Proof. We first assume that Xy is uniformly bounded: |Xy| < K. For
a fixed positive integer n > K let o™ : R — M(N,I) be a globally Lip-
schitz function such that ¢"(z) = o(z) for |z| < n. By THEOREM 1.1.3,
SDE(c™, Z, Xo) has a solution X”. We have XJ* = X! when

t <7 Cinf {t>0:]Xp] or X =n}.

This follows from the uniqueness part of THEOREM 1.1.3 because 0™ (z) =
o"1(2) for |z| < n and the two semimartingales X™™ and X"tL7n (X7
and X"*! stopped at 7, respectively) are solutions of the same equation
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SDE(c"™, Z™, Xy). Now 7, is the first time the common process reaches the
sphere B(n) = {z € RV : |z| = n}. In particular, we have 7,, < T, 41.

Let e = lim,j 7, and define a semimartingale X up to time e by
X = X} for 0 <t < 7,. Then 7, is the first time the process X reaches the
sphere 0B(n). From

t
X7 = Xo +/ o" (X7 dZs,
0
Xinr, = X', and o™(X]) = 0(X5) for s < 7, we have
tATn
X, = Xo+ [0 (X,) dZ.
0

which means that X is a solution of SDFE(o, Z, Xy) up to time e.

We now show that e is the explosion time of X, i.e.,
lim|X;| =00 on {e<oo}.
t1Te
Equivalently, we need to show that for each fixed positive R > K, there
exists a time (not necessarily a stopping time) tg < e such that |X;| > R
for all t € [tg,e).

The idea of the proof is as follows. Because the coeflicients of the equa-
tion are bounded on the ball B(R + 1), X needs to spend at least a fixed
amount of time (in an appropriate probabilistic sense) when it crosses from
0B(R) to 0B(R+1). If e < oo, this can happen only finitely many times.
Thus after some time, X either never returns to B(R) or stays inside B(R+1)
forever; but the second possibility contradicts the facts that | X, | = n and
™ Teasn T oo.

To proceed rigorously, define two sequences {n,} and {(,} of stopping
times inductively by (y = 0 and

M = inf{t > (n,l : |Xt| = R},
(o = inf{t>mn,:|Xy=R+1},

with the convention that inf() = e. If {, < e, the difference (, — n, is the
time X takes to cross from 0B(R) to OB(R + 1) for the nth time. By Ito’s
formula (1.1.2) applied to the function f(z) = |z|?> we have

t
(1.1.9) 1 X¢)? = | Xol* + NV +/ U.dQ,, t<e,
0
where
t
N; = 2/ ol (X)X dM?,
0

A dAC . d(M®*, MP),
W, = 20" (X,) X! dQS +Jg(XS)a}3(XS)¥.
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The definition of @ is given in (1.1.3). It is clear that

t
(N} = /0 ,dQ,,

) ) . e B
B, = 4o’ (X,)o) (X,) X' X ‘W.

By the well known Lévy’s criterion, there exists a one-dimensional Brownian
motion W such that

Nu+7]’ﬂ - Nﬁn = W<N>u+’fm_<N)77n '
When 7, < s < (, we have |X;| < R+ 1. Hence there is a constant C

depending on R such that 7| < C and |®s] < C during the said range of
time. From (1.1.9) we have

1 S |X<n‘2_ |X77n|2

Cn
= Wi — W + /?7 WsdQs

< Wi?V)Cn_(N)nn +C (an - an) ;

where W} = maxg<s<¢ |[Ws|. We also have

Now it is clear that the events ¢, < e and Q¢, — Qy, < (Cn)~! together
imply that

S|
DN =

Therefore,

1 *
P{Cn <€7QCn _an < C’n} S]P){Wl/n > 1/2}

= 2n/oo e~ 2y < Uie_”z/g.
T 1/2 - ™

By the Borel-Cantelli lemma, either (, = e for some n or (, < e and
Qc, — Q. > (Cn)~! for all sufficiently large n. The second possibility
implies that

n—1
Qe = Y _(Qc, — @Qny) — 0,
m=1
which in turn implies e > (,, T co. Thus if e < oo, we must have (, = e for
some n. Let (,, be the last time strictly less than e. Then X never returns
to B(R) for ¢, <t < e. This shows that e is indeed the explosion time and
X is a solution of SDE(c, Z, X) up to its explosion time.

To prove the uniqueness, suppose that Y is another solution up to its
explosion time and let p, be the first time either | X;| or |Y;| is equal to n.
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Then X and Y stopped at time 7, are solutions of SDE(c", ZP", X;). By
the uniqueness part of PROPOSITION 1.1.3 we have X; = Y; for 0 <t < p,,
and py, is the time the common process first reaches the sphere 9B(n). Hence
e(X) =e(Y) =limyjo0 pn and X; =Y for all t € [0, e(X)).

Finally we remove the restriction that Xg is uniformly bounded. For a
general Xy let Q,, = {|Xo| < n}, and X" the solution of SDE(0, Z, Xolq,,)-
Define a probability measure Q™ by

Q'(C) = Pﬁ(gn‘}“)

Since Q,, € Fg, both X™ and X"*! satisfy the same SDE (o, Z, Xolq, ) under
Q™. Hence by the uniquenss we have just proved they must coincide, i.e.,
X" = X" and e(X™) = e(X™"1) on ,. In view of the fact that P(Q,) T 1
as n 1 0o, we can define a new process by X = X" and e = e(X") on ,.
It is clear that X is a semimartingale and satisfies the equation up to its
explosion time. The uniqueness follows from the observation that if Y is
another solution, then it must be a solution to the same equation with the
initial condition XyIn, under Q"; therefore it must coincide with X on the
set Q,, for all n. O

For future reference we need the following slightly more general form of
uniqueness.

Proposition 1.1.9. Suppose that o is locally Lipschitz. Let X and Y be
two solutions of SDE(o,Z,Xo) up to stopping times T and n respectively.
Then Xy =Y; for 0 <t <7 An. In particular, if X is a solution up to its
explosion time e(X), then n < e(X) and Xy =Y; for 0 <t <n.

Proof. Exercise. O

In contrast to the pathwise uniqueness discussed above, the weak unique-
ness (also called uniqueness in law) asserts roughly that if (Z, Xy) and
(Z,Xo) (possibly defined on different filtered probability spaces) have the
same law, then the solutions X and X of SDE(o,Z,Xy) and SDE(o, Z, XO)
also have the same law. For simplicity, we restrict ourselves to the typical
situation where the driving semimartingale has the special form Z; = (W, t)
with an [-dimensional euclidean F.-Brownian motion W, and correspond-
ingly the coefficient matrix has the form (o,b). In this case the equation
becomes

t t
(1.1.10) Xt—X0+/ a(XS)dWS—l—/ b(X,) ds.
0 0
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We will need the weak uniqueness for this type of equations in SECTION
1.3 when we discuss the uniqueness of diffusion measures generated by sec-
ond order elliptic operators. Note that W is an F,-Brownian motion if
it is a Brownian motion adapted to F, such that F; is independent of
{Wsit — Wi, t > 0}; or equivalently, W has the Markov property with re-
spect to the filtration F,.

Theorem 1.1.10. Suppose that o and b are locally Lipschitz. Then the
weak uniqueness holds for the equation (1.1.10). More precisely, suppose
that X s the solution of

t . t
(1.1.11) Xt:X0+/ a(Xs)dWS—i—/ b(X,) ds,
0 0

where W is a Brownian motion defined on another ﬁltered probability space
(Q F*,IP) and Xo € Fy has the same law as Xo. Then X and X have the
same law.

Proof. We pass to the product probability space
(BY x W(R), BRY) x BIW(R))., 1o x 1),

where g is the common distribution of Xy and Xo, and uW is the law of an
[-dimensional Brownian motion. A point in this space is denoted by (zg, w).
The equation on this space

t t
(1.1.12) Jt:xo—i—/ U(Js)dws—i—/ b(J,)ds
0 0

has a unique solution up to its explosion time. Now the map J : RY x
W(RY — W(RY) is a measurable map well defined pg x u"V-almost every-
where. Since the law of (Xo, B) is po x p", the composition J(Xq, W) :
Q — W(RY) is well defined. By (1.1.12), J(Xo, W) satisfies (1.1.10). Now
by the pathwise uniqueness for (1.1.10) we have X = J(Xo,W). Likewise
we have X = J(Xo, W) Because (Xo, W) and (X, W) have the same law,
we conclude that X and X also have the same law. (]

The following nonexplosion criterion is well known.

Proposition 1.1.11. Suppose that Z is defined on [0,00). If o is locally
Lipschitz and there is a constant C such that |o(x)| < C(1 + |z|), then the
solution of SDE(c,Z, Xo) does not explode.

Proof. We may assume that X is uniformly bounded (see the last part
of the proof of THEOREM 1.1.8). Let n be the inverse of @) as before (see
(1.1.3)) and 7 = inf {t > 0: | X¢| = N}. From

t
X; = Xo +/ o(X,)dZ,
0
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and LEMMA 1.1.2 we have

2 2 rATN 2
E|X| < 2E| X +CE/0 {|Xs]* + 1} dQs

00,NTATN

T
< 2E|Xo* + OT + c/ E|X % ds
0

MsNTN .

Hence by Gronwall’s lemma
E|X|? < {2E|Xo|* + CT} .

0ONTNATN —
Letting N 1 oo and using the fact that 7y T e(X), we see that, by defining
| X¢| = oo for ¢t > e,
EIX |2 rnex) <00 hence P {|X|oppne(x) <00} =1,
This implies that 7 < e(X). Now e(X) = oo follows from the fact that
nr TooasT T oo. O

Example 1.1.12. (Exponential martingale) Suppose that N be a semi-
martingale on R' and Ny = 0. Consider the equation

t
Xt—l—i—/ X dNs.
0

The solution is

1
X¢ = exp [Nt - §<Na N>t:| :
If N is a local martingale. Then X is called an exponential martingale.
We leave the proof of the following properties of exponential martingales as

an exercise:

(1) X is a nonnegative supermartingale; hence EX; <1 for all ¢ > 0;
(2) X is a martingale if and only if EX; = 1 for all ¢t > 0;
(3) If Eexp {a(N);} is finite for some a > 1/2, then EX; = 1.

In fact EX; = 1 holds if Eexp {(IV);/2} is finite, or even Eexp {N;/2} is
finite, but the proof is considerably more difficult.

Example 1.1.13. (Ornstein-Uhlenbeck process) The equation on R*
dXy =dZ; — X dt

can be solved explicitly:
¢
X, =e ' Xo+ / e~ =9dz,.
0

When Z is a 1-dimensional euclidean Brownian motion, X is a diffusion

generated by
2
I 1(d d
2\ dx e
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and is called an Ornstein-Uhlenbeck process. Let X* be the solution starting
from x. Then

Ef(XY) = /}R1 f (e‘tw +V1- e‘%) (dy),
where

1
u(dx)zﬁe 2y

is the standard Gaussian measure on R'. The Gaussian measure j is invari-
ant for the process, i.e.,

/ B b ulde) = [ fa)n(d),
R R

Example 1.1.14. (Brownian bridge) Let B be a d-dimensional euclidean
Brownian motion. Then the process t — X; = B; —tBj is called a Brownian
bridge. Let Gy = 0 {Bs, s < t; B1}. Prove the following facts as an exercise:

(1) X is a semimartingale with respect to G, and there is a G.-adapted
Brownian motion W such that X is the solution of
t Xds

Xy =W, — ] .
0 — S

This equation can be solved explicitly:

taw,
X;=(1-t ;
1= )/01_87

(2) There is a Brownian motion U such that
Xe=(1-)Uya-, 0<t<1;

(3) The reversed process t — X;° = X;_, is also a Brownian bridge, i.e., it
has the same law as X. O

If the driving semimartingale Z itself is defined only up to a stopping
time 7, we can consider SDFE(o, Z™, X)) for a sequence of stopping times

™ 177

Theorem 1.1.15. Let Z be a semimartingale defined up to a stopping time
7. Then there is a unique solution X to SDE(o,Z, Xy) up to the stopping
time e(X) A 7. If Y is another solution up to a stopping time n < T, then
n<e(X)AT and Xy =Y; for 0 <t <e(X)An.

Proof. Exercise. (]
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We now turn to the Stratonovich formulation of stochastic differential
equations. The advantage of this formulation is that It6’s formula appears in
the same form as the fundamental theorem of calculus; therefore stochastic
calculus in this formulation takes a more familiar form (compare (1.1.2) with
(1.1.14) below). This is a very convenient feature when we study stochastic
differential equations on manifolds. However, it often happens that useful
probabilistic and geometric information reveals itself only after we separate
martingale and bounded variation components.

Suppose that V,, a« = 1,...,1, are smooth vector fields on R". Each V,
can be regarded as a function V, : RNV — RN so that V = (V4,...,}) is an
M(N, 1)-valued function on RY. Let Z and Xy be as before and consider the
Stratonovich stochastic differential equation

X, = X0+/V ) o dZ,,

where the stochastic integral is in the Stratonovich sense. To emphasize the
fact that V is a set of [ vector fields, we rewrite the equation as

(1.1.13) X; = X0+/ Via(X,) 0 dZ2.

Converting the Stratonovich integral into the equivalent It integral, we
obtain the equivalent It6 formulation of the equation:

t
X, = Xo+ / Vo(X,) dZ2& + / Vv, Va(Xs) d(Z2*, Z°).
0

Here Vy, V, is the derivative of V,, along V3. For future reference we record
here It6’s formula in this setting in the following proposition.

Proposition 1.1.16. Let X be a solution to the equation (1.1.13) and f €
C?(R%). Then

¢
(1.1.14) f(Xy) = f(Xo) +/ Vo f(Xs) o dZs, 0<s<e(X).
0
Proof. Exercise. (]

1.2. SDE on manifolds

The discussion in the preceding section makes it clear that solutions of sto-
chastic differential equations on manifolds should be sought in the space of
manifold-valued semimartingales.

Definition 1.2.1. Let M be a differentiable manifold and (Q,F,,P) a fil-
tered probability space. Let T be an Fy-stopping time. A continuous, M-
valued process X defined on [0,7) is called an M -valued semimartingale if
f(X) is a real-valued semimartingale on [0,7) for all f € C*°(M).
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By Ito’s formula it is easy to see that when M = RY this definition gives
the usual RV-valued semimartingales.

Remark 1.2.2. It can be shown that if f(X) is a real-valued martingale for
all f € C(M) (smooth functions on M with compact support), then X is
an M-valued semimartingale; in other words, the set of test functions can be
reduced to C3°(M). On the other hand, if X is an M-valued semimartingale,
then by Itd’s formula, f(X) is a real-valued semimartingale for all f €
C%(M); see PROPOSITION 1.2.7

A stochastic differential equation on a manifold M is defined by [ vector
fields Vi,...,V; on M, an Rl-valued driving semimartingale Z, and an M-
valued random variable X € F, serving as the initial value of the solution.
We write the equation symbolically as

dX; = Vo (X,) 0 dZ2

and refer to it as SDE(V,...,V;; Z, Xp). In view of PROPOSITION 1.1.16
we make the following definition.

Definition 1.2.3. An M -valued semimartingale X defined up to a stopping
time T is a solution of SDE(V1,..., Vi, Z, Xo) up to T if for all f € C°(M),

t
(1.2.1) f(X3) = f(Xo) —i—/o Vof(Xs)odZd, 0<t<T.

It is an easy consequence of It6’s formula (1.1.14) that if (1.2.1) holds for
fi,..., fr, then it automatically holds for any smooth function of them. We
see later that if M is embedded in a euclidean space R, then it is enough
to verify (1.2.1) for the coordinate functions.

The advantage of the Stratonovich formulation is that stochastic dif-
ferential equations on manifolds in this formulation transform consistently
under diffeomorphisms between manifolds. Let I'(T'M') denote the space of
smooth vector fields on a manifold M (the space of sections of the tangent
bundle TM). A diffeomorphism @ : M — N between two manifolds induces
amap @, : ['(TM) — I'(TN) between the vector fields on the respective
manifolds by the prescription

(@.V)f(y) =V(fo®)(z), y=&(x), feCT(N).

Equivalently, if V' is the tangent vector of a curve C on M, then @,V is the
tangent vector of the curve ® o C on N.

Proposition 1.2.4. Suppose that ® : M — N s a diffeomorphism and X a
solution of SDE(V, ..., Vi;Z,Xo). Then ®(X) is a solution of SDE(®, V1,
OV Z,9(Xy)) on N.
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Q

°(N). Applying (1.2.1) to fo® € C*°(M)

Proof. Let Y = ¢(X) and f €
(@, V) f(Ys), we obtain

and using V,(f o @)(X;) =

<

F(¥5) = F(¥o) + /0 Valf 0 ®)(X,) o dZ°

t
— 1)+ [ @V 02
0
Hence Y = @(X) is a solution of SDE (P, V1,...,9.V;; Z,P(X)p)). O

We will prove that SDE(Vy,...,V;; Z, Xo) has a unique solution up to
its explosion time. Our strategy is to reduce the equation to an equation on
a euclidean space of the same type by the well known Whitney’s embedding
theorem (see de Rham [63]).

Theorem 1.2.5. (Whitney’s embedding theorem) Suppose that M is a dif-
ferentiable manifold. Then there exists an embedding i : M — RY for some
N such that the image i(M) is a closed subset of RN .

It is known from differential topology that N = 2dimM + 1 will do. We
often identify M with the image i(M) and assume that M itself is a closed
submanifold of RY. Note that we assume that M does not have a boundary.
The fact that M is a closed submanifold of R (i.e., M is a closed subset of

RM) is very important to us, for it allows us to identify the point at infinity
of M with that of RY.

Proposition 1.2.6. Let M be a (noncompact) closed submanifold of R™
and M = M U {0y} its one-point compactification. A sequence of points
{z"} in M converges to Oy in M if and only if |x"|gy — o0.

Proof. Exercise. O

Suppose that M is a closed submanifold of RY. A point € M has N
coordinates {xl, o } as a point in RY. The following proposition shows
that the N coordinate functions f*(z) = % can serve as a natural set of test
functions for 1t6’s formula on M.

Proposition 1.2.7. Suppose that M is a closed submanifold of RN. Let
Lo fN be the coordinate functions. Let X be an M-valued continuous
process.

(i) X is a semimartingale on M if and only if it is an RY -valued semi-
martingale, or equivalently, if and only if f*(X) is a real-valued semimartin-
gale for eachi=1,...,N.
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(ii) X is a solution of SDE(Vy,...,Vi; Z, Xo) up to a stopping time o if
and only if for eachi=1,... N,

t
(1.2.2) FU(Xe) = f1(Xo) + /0 Vaf'(Xs)0dZ¥, 0<t<o.

Proof. (i) Suppose that X is an M-valued semimartingale. Each f* is a
smooth function on M, thus by definition f*(X) = X" is a real-valued semi-
martingale. This means that X is a RV-valued semimartingale. Conversely,
suppose that X lives on M and is an R¥-valued semimartingale. Since
M is closed in RY, a function f € C*°(M) can be extended to a function
f e C®(RN). Hence f(X) = f(X) is a real-valued semimartingale, and by
definition X is an M-valued semimartingale.

(ii) If X is a solution, then (1.2.2) holds because each f* € C*°(M). Now

suppose (1.2.2) holds and f € C°°(M). Take an extension f e C®°(RN) of
f. Then f(X;) = f(fY(Xy), -, fN(Xs)). By Ité’s formula,

d{f (X))} = fu (F (X0), -, V(X)) 0 d { (X))
= fmi(fl(Xt)’ T 7fN(Xt)) © Vafi(Xt) odZ;'
= {(fos (X[, X Wa ' (X0)} 0 dZ7
= Vo f(Xy) 0dZ®.

In the last step we have used the chain rule for differentiating composite
functions. O

Returning to the SDE(Vy,...,V;; Z, Xy), we fix an embedding of M into
R and regard M as a closed submanifold of RY. Each vector field V, is at
the same time a smooth, RN -valued function on M and can be extended to
a vector field V,, on RY. From the discussion in the last section the equation

t
(1.2.3) X, = Xo + / Vo (X,) 0 dZ°
0

on RY has a unique solution X up to its explosion time e(X). Since X starts
from M and the vector fields V,, are tangent to M on M, it is expected, as
in ordinary differential equations, that X never leaves M. Once this fact is
established, e(X) is also the explosion time of X as a semimartingale on M
by PROPOSITION 1.2.6.

Proposition 1.2.8. Let X be the solution of the extended equation (1.2.3)
up to its explosion time e(X) and Xo € M. Then X; € M for0 <t < e(X).

Proof. Without loss of generality we may assume that X is uniformly
bounded (see the end of the proof of THEOREM 1.1.8). Let dypn(x, M) be
the euclidean distance from = to M. Because M is closed and without
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boundary, the function f(x) = dg~(z, M)? is smooth in a neighborhood
of M. Multiplying by a suitable cut-off function, we may assume that f €
C>=(RY). Since the vector fields V,, are tangent to M along the submanifold
M, alocal calculation shows that the functions V,, f and V,,Vj3 f vanish along
M at the rate of the square of the distance dgn(z, M ). Hence there is a
neighborhood U of M such that (i) f(z) = 0 for an x € U if and only if
x € M; (ii) for each R > 0, there exists C' depending on R such that
(1.2.4) V(@) < Cf(x),  [VaVsf(@)| < Cf(x)
for all z € U N B(0; R). Define the stopping times:
Tr=1inf{t >0: X; & B(R)},
w=inf{t>0:X; U},
T =Ty NTR.
Consider the process X before 7, the first exit time from UNB(R). Applying
1t6’s formula, we have

100 = [ Varxyaz + 5 [ Vaves o) iz 29,
Using LEMMA 1.1.2 to the right side of the above equation, we have
E[f(X) % e <
ut
0

C) E / VS (XOP + [VaVa (X)) Q.
B

We now make the time change s — 75 and use (1.2.4), which is permissible
because X € U N B(R) if s < 7. This yields the inequality

t
E /(X)) < Cr /0 EIf(X)[2, prds.

It follows that f(Xs) =0 for s <m AT, or

XseM for 0<s<mATyATR.
Letting t and then R go to infinity, we see that Xy € M for 0 < s < e(X)A1y,
from which we conclude easily that X stays on M up to e(X). O

We are now in a position to prove the main result of this section.

Theorem 1.2.9. There is a unique solution of SDE(Vy,...,Vi;Z, Xo) up
to its explosion time.

Proof. By PROPOSITION 1.2.8 the solution X of SDE(Vi,...,Vi; Z, X;)
stays in M up to its explosion time and satisfies (1.2.3). But (1.2.3) is
nothing but a rewriting of (1.2.2); hence X is a solution of SDE(V4, ..., V;
Z,Xo) by PROPOSITION 1.2.7 (ii).
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If Y is another solution up to a stopping time 7, then, regarded as a
semimartingale on RY, it is also a solution of SDE(Vl, LV Z, Xp) up to
7. By the uniqueness statement in PROPOSITION 1.1.9, Y must coincide
with X on [0, 7). O

Remark 1.2.10. The case where the driving semimartingale runs up to
a stopping time can be discussed as in the euclidean case; see THEOREM
1.1.15.

1.3. Diffusion processes

The analytic significance of diffusion processes derives from their relation
with second order elliptic operators. Diffusion theory of smooth second
order elliptic operators can be adequately treated by stochastic differential
equations. In this section we discuss diffusion processes generated by such
operators from the viewpoint of martingale problems. The main results of
this section are the uniqueness in law and the strong Markov property of
such processes. For a complete exposition of martingale problems, the reader
is referred to Stroock and Varadhan [68], which is also our main reference
for this section.

Throughout this section L denotes a smooth second order elliptic, but
not necessarily nondegenerate, differential operator on a differentiable man-
ifold M. If f € C?*(M) and w € W (M), we let

(131) M (W), = flwr) — flwo) / Lf(ws)ds, 0<t<ew).

Definition 1.3.1. (i) An F.-adapted stochastic process X : @ — W (M)
defined on a filtered probability space (2,F.,P) is called a diffusion pro-
cess generated by L (or simply an L-diffusion) if X is an M-valued F,-
semimartingale up to e(X) and

M (X = £0X) = (X0 = [ LA(X)ds. 0 <t < e(X),

is a local Fy-martingale for all f € C°(M).

(ii) A probability measure p on the standard filtered path space (W (M),
B(W(M)).) is called a diffusion measure generated by L (or simply an L-
diffusion measure) if

t
M @) = fn) = flon) = [ Lfn)ds 0t < efw),
is a local B(W (M ))«-martingale for all f € C*°(M).

For a given L, the relation between L-diffusion measures and L-diffusion
processes is as follows. If X is an L-diffusion, then its law uX =Po X !is
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an L-diffusion measure; conversely, if 4 is an L-diffusion measure on W (M),
then the coordinate process X(w); = wy on (W(M),B(W(M))., ) is an
L-diffusion process.

We show that, given a smooth second order elliptic operator and a proba-
bility distribution pg on M, there exists a unique L-diffusion measure whose
initial distribution is pg. The approach is similar to the one we have used
before for stochastic differential equations on manifolds, namely, we embed
M in RY as a closed submanifold and extend L to an operator L of the
same type on the ambient space. The L-diffusion X is then constructed by
solving a stochastic differential equation on R, and we verify that it in fact
lives on M and is an L-diffusion.

In the following we will use S (1) to denote the space of (I x1)-symmetric,
positive definite (more precisely, nonnegative definite) matrices. Let d =
dimM . In a local coordinate system x = {:z:’} covering a neighborhood U,
the operator L has the form

d d
1 9 0 9
= — L) R 4
(1.3.2) L 5 E a (x)('?acz 907 E 1 b'(x) 5

1,j=1 =

where both a = {aij} :U — Sy(d) and b = {bl} : U — R? are smooth
functions. Define

I'(f,g9) = L(fg) — fLg — gLf, fy g€ C™(M).

A direct computation shows that

i 9 99
Ox' OxI’

It is easy to verify that if f',..., fV, are N smooth functions on M, then
the square matrix {F (fe, f° )} is positive definite everywhere on M.

(1.3.3) I'(f,9) =a

We assume that M is a closed submanifold of RY and denote the coor-
dinates of the ambient space by z = { 2b 02N } The coordinate functions
on M are f*(z) = 2z, the ath coordinate of the point z € M. Let

a® =T(f* %), v =Lf"

They are smooth functions on M and {daﬁ } is positive definite. We extend

@ and b smoothly to the ambient space so that they take values in S+(N)
and RY respectively. The operator

R . N
1.34 L=—- a® b —
( ) 2 a%:1 @ 02902P + O; 0z%

is an extension of L to the ambient space in the following sense.
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Lemma 1.3.2. Suppose that f € C°(M). Then for any f € C®(RN)

which extends f from M to RN, we have Lf = Lf on M.

Proof. Let x = {xz} be a local coordinate system on M. Then on M we
have f(z) = f(fY(z), -, fN(2)). Using (1.3.2), we compute Lf by the
chain rule and see that it agrees with Lf. O

The next step is to construct an L-diffusion on RN by solving a stochastic
differential equation of the form

t t
(1.3.5) X, = Xo+ / F(X,) dW, + / B(X4)ds,
0 0

where W is an N-dimensional euclidean Brownian motion and X is an RV-
valued random variable independent of W. Using Itd’s formula we verify
easily that a process X satifying (1.3.5) is an L diffusion with L given in
(1.3.4) if @ = 667. The obvious choice is to take & = a'/2, the unique
(symmetric) positive definite matrix square root of a. In order that our
previous theory apply to the equation (1.3.5), we need the following lemma.

Lemma 1.3.3. Let S : RY — S (I) be twice continuously differentiable.
Then its positive definite matriz square root SY% : RN — Sy (1) is locally
Lipschitz.

Proof. Since the problem is local we may assume that all derivatives of S
up to the second order are uniformly bounded. By considering S + Al and
then letting A | 0, we may assume that S is strictly positive definite and
prove the following bound for the first derivatives of T' = $/2 independent
of the lower bound of the eigenvalues of S:

sup |VT(z)] < V2Cl,

zERN
where
C= sup { w } .
2€RN  1<k,m<I Ox*0x) 2.2

We first prove the special case of a positive function, i.e., I = 1. Let z,y €
RN . There is a point z on the line segment joining = and y such that

0< f() = F@) + VI@) - (s — ) + 5 —2) VS )y ).
Hence for all y € RV,
f(#) + VI (@) (g~ ) + 5 Cly — 2> 2 0.

Letting y =z — V f(z)/C, we obtain |V f(z)| < /2C f(x).
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For the general case, fix an € R? and assume for the time being that
S(z) is diagonal. We have

S(y) = 8(z) +VS(2) - (y — ) + O(|lz — y*),
T(y) = T(x) + VI(z) - (y —z) + O(lx —y|*).

Comparing the coefficients of the first order terms in T'(y)T'(y) = S(y), we
obtain

VT (2)T(x) + T(z)VT(x) = VS(x).
Comparing the (i, j)-entries, we have
T(x)i+T(x)j;
Now the functions fi(z) = (e; & €;)7S(x)(e; + ¢;) (e; and e; are the ith
and jth coordinate unit vectors in R!) are nonnegative on R?. Applying
the special case proved above to these two functions, we have |V fi(z)| <

/8Cf(z). Hence,
AVS(2)ij| = |V fi(x) — VI_(2)]
< V8C { VI @) + V(@)
<AVCOVfi(z)+ f-(2)
= 4V20,/S(2)ii + 5(x);5
< 4V20{T (2)is + T(x) 5} -

From this and (1.3.6) we have |VT'(z);;| < v2C.

If S(x) is not diagonal at x, let O be an orthogonal matrix such that
0S(z)OT is diagonal. Then (0SO")Y/2 = OTO*. Applying the above argu-
ment to OSOT, we see that every entry of the matrix OVT(x)O' is bounded
by v2C. It follows by simple linear algebra that every entry of VT (x) is
bounded by v/2C!. O

(1.3.6) VT(z); =

Now it is not difficult to prove the existence of an L-diffusion measure
with a given initial distribution.

Theorem 1.3.4. Let L be a smooth second order elliptic operator on a
differentiable manifold M and pg a probability measure on M. Then there
exists an L-diffusion measure with initial distribution .

Proof. Let d,b be as before and & = a'/2 the unique positive matrix square
root of @. By the preceding lemma, & is locally Lipschitz on RY. Let W be
an IN-dimensional euclidean Brownian motion and Xy an M-valued random
variable independent of W whose distribution is pg. The solution X of
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(1.3.5) is an L-diffusion. We claim that the law xX =P o X~ of X in the
path space W (RY) is concentrated on W (M) and is an L-diffusion measure
with initial distribution puyg.

The proof that X lives on M is similar to that of PROPOSITION 1.2.8.
We need only to observe that f(z) = dg~ (2, M)? has the property that for
each R > 0 there exists C' depending on R such that |Lf(z)| < Cf(z) in
a neighborhood of M N B(R), and this fact can be verified easily from the
definition of L in (1.3.4) by a local computation.

We next show that X is an L-diffusion. Since X is an f/—diffusion, for
every f € C>(RN),

f(X;) = f(Xo) + local martingale + /t Lf(Xy)ds, 0<t<e(X).
0

Suppose that f € C°°(M) and let f be a smooth extension of f to RY. In
view of LEMMA 1.3.2 and the fact that X lives on M the above equality
becomes

f(Xy) = f(Xo) + local martingale + /t Lf(Xs)ds, 0<t<e(X).
0

This shows that X is an L-diffusion and its law p*X is an L-diffusion measure
with the initial distribution pg = Po X, O

In order to prove the uniqueness in law of an L-diffusion measure we
need the following extension of Lévy’s criterion for Brownian motion.

Lemma 1.3.5. Let M be an RN -valued local martingale on a probability
space (2, Fy,P) such that

<M,MT>t:/O a(s)ds

for an F.-adapted, S (N)-valued process {a(s),s > 0}. Let o(s) be the (sym-
metric) positive definite matriz square root of a(s). Let W be an RN -valued
Brownian motion on another probability space (II, Gy, Q). On the prod-
uct probability space (2 x ILF, x G,,P x Q) define M(w,7) = M(w) and
o(w,m) = o(w). Then there exists an N-dimensional euclidean Brownian
motion B defined on the product probability space such that

t
Mt = / 0'(8) st
0
Proof. If o is nondegenerate, then

t
B, = / o(s)"tdM,
0



1.3. Diffusion processes 29

is a Brownian motion on RY by the usual Lévy’s criterion. If o(s) is degen-
erate we need to use the extra Brownian motion W to “fill in the gaps.”

We regard a positive definite symmetric matrix o as a linear transform
on RY and denote by P, the orthogonal projection onto its range Ran(o).
Since ¢ is symmetric we have RY =Ker(c)®Ran(c), and the restriction o :
Ran(o) — Ran(o) is an isomorphism. The generalized inverse o~ is a linear
transform defined as follows:

1 0, if z € Ker(o);
oz =
Y, if z € Ran(o);

where y is the unique element in Ran(c) such that oy = 2. It is easy to
verify that o~ ! is again symmetric and

oo t=0c"lo= P,.

After these algebraic preparations we define, on the product probability
space,

By = /t o(s)dM; + /t (I = Pys)) dWs.
Its quadratic variation i)natrix is i
d(B,BY), = {o(t)"'dM; + (I — P,1)) dW,}
Ao () My + (I = Pygy) dWi )
= o(t) " d(M, M o (t) !
+ (I = Pyyy) d{W, W)y (I = Pyyy)
=o(t) a(t)o(t)'dt + (I — P,y dt
= Pypydt + (I — Pyyy) dt
= Idt.

Note that since W and M are independent martingales with respect to the
filtration F, x G,, we have

d(W, M), = d(M, W), =

Now, by the usual Lévy’s criterion B is an N-dimensional euclidean Brow-
nian motion. To verify the representation for M, we first note that

(I = Py)) dMy =0, or Pyyy dMy = dMy,
because its quadratic variation is
(I = Pyyy) d(M, MT),(I — Pop))!
= (I = Pogy)a(t)(I — Pogyy)tdt = 0.
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Finally we have
o(t)dBy = o(t)o(t) " dM; = P, ydM; = dM;,
and this completes the proof. O

Theorem 1.3.6. An L-diffusion measure with a given initial distribution is
UNIque.

Proof. Suppose that u is an L-diffusion measure on W (M). Let {X;} be
the coordinate process on W (M), ie., Xi(w) = w; for w € W(M). Let
f(2) = 2* as before and f*# = fo 8. The components of the coordinate
process X; in RY are X = f%(X;). Under the measure u, we have

tN
(1.3.7) Xo = X5+ M/ +/ b (X,) ds,
0

where b = Lf® We construct a stochastic differential equation for the
coordinate process {X{} and then use the uniqueness in law on RY in
THEOREM 1.1.10.

The Doob-Meyer decomposition of XX} = f*?(X;) can be computed
in two ways, namely by the martingale property of p applied to the function

foe,
t
xexP = xoxf+ M + / LfP(X,) ds
0

and by It6’s formula applied to the product of two semimartingales X;* and
X7 (see (1.3.7)),

Xeod = xgxg+ [ nreoe) anf” + [ L) at”

« B 6 « S
_|_/0 {f (Xs)LfP(Xs) + fP(Xs)Lf (XS)}d
+ (M7 M7,

Comparing the bounded variation parts of the two expressions for X?Xf ,
we obtain

(1.3.8) (X X%, = (M7, M7y, = /OtF(f‘”,fﬁ)(Xs)ds

where I' is defined in (1.3.3). The matrix {I'(f%, f°)} is symmetric and
positive definite. Denote by & its symmetric positive definite square root.
By LEMMA 1.3.5, on an extended probability space there exists an IN-
dimensional Brownian motion B such that

t
= [aix an;
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and (1.3.7) becomes

t t
(1.3.9) Xt=X0+/ &(XS)dBS+/ b(X,) ds.
0 0

This is the equation for X we are looking for. Now p remains the law of X
in the extended probability space; it is therefore the law of the solution of
(1.3.9). Because the coefficients in the equation are determined by L (and a
fixed embedding of M into RY), every L-diffusion measure is the law of the
solution of the same equation (1.3.9). Therefore by the uniqueness in law of
solutions of stochastic differential equations with local Lipschitz coefficients
(THEOREM 1.1.10) an L-diffusion measure with a given initial distribution
must be unique O

When the generator L is understood, we use P,, to denote the L-
diffusion measure with initial distribution pg. If pg is concentrated at a
point x, we simply denote it by P,. Now consider the filtered probability
space (W (M), By, Py,), where B, = B(W(M)), is the standard filtration
on W(M). Let {P“, &€ W(M)} be the regular conditional probabilities
of P, with respect to Bg. This means that P® is a probability measure on
(W(M),B,) for each @ € W (M) such that

(i) @ +— P(C) is Bo-measurable for each C' € By;
(i) P, (C N B) = / P(C)P,,(d®) for B € By and C € Bo;
B
(iii) P*{w € Q:w(0) = ©(0)} = 1.

See Stroock and Varadhan[68], 12-17, for a detailed discussion on regu-
lar conditional probabilities. Since M/ (defined in (1.3.1)) is a local B,-
martingale under P, Property (ii) implies by a simple argument that it is
also a local B,-martingale under P for P,-almost all @. Thus P® is an
L-diffusion measure. Property (iii) says that the initial distribution of P¢ is
concentrated on @(0). It follows from the uniqueness of L-diffusion measures
that P* = Pg(0), the unique L-diffusion measure starting from @(0). Using
Property (ii) again, we now have

(1.3.10) P, (C) = /M P, (C)po(d).

An important consequence of the uniqueness of L-diffusion measures is
the strong Markov property for such measures. In the following we will use
Xris = {Xr41,t > 0} to denote the process X shifted in time by 7.

Theorem 1.3.7. Suppose that X is an L-diffusion process on a probability
space (2, Fy,P) and 7 an F-stopping time. Then for any C € Bo,

(1.3.11) P{X,,. € C[F,} =Py (O),
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P-almost surely on {T < e(X)}. In particular, the shifted process X4« is
an L-diffusion with respect to the shifted filtration F ..

Proof. It is enough to show that for any A € F contained in {7 < e(X)},
(1.3.12) P{AN[X;4« € C]} =E{Px, (C); A}.
Consider the following measure on the path space W (M):

QC)=P{AN X4 € C]}, C € Bw.

In general Q is not a probability measure, but we can normalize it by dividing
by P(A). Because X is an L-diffusion, M/ (X) is a local F,-martingale under
P; hence

MY (X )t = MY (X) ey — MY (X),

is a local F,-martingale under P. Without loss of generality (see REMARK
1.2.2) we assume that f has compact support on M so that the above process
is in fact an integrable martingale. This means that for ¢ > s,

E{ M (X )i[Fras } = M (Xr1.)..
Let D € Bs. Then
X ,(D)={weQ: X;4.(w) € D} € Fryg,
and we have
E {Mf(XT+*)t; AN X;j*D} ~E {Mf(XT+*)S; AN X;E*D} :
By the definition of QQ, the above relation is equivalent to
R {M{;D} — g {MSf;D}.
This being true for all D € B, we have
EQ {Mf | BS} - M/,

which shows that M7 is a martingale under Q for every f € C°°(M) with
compact support. By definition, Q is an L-diffusion measure. Its initial
distrubtion is given by

Q{wo e G} =P{AN[X; € G]}, G € B(M).

By the uniqueness of L-diffusion measures and (1.3.10), we must have
UO) = [ RAC)P(Xr € dusa}.
W (M)

This is equivalent to the identity (1.3.12) we wanted to prove. (]
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We can also state the strong Markov property exclusively in terms of
the family of L-diffusion measures {P,,z € M}. Let 6, : W(M) — W (M)
be the shift operator:

(Qtw)s = Wtys, w € W(M)

Corollary 1.3.8. Suppose that T is a By-stopping time. Then for any C €
B,
P, {6;'C|B,} = Px. (C)

P, -almost surely on {1 < e}

Proof. Exercise. O



Chapter 2

Basic Stochastic
Differential Geometry

In this chapter we introduce horizontal lift and stochastic development
of a manifold-valued semimartingales, two concepts central to the Eells-
Elworthy-Malliavin construction of Brownian motion on a Riemannian man-
ifold. In differential geometry, for a manifold is equipped with a connection,
it is possible to lift a smooth curve on M to a horizontal curve on the frame
bundle F(M) by solving an ordinary differential equation, and this horizontal
curve corresponds uniquely to a smooth curve (its anti-development) in the
euclidean space of the same dimension. Up to an action by the general linear
group there is a one-to-one correspondence between the set of smooth curves
on the manifold starting from a fixed point and their anti-developments in
the euclidean space. We show that an analagous construction can be car-
ried out for semimartingales on a manifold equipped with a connection.
This construction is realized by solving an appropriate horizontal stochastic
differential equation on the frame bundle.

It is possible to approach stochastic horizontal lift and stochastic devel-
opment by smooth approximation, but we choose the approach by stochastic
differential equations because it is technically simpler and is more consis-
tent with the overall theme of the book. It also allows us to give a relatively
smooth treatment of stochastic line integrals, which appear on various occa-
sions during the discussion of manifold-valued martingales in the later part
of the chapter.

For a manifold equipped with a connection, a special class of semimartin-
gales, namely, that of manifold-valued martingales can be defined. The most
important example of manifold-valued martingales is Brownian motion on

35
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a Riemannian manifold, which will be the topic of the next chapter. In
this chapter we restrict ourselves to some general properties of manifold-
valued martingales and two local results on convergence and nonconfluence.
A more detailed exposition of manifold-valued martingales can be found in
Stochastic Calculus in Manifolds by Emery [24].

We devote the first two sections of the chapter to a review of neces-
sary background materials in differential geometry, mainly some basic facts
about frame bundle, connection, and tensor fields. Other less frequently
used geometric concepts are introduced and reviewed as they are needed.
Basic differential geometry is only discussed to the extent needed for the un-
derstanding of this chapter. The discussion is therefore rather brief; it also
serves as an opportunity for setting up the notations to be used through-
out the book. More systematic treatment of the topics covered here can be
found in Geometry of Manifolds by Bishop and Crittenden [4], and Founda-
tions of Differential Geometry, Volume 1, by Kobayashi and Nomizu [53].
SECTIONS 3 and 4 introduce the concepts of horizontal lift, development,
anti-development in the context of semimartingales, and stochastic line in-
tegrals. SECTION 5 contains a general discussion of manifold-valued mar-
tingales and a proof of the local convergence theorem. In the last SECTION
6 we study martingales on submanifolds and prove the local nonconfluence
property of manifold-valued martingales.

2.1. Frame bundle and connection

Let M be a differentiable manifold of dimension d. The tangent space at

x is denoted by T, M and the tangent bundle by TM. The space I'(TM)

of smooth sections of the tangent bundle is just the set of vector fields on

M. A connection on M is a convention of differentiating a vector field along

another vector field. It is therefore given by a map
V:I'(TM)xI'(TM)— I'(TM)

with the following properties: for X,Y,Z € I'(TM) and f,g € C*(M):

1) VixigvZ = fVxZ +gVyZ,
2) Vx(Y+2)=VxW+VxZ,
3) Vx(fY) = fVxY + X(f)Y.
VxY is called covariant differentiation of Y along X. In local coordi-

nates a connection is expressed in terms of its Christoffel symbols. Let
T = {acl, .. ,xd} be a local chart on an open subset O of M. Then the

vector fields X; = et 1 =1,...,d, span the tangent space T, M at each
x

point € O, and the Christoffel symbols FZ’; are functions on O defined
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uniquely by the relation
Vx,X; = Il Xy

To calculate VxY at a point zg, it is enough to know the value of Y along
a curve {x;} from zp whose tangent at ¢t = 0 is 9 = Xg,.

Suppose that M is a manifold equipped with a connection. A vector
field V' along a curve {z;} on M is said to be parallel along the curve if
V:V =0 at every point of the curve. In this case the vector V;, at x; is the
parallel transport of V;,, along the curve. In local coordinates, if z; = {m%}
and V,, = v'(t)X;, then V is parallel if and only if its components v'(t)
satisfy the system of first order ordinary differential equations

(2.1.1) o*(t) + Ihi(z)advl(t) = 0.

Hence locally a parallel vector field V along a curve {x;} is uniquely deter-
mined by its initial value V.

A curve {z;} on M is called a geodesic if V& = 0 along {z;}, i.e., if
the tangent vector field itself is parallel along the curve. From (2.1.1) and
the fact that @, = #!X; we obtain the ordinary differential equation for
geodesics:

(2.1.2) B+ Ili(w)d]i} = 0.

Thus a geodesic is uniquely determined by its initial position xg and initial
direction xg.

Let us now see how the connection V manifests itself on the frame bundle
F(M) of M. A frame at z is an R-linear isomorphism u : R* — T, M. Let
e1,...,eq be the coordinate unit vectors of R%. The the tangent vectors
uer, ..., ueq make up a basis (or equivalently, a frame) for the tangent space
T,. We use F(M), to denote the space of all frames at x. The general
linear group GL(d,R) acts on F(M), by u — ug, where ug denotes the
composition

(2.1.3) R £ R T M.
The frame bundle

FM) = | F(M),
zeM
can be made into a differentiable manifold of dimension d + d?, and the
canonical projection 7 : F(M) — M is a smooth map. The group GL(d,R)
acts on F(M) fibre-wise; each fibre F(M), is diffeomorphic to GL(d,R),
and M = F(M)/GL(d,R). In differential geometry terminology, these facts
make (F(M),M,GL(d,R)) into a principal bundle with structure group
GL(d,R). With the standard action of GL(d,R) on R%, the tangent bundle
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is simply the associated bundle
TM =F(M) xgr4Rr) RY, (u, ) — ue.

The tangent space T, F(M) of the frame bundle is a vector space of
dimension d + d?. A tangent vector X € T,F(M) is called vertical if it is
tangent to the fibre F(M).,. The space of vertical vectors at u is denoted
by V,F(M); it is a subspace of T;,F(M) of dimension d?.

Now assume that M is equipped with a connection V. A curve {u;} in
F(M) is just a smooth choice of frames at each point of the curve {mu;}
on M. The curve {u;} is called horizontal if for each e € R? the vector
field {ue} is parallel along {mu:}. A tangent vector X € T,,F(M) is called
horizontal if it is the tangent vector of a horizontal curve from w. The
space of horizontal vectors at u is denoted by H,F(M); it is a subspace of
dimension d, and we have the decomposition

T,F(M) = V,F(M) & H,F(M).

It follows that the canonical projection 7 : F(M) — M induces an isomor-
phism 7, : H,F(M) — Ty, M, and for each X € T, M and a frame u at z,
there is a unique horizontal vector X*, the horizontal lift of X to u, such
that 7, X* = X. Thus if X is a vector field on M, then X™* is a horizontal
vector field on F(M).

The above discussion shows that a connection V on M gives rise to a
choice of linear complement of the vertical subspace V,F(M) in T,F(M)
at each point u. The converse is also true, namely a smooth assignment
u+— H,F(M) of a d-dimensional subspace of T,,F (M) linearly complement
to V,F(M) at each point u € F(M) corresponds uniquely to a connection V
such that H,F(M) is its horizontal vector space.

Given a curve {z;} and a frame ug at zo, there is a unique horizontal
curve {u;} such that mu; = x;. It is called the horizontal lift of x;y from wy.
The linear map

Tty = Upyttyy" 2 Ty M — Ty M
is independent of the choice of the initial frame ug and is called the parallel
translation (or parallel transport) along {x;}.

Remark 2.1.1. Although the horizontal lift {u;} of {z;} is obtained by
solving an ordinary differential equation along the curve, the solution of the

equation does not blow up. A detailed proof can be found in Kobayashi and
Nomizu [53], 69-70. See also LEMMA 2.3.7 below. O

For each e € R?, the vector field H, on F(M) defined at u € F(M) by
the relation

H.(u) = (ue)* = the horizontal lift of ue € Ty, M to u
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is a horizontal vector field on F(M). Let ey,...,eq be the coordinate unit
vectors of R?. Then H; = H.,, i=1,...,d, are the fundamental horizontal
fields of F(M); they span H,F(M) at each u € F(M).

The action of GL(d,R) on F(M) preserves the the fundamental horizon-
tal fields in the sense described in the following proposition.

Proposition 2.1.2. Let e € R? and g € GL(d,R). Then
gxHe(u) = Hye(gu), ueF(M),

where g : T,F(M) — Ty, F(M) is the action of g on the tangent bundle
TF(M) induced by the canonical action g : F(M) — F(M) defined in (2.1.3).

Proof. Exercise. O

A local chart z = {xl} on a neighborhood O C M induces a local
chart on O = 71(0) in F(M) as follows. Let X; = 8/0z%, 1 < i < d, be
the moving frame defined by the local chart. For a frame u € O we have
ue; = eng for some matrix e = (e;'») € GL(d,R). Then (z,e) = (2" ,ej) €
R+ i5 a local chart for O. In terms of this chart, the vertical subspace
VuF(M) is spanned by Xj; = 8/86?, 1 < j,k < d, and the vector fields
{Xi, Xi;,1 <1i,j < d} span the tangent space T;,F (M) for every u € 0. We
will need the local expression for the fundamental horizontal vector field H;.

Proposition 2.1.3. In terms of the local chart on F(M) described above,
at u= (z,e) = (xi,eé?) € F(M) we have

(2.1.4) Hi(u) = el X; — elel, Tk (2) Xpm,
where
0 G,
Xi=gg K= g

Proof. Recall that H;(u) = (ue;)* is the horizontal lift of ue;, where e; is
the ith coordinate unit vector of R%. Let t s u; = (24, e(t)) be a horizontal
curve starting from wg = u such that m,ug = ue;. By definition

(2.1.5) Hi(u) =up = .TL‘OX + €& (0) Xpm.

The vector field t +— wuze,, = ek ()X is parallel along t +— 2; = {xt} for
each m. By the ordinary differential equation for parallel vector fields (2.1.1)
we have

Em(t) + Ifi(a)d] el (1) = 0,

from which we obtain, at ¢t = 0,

(2.1.6) ek, (0) = —elel I'h(x).
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On the other hand, w9 = we; is equivalent to i‘% = eg . Using this and
(2.1.6) in (2.1.5), we obtain the desired formula for H;(u). O

Let {u:} be a horizontal lift of a differentiable curve {x;} on M. Since
iy € Ty, M, we have u; '@y € R The anti-development of the curve {z;}
(or of the horizontal curve {u;}) is a curve {w;} in R? defined by

t
(2.1.7) wt:/ ugligds.
0

Note that w depends on the choice of the initial frame ug at xzg but in a
simple way: if {v;} is another horizontal lift of {z;} and uy = wvpg for a
g € GL(d,R), then the anti-development of {v;} is {gw;}. From wsu; = &
we have

Hu'}t (Ut) = Utwt = jl‘t = I‘Lt.
Hence the anti-development {w;} and the horizontal lift {u;} of a curve {x;}
on M are connected by an ordinary differential equation on F(M):

(2.1.8) iy = H;(ug) by

We can also start from a curve {w;} in R? and a frame ug at a point zo. The
unique solution of the above equation is a horizontal curve {u;} in F(M) and
is called the development of {w;} in F(M), and its projection t — x; = muy
is called the development of {w;} in M. Note again that {z;} depends on
the choice of the initial frame. The procedure of passing from {w;} to {x;}
is referred to as “rolling without slipping.”

If M is a Riemannian manifold and (-,-) its Riemannian metric, then
we can restrict ourselves to a smaller set of frames, namely the orthonormal
frames. Let O(M) be the orthonormal frame bundle. By definition an
element in O(M) is a euclidean isometry u : R? — T, M. The action group
is correspondingly reduced from GL(d, R) to the orthogonal group O(d), and
O(M) is a principal fibre bundle with the structure group O(d).

The parallel translation associated with a general connection V may not
preserve the orthogonality of a frame. If it does, the connection is said to
be compatible with the Riemannian metric. This happens if and only if for
every triple of vector fields X, Y, Z on M,

V)(Q/, Z> = <VX}/, Z> + <X, VyZ).

If a Riemannian manifold is equipped with such a connection, everything we
have said so far in this section about the general linear frame bundle F(M)
carries over, mutatis mutandis, to the orthonormal frame bundle O(M). In
particular, the formula (2.1.4) for the fundamental horizontal vector fields in

PROPOSITION 2.1.3 is still valid with the caveat that now {xi, e;-, 1<:<y

is a set of local coordinates for O(M). Although each individual X;; may
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not be tangent to the fibre O(M),, we leave it an exercise for the reader to
verify that the linear combinations el I’ le km are in fact tangent to O(M),
which makes (2.1.4) a vector field on O(M).

2.2. Tensor fields

For each x € M, let Ty M = (T, M)* be the cotangent space at z, namely the
dual space of the tangent space T, M (the space of linear functions on 7, M ).
The cotangent bundle T*M = J, 5, T M is a differentiable manifold, and
a section 6 € I'(T*M) of the cotangent bundle is called a 1-form on M. As
such, it is a smooth assignment of a linear functional 6, on each T, M at each
point © € M. For a vector field X € I'(TM), the map 6(X) : x — 0,(X,)
is the contraction of the vector X and the 1-form 6 (or the evaluation of 6,

on X, for each x). In general, the bundle of (r, s)-tensors is

T°M = | ] TuM®" @p Ty M®*.
zeM

An (r,s)-tensor 6 on M is a section of the vector bundle T"*M. For each
x € M, the value of the tensor field 0, € Homg (T, M®$, T, M®"), the linear
space of R-multilinear maps from T, M to T, M®* with s arguments. In local
coordinates z = {z"} with X; = 0//0z', it is customary to denote the frame
on T*M dual to {X;} by {dz'}, i.e., da’ (X;) = 5;-, the Kronecker symbols.
In terms of this basis for 7% M, an (r, s)-tensor locally can be written in the
form

0=01""X; ® - 0X;, @de) @ @da’.

The covariant differentiation V, which is originally defined for vector
fields, is now extended to tensor fields by assuming that it is a derivation
commuting with contractions. Thus for two tensor fields 8 and v, we have

Vx(@ @) =Vx01Y+60 Vxi.

In particular if 6 is a 1-form and X a vector field, then Vx# is uniquely
determined by the relation

(Vx0)(Y) = XO(Y) — 0(VxY), VY € I(TM).

The reader can verify easily that the assignment (X,Y) — (Vx0) (Y') makes
V0 into a (0,2)-tensor field. In general if 6 is an (r, s)-tensor field, then its
covariant differentiation V6 is an (r, s 4+ 1)-tensor field.

We can realize covariant differentiation in the frame bundle F(M). At
each frame u, the vectors X; = ue;,i = 1,...,d, form a basis at T, M. Let
{Xi} be the dual frame on 7M. Then an (r, s)-tensor  can be expressed
uniquely as

0=01"X;, ® - 0X;, X'"@ X
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The scalarization of 6 at u is defined by

O(u) = 00rey, @ @e;, @ @ ® e,

where again {e;} is the canonical basis for R? and {ei} the corresponding

dual basis. Thus if 6 is an (7, s)-tensor field on M, then its scalarization
f:F(M) — R®" @ R*®*

is a vector space-valued function on F(M), a fact we will often take advan-

tage of. This function is O(d)-equivariant in the sense that 0(ug) = g6(u),
where the ¢ on the right side means the usual extension of the action of O(d)
from R to the tensor space R®" @ R*®5. Conversely, every O(d)-invariant
function on F(M) is the scalarization of a tensor field on M.

The following proposition shows how covariant differentiatiation on a
manifold is realized on its frame bundle.

Proposition 2.2.1. Let X € I'(TM) and 6 € I'(T"*M). Then the scalar-
ization of the covariant derivative V x0 is given by

Vx0=X"0,
where X* is the horizontal lift of X.

Proof. We prove the typical case where § =Y is a vector field, and leave
the general case as an exercise.

Let {2} be a smooth curve on M such that &y = X and {u;} a horizontal
lift of {a}. Let 74 = wuy ! be the parallel transport along the curve. We
claim that

d
(2.2.1) VY = Y (),
where the derivative is evaluated at ¢ = 0. To see this, let e;(t) = we;,
where e; is the ith coordinate unit vector of R%. Then {e;(t)} is horizontal
along {z;}. Now let
Y(ze) = a'(t)ei(t),
i.e., {a'(t)} are the coordinates of Y (z;) in the basis {e;(t)}. Taking the
covariant differentiation of both sides along X and using the fact that {e;(t)}
are parallel along the curve, we have
VxY =a;(0)e;(0).
On the other hand, we have
7YY (1) = a'(t)e;(0).

Differentiating this equation with respect to ¢, we obtain
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The desired relation (2.2.1) follows immediately.

Now by the definition of the horizontal lift of X we have X* = 1. Hence
from Y (uy) = u; 'Y () we have

XY = ﬁY(ut) = ualathlY(xt) =uy'VxY(20) = VxY,
which is what we wanted. O

We mentioned above that for an (r, s)-tensor field 6, the covariant differ-
entiation V6 is an (r, s + 1)-tensor field. Of special importance to us is the
HessianV?2 f of a smooth function f on M. It is the covariant differentiation
of the 1-form Vf (denoted also by df) and is therefore a (0, 2)-tensor. We
verify easily from definition that for two vector fields X and Y,

(2.2.2) VX, Y) = X(Y f) = (VxY),

a relation which can also serve as the definition of V2f. Passing to the frame
bundle F(M), we have

(2.2.3) V2 f(uei, ue;) = HiH, f(u),  ueF(M),

a relation which the reader is invited to verify. Here, as always, H; are the
fundamental horizontal vector fields and f = f o 7 is the lift of f to F(M).
In local coordinates the Hessian can be expressed in terms of the Christoffel
symbols as

0
= o
where f; = 0f/0z" and similarly for f;;. This follows from (2.2.2) and the
definition of Christoffel symbols Vx, X; =T i’;X k-
There are two important tensor fields derived from a connection V. The
torsion of V is a (1, 2)-tensor defined by
T(X,Y)=VxY -VyX - [X,Y], X, YeI(TM),

where [X, Y] is the Lie bracket of the vector fields X and Y. The connection
V is called torsion-free if ' = 0 on M. For a torsion-free connection, the
Hessian and the Christoffel symbols are symmetric:

V2f(X,Y) = V2f(Y, X), e =T}

(2.2.4) V2 f(Xi, X;) = fij — T I Xi

On a Riemannian manifold M, the Levi-Civita connection is the unique
torsion-free connection which is compatible with the Riemannian metric.
Starting from CHAPTER 3, we will use exclusively the Levi-Civita connec-
tion, so we will not see the torsion tensor at all.

The curvature of V is a (1,3)-tensor defined by
R(X, Y, Z) =VxVyZ -VyVxZ— V[Xy]Z, XY, Z e F(TM).
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A considerable portion of this book is occupied with the interaction be-
tween Brownian motion and curvature, and this is very natural in view of
the following fundamental fact from differential geometry: a Riemannian
manifold with vanishing torsion and curvature tensors is locally isometric to
a euclidean space.

2.3. Horizontal lift and stochastic development

Stochastic differential equations on a manifold are a convenient and useful
tool for generating semimartingales on a manifold M from ones on RY. If
a manifold M is equipped with a connection, then there are invariantly de-
fined fundamental horizontal vector fields H; on the frame bundle F(M), and
many things we have said about smooth curves on M in the last two sections
can be generalized to semimartingales on M. In particular, if the equation
(2.1.8) interpreted properly—this usually means replacing the usual inte-
gral by the corresponding Stratonovich stochastic integral-—we can develop
a semimartingale W on R into a horizontal semimartingale U on F(F),
and then project it down to a semimartingale on M (“rolling without slip-
ping”). Conversely, we can lift a semimartingale X on M to a horizontal
semimartingale U on F(M) and then to a semimartingale W on R?. Once a
horizontal lift Uy of the initial value Xy is fixed (i.e., 71Uy = Xj), the corre-
spondence W «— X is one-to-one. Because euclidean semimartingales are
easier to handle than manifold-valued semimartingales, we can use this geo-
metrically defined correspondence to our advantage. Later we will see that
a connection also gives rise to the notion of manifold-valued martingales.
As expected, for semimartingales stochastic development and horizontal lift
are obtained by solving stochastic differential equations driven by either R%-
valued or M-valued semimartingales. But unlike the case of smooth curves,
these equations are not local at a fixed time.

Consider the following SDE on the frame bundle F(M):
(231) dUt - H(Ut) 9] th,

where W is an R%valued semimartingale. Whenever necessary, we will use
the more precise notation

d
AUy = Hi(Up) o dW.

i=1
In writing the above equation, we have implicitly assumed that M has been
equipped with a connection, and {H;} are the corresponding fundamental
horizontal vector fields on F(M). We now give a few definitions. All pro-
cesses are defined on a fixed filtered probability space (€2, F.,P) and are
F.-adapted.
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Definition 2.3.1. (i) An F(M)-valued semimartingale U is said to be hor-
izontal if there exists an R%-valued semimartingale W such that (2.5.1)
holds. The unique W is called the anti-development of U (or of its pro-
jection X =7wU ).

(ii) Let W be an R¥*-valued semimartingale and Uy an F(M)-valued, Fo-
measurable random variable. The solution U of the SDE (2.5.1) is called
a (stochastic) development W in F(M). Its projection X = 7wU is called a
(stochastic) development of W in M.

(iii) Let X be an M -valued semimartingale. An F(M)-valued horizontal
semimartingale U such that its projection mU = X is called a (stochastic)
horizontal lift of X.

In the correspondences W «— U «— X the only transitions which
need explanation are X — U and U — W. We will prove the existence
of a horizontal lift by deriving a stochastic differential equation for it on
the frame bundle F(M) driven by X. For this purpose we assume that
M is a closed submanifold of RV and regard X = {X*} as an R"-valued
semimartingale. For each # € M, let P(x) : RN — T, M be the orthogonal
projection from RY onto the subspace T, M C RYN. Then intuitively we
have, on RY,

t
X, = X +/ P(X,) 0 dX,.
0

This identity will be proved in LEMMA 2.3.3 below. Rewriting this more
explicitly, we have

dXt = Pa(Xt) o dXta

Once we are convinced that this holds, the obvious candidate for the hori-
zontal lift U of X is the solution of the following equation on F(M):

N
(2.3.2) AU, =Y Pi(Uy) 0 dX{,
a=1
where Px, (u) is the horizontal lift of P, (mu) We now prove that the solution
of (2.3.2) is indeed a horizontal lift of X. We start with two simple geometric
facts. First, let f = {f*} : M — R be the coordinate function. Its lift
f:F(M) — R defined by

flu) = f(ru) =7ue M CRN

is nothing but the projection 7 : F(M) — M written as an R¥-valued
function on F(M). The change of notation from 7 to f emphasizes that it
is regarded as a vector-valued function rather than a map. Again let e; be
the ith coordinate unit vector in RY.
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Lemma 2.3.2. Let f: F(M) — M C RN be the projection function. The
following two identities hold on F(M):

(2.3.3) P f(u) = Py(mu),
N ~
(2.3.4) Z P, (mu)H; f*(u) = ue;.
a=1

Proof. If {u;} is the horizontal lift from uy = u of a curve {z;} with &y =
P, (mu), then P¥(u) = 9. Hence

Pof(u) = d{f;:t)} - d(gtm)

This proves the first identity. The proof of the second inequality is similar.
If {v;} is the horizontal lift from vy = w of a curve {y,;} on M with gy = ue;,
then

= &9 = P,(mu).

~ d f(vt) TVt
(2.3.5) Hlf(u) = { dt } = d(dt ) = yo = Uue;.

This shows that H;f(u) € TryM. Hence P(mu)H;f(u) = H;f(u) and we
have

N
Z P (mu)H; f*(u) = P(ru)H; f(u) = Hf(u) = ue;,
a=1

which proves the second identity. O

Next we prove a useful fact about semimartingales on an embedded
submanifold. It implies in particular that every submartingale on a manifold
is a solution of a Stratonovich type stochastic differential equation on the
manifold.

Lemma 2.3.3. Suppose that M is a closed submanifold of RN. For each
x €M, let P(z): RN — T, M be the orthogonal projection from RN to the
tangent space T, M. If X is an M -valued semimartingale, then

t
(2.3.6) X, = Xo +/ P(X,) 0 dX,.
0

Proof. Let {¢,} be the canonical basis for RY. Define

Pa(x) :P(x)gcw Qa(x) :ga_P(w)Ew
Then P,(z) is tangent to M, Q. (z) is normal to M, and P, + Q. = &,. Let

t
(2.3.7) Y = Xo + / Po(X,) 0 dX2.
0
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We first verify that Y lives on M. Let f be a smooth nonnegative function
on RY which vanishes only on M. By It&’s formula,

() = F(Xo) + /O P f(Xy) 0 dX?.

But if z € M, then P,(x) € T,M and P, f(x) = 0. Hence P, f(X;) =0 and
f(Yz) = 0, which shows that Y; € M.

For each z € RN let h(z) be the point on M closest to . Since M is a
closed submanifold, h : RN — M C R¥ is a well defined smooth function
in a neighborhood of M and is constant on each line segment perpendicular
to M. This means that Q.h(x) = 0 for x € M, since @), is normal to the
manifold. As a consequence, regarding &, as a vector field on RY, we have

(2.3.8) Pyh(z) = Pyh(z) + Qah(z) = Euh(z), =€ M.
Now we have
Yi = h(Yy) YieM
=Xo+ / P,h(Xs) 0o dX}" (2.3.7) and It6’s formula
= Xo+ / Eah(Xs) o dXY (2.3.8)
= h(X¢) It6’s formula on RY
This completes the proof. [l

Theorem 2.3.4. A horizontal semimartingale U on the frame bundle F(M)
has a unique anti-development W. In fact,

t
(2.3.9) Wy = / U7 tP,(X,) 0dX,
0
where Xy = wUy.

Proof. W should be the R%valued semimartingale defined by
dU; = Hy(Uy) o dW}.

Let f be the projection function defined just before LEMMA 2.3.2. From
f(Uy) = 7 Uy = X; we have

dX; = H; f(Uy) o AW,
or equivalently, N '
dX = H;f*(Uy) o dW}.
Now multiplying both sides by U~ P, (X;) € R? and using (2.3.4), we have
U, ' Po(Xy) 0 dXY = U ' Po( X)) Hi fO(Uy) 0 AW} = e; AW},
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which is equivalent to (2.3.9). O

Now we can prove the main theorem.

Theorem 2.3.5. Suppose that X = {X;,0 <t < 7} is a semimartingale on
M wup to a stopping time T, and Uy an F(M)-valued Fy-random variable
such that Uy = Xgo. Then there is a unique horizontal lift {Uy,0 <t < 1}
of X starting from Uy.

Proof. Let U be the unique solution of (2.3.2). By LEMMA 2.3.7 below it is
well defined up to the stopping time 7. We verify that it is a horizontal lift
of X. Since it is obviously horizontal, all we need to show is 7U = X. As
before, let f: F(M) — M C R be the projection function 7 : F(M) — M,
regarded as an RV-valued function. Let Y; = f(U;) = nU;. We need to
show that X =Y. From (2.3.2) for U, we have by (2.3.3)

dY, = Prf(Uy) 0 dX{ = Pa(Y;) 0 dX®.

This is an equation for the semimartingale Y on M driven by the RV-valued
semimartingale X with the initial condition Yy = nUy = Xy. On the other
hand, by LEMMA 2.3.3 X is a solution of the same equation. Hence by
uniqueness we must have X =Y.

We now show that a horizontal lift with a given initial starting frame
is unique by verifying that any other horizontal lift IT of X will satisfy the
same equation (2.3.2) as U. Since IT is horizontal, there is an R%valued
semimartingale W such that

(2.3.10) dITy = H;(IT;) o d W}
By (2.3.9) in THEOREM 2.3.4 we have
AWy = ;7' Py (Xy) 0 dXP.

Substituting this into (2.3.10) and using the fact that the horizontal lift
Px(II}) of P,(X;) is given by

d
Pr(I) =Y {17 Po(Xy)} Hi(ITy),
=1
we find that
dIl, = PX(II;) o X,

i.e., Il satisfies the same equation as U. ([

Example 2.3.6. Let M = R! equipped with a general connection given
by Vee = I'e, where e is the usual unit vector field on R!: e(f) = f’, and
I' € C*°(RY). Define

G = [ “Tdy, o) = / "t gy,
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Let X be a semimartingale.
(i) With the canonical embedding GL(R!') = R! x R!, the horizontal lift of
X is given by

Uy = (Xt,e_G(Xt)) .

(ii) The anti-development of X is W = ¢(X).

(iii) We call X a V-martingale if its anti-development W is a local martin-
gale. Then X is a V-martingale if and only if there is a local martingale M
(in the usual sense) such that

1 t
X, = Xo+ M — 2/ I(X,) d(M, M),
0

In this case,

t
W, = / eCX) dn,. O
0

We now show that the horizontal lift of a semimartingale can be defined
on the maximal time interval on which the semimartingale is defined, namely,
there is no explosion in the vertical direction.

Lemma 2.3.7. Let X be a semimartingale on M defined up to a stopping
time 7. Then a horizontal lift U of X is also defined up to 7.

Proof. We need to use some special features of the equation (2.3.2) for the
horizontal lift U, because normally a solution is defined only up to its own
explosion time, which may be strictly smaller than the stopping time up
to which the driving semimartingale is defined. By a typical stopping time
argument, we can assume without loss of generality that 7 = oo, i.e., the
semimartingale X is defined on all of [0, 00). We can also assume that there
is a relatively compact neighborhood O covered by a local chart x = {xz}

such that X; € O for all t > 0, and u = {CL‘i, e?} be the corresponding local

chart on F(M) defined just after PROPOSITION 2.1.2. As before we use the
notations

0 0
Xi= g X = e
j
These are vector fields on F(M). Define the function
h(u) = Z |e§-\2.
1<i,j<d
It is enough to show that h(U;) does not explode. For this purpose we first
need to write the horizontal lift P} of P, in the local coordinates. Since

ue; = eg X, by definition, we have X, = fg ue;, where { fij } is the inverse
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matrix of eg . The horizontal lift H; of ue; is given by LEMMA 2.1.3; hence
the horizontal lift of X, is

Xp=Xq— e T Xim.
If P,(x) = pd(x)X,, then the horizontal lift of P,(z) is

Pi(u) = pl Xy — pLel, TF(2) Xpm.

This is the local expression for P, we are looking for. The point is that
the coefficients I’ l’; and p!, are uniformly bounded on the relatively compact
neighborhood O. It is therefore clear from the definition of the function h
that there is a constant C' such that

(2.3.11) \Pth| < Ch, |PiPsh| < Ch.
Now from dU; = P;(U;) o dX® and Itd’s formula,

h(U;) = h(Up) /P* $) dX® + /P*PB )d(X, XP),.

According to (2.3.11), the integrands grows at most linearly in h(U;). We
can now follow the proof of PROPOSITION 1.1.11 and conclude that h(Uy)
does not explode. O

Let X be a semimartingale on M. Two horizontal lifts U and V' of the
semimartingale X are related in a simple way: U; = V}Vb_on. From this
fact we see that

iy, = UnUp L Tx, M — Tx, M, 0<t <ty <elX)

is independent of the choice of the initial frame in the definition of U. It is
called the (stochastic) parallel transport from X, to Xy, along X.

We have shown in LEMMA 2.3.3 that a semimartingale X on a manifold
M is always a solution of a stochastic differential equation on M. The
following result is often convenient in applications.

Proposition 2.3.8. Let a semimartingale X on a manifold M be the so-
lution of SDE(V1,...,Vn; Z,Xo) and let V be the horizontal lift of Vo to
the frame bundle F(M). Then the horizontal lift U of X is the solution of
SDE(VY,...,V}; Z,Uy), and the anti-development of X is given by

W, = /U WL (X,) od Z2.

Proof. We assume that M is a submanifold of RV and use the notations
introduced before. The proof of the first assertion is similar to the first part
of the proof of THEOREM 2.3.5. If f : F(M) — M C RY is the projection
function as before, then it is easy to verify that V}f(u) = V,(z). Let
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U be the solution of the horizontal equation SDE(VY,...,V}; Z,Uy) and
Y; = f(U;) = wU;. Differentiating, we have

dY, = VEf(U) 0 d 28 = Va(Yi) 0 d Z§

This is the equation for X. Hence Y = X, i.e., U is the horizontal lift of X.
For the second assertion, we have from THEOREM 2.3.4

AW, = U; ' P3(X,) 0 dX].
In our case dX; = Vo (X¢) od Z*, or in components
dx? = VP (X)) od 22,

where {Vf } are the component of the vector V,, in RY. Since V, is tangent
to M, it is easy to verify that

N
Vo=> VP,
B=1
It follows that
N
dW,; = Z (X)) Ps(Xy) | 0d Zf = U7 Wa(Xy) 0 d Z¢,
as desired. O

2.4. Stochastic line integrals

Let 6 be a 1-form on a manifold M and {x;} a smooth curve on M. Then
the line integral of 6 along {z;} is defined as

(2.4.1) / s /O C0(i) ds

Let us find an expression for the line integral which can be directly extended
to semimartingales. Fix a frame ugp at o and let the curve {u;} be the
horizontal lift of {x;} from ug. By definition the anti-development of {x;}
is a R%-valued curve {w;} defined by 1y = u; L, Hence

0(i1) = O(uiing) = O(ue;) W}

t t
/ 9:/ Q(x's)dSZ/ O (uge;) wids.
z[0,t] 0 0

Clearly the right side is independent of the choice of the connection and the
initial frame ug. We now make the following definition.

and
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Definition 2.4.1. Let 0 be a 1-form on M and X an M -valued semimartin-
gale. Let U be a horizontal lift of X and W its anti-development (with re-
spect to any connection). Then the (stochastic) line integral of n along X is

defined by
t
/ 9:/ O(Uge;) o d WL,
X[0,4] 0

Let 6 : F(M) — R? be the scalarization of 0, namely 6(u) = {6(ue;)}.
Then we can also write

t~
/ 0:/ O(U,) o dW.
X[0,] 0

We have defined the line integral along X in terms of its horizontal
lift and anti-development as a matter of convenience. The following result
gives a more direct expression, and it shows again that the definition is
independent of the connection chosen for the manifold. Note that we have
shown that every semimartingale on M is a solution of an It6 type stochastic
differential equation on M (LEMMA 2.3.3).

Proposition 2.4.2. Let 0 be a 1-form on M and X the solution of the
equation dXy = Vo (Xy) od Z§*. Then

t
/ 9_/ O(V.)(X.) o d 2°.
X[0,4] 0

Proof. From LEMMA 2.3.8 we have dW; = Ut_IVa(Xt) odZ{. Hence the
differential of the line integral is

0(U) 0 d W, = <§(Ut), U;lva(xt)> o0d Z% = (V) (Xy) o d Z2.
O

In view of the above result, it is reasonable to write the differential of
the stochastic line integral symbolically as 6 o d.X;.

Example 2.4.3. If 0 is an exact 1-form, i.e., 8 = df for a smooth function
f, then

/ df = F(X,) — f(Xo). O
X[0,4]

Example 2.4.4. Let = {2’} be a local chart on M and 6(z) = 6;(x) da".
Let X = {XZ} be a semimartingale on M. We have

4 d
dX; = Vi(Xy) o dX{, where V; = e
x
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Then 0(V;) = 6;, and we have from PROPOSITION 2.4.2

t
/ 9:/ 0;(Xs)0dX?.
X1[0,t] 0

This is the local expression for the line integral. ]

The anti-development W of a horizontal semimartingale U on F(M) is
the line integral of the so-called solder form @ along U. This is an R%valued
1-form 6 on F(M) defined by

0(2)(w) = u (. 2)
for a vector field Z on F(M). In particular, 0(H;) = e;.

Proposition 2.4.5. Let U be a horizontal semimartingale on F(M). Then
its the corresponding anti-development is given by

W, = / 0,
U0,

where 0 is the solder form on F(M).
Proof. Exercise. g

We now define the quadratic variation of a semimartingale with respect
to a (0,2)-tensor. By definition a (0,2)-tensor h € I'(T*M @ T*M) is a
section of the vector bundle T*M ® T* M, namely, a smooth assignment of
a tensor hy € TXM @ TXM = Hom(T,M ® T,M,R) (the space of linear
functionals on the tensor product T, M ® T, M) at each point x € M. Its
scalarization h is an R%* @ R%*-valued function on the frame bundle F(M)
and we have

h(u)(e, f) = h(ue,uf), e,f € R and u € F(M).

Note that we write h(a ® b) as h(a,b) for a (0,2)-tensor on a vector space V
and a,b € V. We now make the following definition (cf. DEFINITION 2.4.1).

Definition 2.4.6. Let h be a (0,2)-tensor on M and X an M -valued semi-
martingale. Let U be a horizontal lift of X and W its anti-development.
Then the h-quadratic variation of X is

t t
/h(dXs,dXs):/ R d W, d W),
0 0

or more precisely,

t t
(2.4.2) /h(dXs,dXs):/ h(Uses, Use;) AW, W),
0 0
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A (0,2)-tensor h is called symmetric if h(A, B) = h(B, A), and antisym-
metric if h(A, B) = —h(B, A), where A, B are vector fields on M. For an

arbitrary (0,2)-tensor h, its symmetric part is defined by
h(A,B)+ h(B, A
hsym(A7B): ( ) ); ( ) )

Proposition 2.4.7. Let Y™ be the symmetric part of h. Then

t t
/ h(dX,, dX,) = / EY™ (X, dX).
0 0

In particular, if h is antisymmetric, then

t
/ h(dX,,dX,) = 0.
0

Proof. Exercise. (]

We have the following analogue of PROPOSITION 2.4.2.

Proposition 2.4.8. Let h be a (0,2)-tensor on M and X the solution of
SDE(Vi,...,VN,Z;Xo). Then

/t h(dXs,dXs) = /t h(Va, V) (Xs) d(Z%, ZP)s.
0 0

Proof. Exercise. O

Example 2.4.9. Let z = {x’} be a global coordinate system on M. A
(0,2)-tensor can be written as

— 1. i J I -z “
h(z) = hij(x) da* ® da?, hij =h (83&’ 8a:j> .
If X = {Xl} is a semimartingale on M, then
t t o
/ h(dX,,dX,) = / hij (X,) d(XT, X7),.
0 0

Example 2.4.10. For f € C*®(M), the Hessian V2f is a (0,2)-tensor.
Using (2.2.3), we have by DEFINITION 2.4.6

/tV2f(dX5,dXs):/tHiij(Us)d<Wi,Wj>s. 0
0 0
Example 2.4.11. If f,g € C*°(M), then
t
[ @@ dgax..axo = (#0090 O

A symmetric (0,2)-tensor € is said to be positive definite if (X, X) >0
for every vector X.
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Proposition 2.4.12. If 0 is a positive definite (0,2)-tensor, then the 0-
quadratic variation of a semimartingale X is nondecreasing.

Proof. We have
t t
/h(dXs,dXs):/ W(Uses, Usey) d(W, Wi,
0 0

By the assumption the matrix {h(Use;,Use;)} is symmetric and positive
definite. Let {mf(s)} be its positive definite matrix square root and

Jk = /Otmf(s)dwg.
Then we have
[ haxeax = [ b mbs) v wo), = b
The result follows immediately. O

Remark 2.4.13. The above result can be strengthened as follows. Let

D = {z € M : h is positive definite at z} .

t
Then t — / h(dXs,dXs) is nondecreasing whenever X; € D. We leave the

0
proof to the reader. O

2.5. Martingales on manifolds

The concept of (local) martingales on a euclidean space can be extended
to a differentiable manifold equipped with a connection. The definition is
straightforward.

Definition 2.5.1. Suppose that M is a differentiable manifold equipped with
a connection V. An M -valued semimartingale X is called a V-martingale
if its anti-development W with respect to the connection V is an R*-valued
local martingale.

A V-martingale is also called a I'-martingale in the literature, with the I’
presumably referring to the Christoffel symbols of the connection V. Here is
a minor point of confusion: for M = R? with the usual euclidean connection,
an M-valued martingale is a local martingale on R¢.

We give an alternative definition without referring to anti-development.
Recall that V2 is the Hessian of f € C°°(M).
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Proposition 2.5.2. An M-valued semimartingale X is a V-martingale
if and only if

t
N0 £ - £(X0) - 5 [ VRFaXdX,)
0

is a R-valued local martingale for every f € C*°(M).

Proof. The horizontal lift U of X satisfies d Uy = H;(Ut) o dW{, where W
is a semimartingale. Let f = f o7 be the lift of f to F(M). Applying 1to’s

formula to f(U), we have
f(Xy) — f(Xo)

t - o1t ~ ) .
:/ Hif(Us)dWS%LQ/ HoH, F(U,) d(W, W)
0 0

t - ) 1 t
= [ mfwyawi+ 5 [ vax.,ax.),
0 0

Here in the last step we have used EXAMPLE 2.4.10. Therefore for any
feld®(M),

(2.5.1) N (X), = /t H; f(Uy) dW.
0

Now, if X is a V-martingale, then W is a local martingale, and so is
N/(X). For the converse, we assume that M is embedded in some euclidean

space RY. Let f : M — R¥ be the coordinate function f(z) = z and 1 its lift
to F(M). In LEMMA 2.3.2) (see (2.3.5)), we have shown that H;f(u) = ue;;
hence by (2.5.1) we have, as processes in RY,

t ) t
Nf(X)t:/ Useidwgz/ Uy d W,
0 0

Note that Us € M(d, N) is an isomorphism from R? onto Tx, M. To solve
for W from the above equation we define Vs € M(NN, d) by

Vi — Ul if€eTy,M;
o, if € L Tx, M.

Then V,Use = e for e € R%, and we obtain

t t
/VSde(X)S:/ ViU, dWs = Wy
0 0

If N7(X) is a local martingale, then W is also a local martingale. This
completes the proof. O
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Remark 2.5.3. The last part of the above proof makes it clear that when
M is a submanifold of RY, X is a martingale on M if and only if N/*, a =
1,..., N, are local martingales, i.e., we can reduce the set of test functions
in the above proposition to the coordinate functions {fl, e fN}. O

We now give a local version of the above proposition. This chacterization
is sometimes taken as the definition of V-martingales. PROPOSITION 2.5.2
can be proved from this local version by a stopping time argument. We will
prove this local characterization using DEFINITION 2.5.1.

Proposition 2.5.4. Suppose that x = {:U’} is a local chart on M and
X = {XI} a semimartingale on M. Then X s a V-martingale if and only

if
. . 1 [t . .
X{ = X + local martingale — 2/0 ik (Xs) d(X7, X",

Proof. The proof is an exericise in writing the anti-development W of X in
terms of N and vice versa, where N is the R%valued semimartingale defined
by
. . 1t -
N, =X] - X§+ 2/0 i (Xs) d(X7, XF)s.

To start with, we apply the equation d U; = H;(Uy)od W} to local coordinate
functions u — {:pl(u), e (u)} and use the local formulas for the horizontal
vector fields in PROPOSITION 2.1.3. This gives the equations

dXj = ej(t) o d Wy,

dei(t) = =T, (Xy)eh(t) o dXF.
Here we have written ej- (t) = eé(Ut) to simplify the notation. If {f]’} is the

matrix inverse of {eé}, then we have from the first equation
dW{ = fl(t) o dX}.
Now we have
. . 1 ,
dXy = ei(t)dWy + §d<e;-, Wiy,

= () A} — STH(X0e () (D XH, X,

. 1.
= e}(t) AW} — 5F,gl(Xt) d(x*k x1h.
It follows that
AN} = €el(t)dW] and dW] = fi(t)dN}.
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Therefore N is a local martingale if and only if W is a local martingale, and
the desired result follows immediately. ([

We now discuss the convergence problem for manifold-valued martin-
gales. It is well known that a real-valued local martingale {X;,¢ > 0} con-
verges as t — oo if it is uniformly bounded. When we consider manifold-
valued martingales, this does not hold in general. For example, if W is a
Brownian motion on R!, then it is easy to check that X = (sin W, cos W)
is a martingale on the unit circle S' with the usual connection because its
development is just W. It is clear that X does not converge, although it is
uniformly bounded. However, we will show that the convergence does hold
locally.

The first thing we need to do is to choose a good local chart to work
with. When a manifold is equipped with a connection there is a natural
local coordinate system obtained by the exponential map based at a point.
Let us review some geometric facts about exponential maps.

Let M be a manifold with a connection V and o € M. The exponential
map exp, : IobM — M is defined in a neighborhood of o as follows. Let
X € T,M, and let Cx be the unique geodesic from o such that Cx(0) = X.
If X is sufficiently small, Cx(t) is well defined up to time ¢ = 1 and we
define

exp X = Cx (1), X eT,M.

Locally C'x is obtained by solving second order ordinary differential equa-
tions (see (2.1.2)). With the help of these equations, it is an easy exercise
to show that the exponential map is a diffeomorphism from T,M to M in a
neighborhood of the origin. A local coordinate system is then obtained by
identifying T, M with R via a fixed frame u, : R* — T, M, namely,

RY Mo, 7 pr ¢

If M is a Riemannian manifold, we can take an orthonormal basis on
T,M and set up the usual cartesian coordinates on T,. Through the ex-
ponential map, these coordinates define a system of of local coordinates
in a neighborhood of o on the manifold M. These are called the normal
coordinates at o.

We will need the following property of this local chart.

Lemma 2.5.5. Let x = {xl} be a local coordinate system obtained from the
exponential map at o. Then its Christoffel symbols are anti-symmetric at o,
i.e., F;k + F,ij = 0. In particular, if the connection V 1is torsion-free, then
its Christoffel symbols vanish at o.
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Proof. By the definition of the exponential map, the curve
t|—>{xi:t; xk:O,k#i}

is a geodesic whose tangent field is X; = 9/0x'. Hence Vy,X; = 0 along
the curve and, in particular, at o. This shows that I Z’j = 0 at o. For two
distinct indices ¢ and j, the curve

tH{xi:xj:t;xk:O,k:;éi,j}

is also a geodesic whose tangent field is X = X; + X;. Hence VxX = 0
along the curve and, at o,

Th+T5+Th+1)=0.

Since the first and the last terms vanish at o, we have I 113 +I ﬁ. =0. IfVis
torsion-free, then I Z’; = Fﬁ, and we have I 113 =0. [l

Now we come to the local convergence theorem for manifold-valued mar-
tingales. Let M be a manifold and O an open set on M. We say that a path
x: Ry — M lies eventually in O if there exists a random time 7' such that
X; € O for all t > T'. Note that T may not be a stopping time.

Theorem 2.5.6. Suppose that M is a manifold equipped with a connection.
Every point of M has a neighborhood O with the following property: if X is
a V-martingale, then

(2.5.2) {X lies eventually in O} C {llt%m X, ewists}.
oo

Proof. Let o € M and choose a local coordinate system x = {mz} in a
neighborhood of o defined by the exponential map at o. Let O be a relatively
compact neighborhood of o such that O is covered by the local coordinate
system. Let f* be a smooth function on M with compact support such that
on O

fil@)=a'+) («7)%

1

d
]:
Shrinking O if necessary, we may assume that f = { fi} 0 — R?is a
diffeomorphism onto its image. Using (2.2.4) we see that the Hessian of f°
is given by

V2t = {25]% - F;k - 2xZFJZ~k] da? @ da®.

Let h? be the symmetric part of V2 fi:

. J Ay
i — lzgj SOt ()

5 dr? @ dx*.
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By LEMMA 2.5.5 the coefficients of h’ are djr at o; hence by continuity
h is strictly positive definite in a neighborhood of 0. Replacing O by a
smaller one if necessary, we may assume that each h’ is strictly positive
definite everywhere on O. We claim that O defined this way has the desired
property.

Suppose that X is a martingale on M defined on a filtered probability
space (2, F,,P). Let

Qo = {X lies eventually in O} .

Because f : O — f(O) is a diffeomorphism, it is enough to show that on Qo
each f'(X;) converges as t T co. We have

t
fiX) :fi(X0)+N§+/O V2fi(dX,,dX,),

where N’ is a real-valued local martingale. By PROPOSITION 2.4.7, V2 f?
may be replaced by its symmetric part; hence

t
(2.5.3) £ = 70 + N + [ 0K ax,)

Now we use PROPOSITION 2.4.12 and the remark after it. If w € Qp, the
hi-quadratic variation of X is eventually nondecreasing because X stays O,
on which A’ is positive definite. This fact implies that the third term on the
right side of (2.5.3) is bounded from below. On the other hand, because f* is
uniformly bounded, the left side is uniformly bounded. Hence N? is bounded
from above. But N’ is a local martingale, hence a time-changed Brownian
motion N} = B iy, Since a Brownian motion path is bounded from neither
side, the only possibility is that limgje (IV it = (N%) 4 exists and is finite,
and limyjoo N} = Bniy.- It follows from (2.5.3) that limgje fi(X,) exists,
and the proof is completed. O

2.6. Martingales on submanifolds

Let N and M be two differentiable manifolds with connections V¥ and VM
respecitvely. Suppose that M is a submanifold of V. In the first part of this
section we study two questions:

(1) When is a VN-martingale on N which lives on the submanifold M
a martingale on M7

(2) When is a VM_martingale on the submanifold M a martingale on
N?

The results we obtain in the course of answering these two questions will be
used to prove the local nonconfluence property of manifold-valued martin-
gales.



2.6. Martingales on submanifolds 61

Naturally the answers to the questions posed above depend on how the
two connections VM and V¥ are related. Geometrically, the relation of a
connection on a manifold to a connection on an ambient manifold is de-
scribed by the second fundamental form. It is a map of the following type:

II:I'(TM)x I'(TM) — I'(TN|a).-

Since M is a submanifold of N, we have T, M C T,N for x € M. Both
covariant derivatives V%Y and Vﬁ\(/l Y make sense and belong to T, N, and
we define
(2.6.1) nx,y)=viy -v{y, X, Yer(rm).
The reader can verify easily that

H(fX,gY) = fgll(X,Y),  f,g€C®(M).

This implies by a well known argument in tensor analysis that the value of
II(X,Y) at a point depends only on the values of the vector fields at the
same point. Thus I7 is a tensor field on M taking values in the vector bundle
TN|y, or II, € Hom(T,M ® T, M,T,N) for x € M. The submanifold
M is called totally geodesic if the second fundamental form II vanishes
everywhere on M.

Recall that the torsion of a connection V is a (1,2)-tensor defined by
T(X,Y)=VxY -VyX —[X,Y],
where [X, Y] is the Lie bracket of X and Y. By the definition of IT we have
O(X,)Y)-I(Y,X)=TV(X,Y)-TM(X,Y).
This shows that IT is symmetric if both V¥ and V* are torsion-free.

We have the following characterization of totally geodesic submanifolds.
Proposition 2.6.1. Suppose that M and N are two differentiable manifolds
equipped with connections VM and VN resepectively and M is a submanifold
of N. If M s totally geodesic in N, then every VM -geodesic in M is also a

VN -geodesic in N. The converse also holds if both connections are torsion-
free.

Proof. Suppose that C is a VM-geodesic in M. Then Vé/[C' = 0. By the
definition of the second fundamental form we have

Ve =vY¥C+1(C,C) =0,
Hence C is a VV-geodesic in N.

Conversely, let X € T,,M and let C be the VM-geodesic on M such that
C(0) = 0 and C(0) = X. Because C is also VVN-geodesic, we have both
VgC’ =0 and VgC = 0 along C. This means IT(C, C’) = 0. In particular,
II(X,X) = 0. But the connections are torsion-free, which implies that IT
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is symmetric; hence by symmetrization I7(X,Y) = 0 for all vector fields X
and Y, and M is totally geodesic in N. ([

We will need the following result.

Lemma 2.6.2. Let M be a submanifold of Rt and f : M — R the coordinate
function on M. Let f = f o be its lift to the frame bundle F(M). Then

H;H; f(u) = II(ue;, ue;).

Proof. Let {u;} be a horizontal curve such that up = v and 1wy = H;(u).
The vector field X (x¢) = we; is VM_parallel along x; = mu;, namely,
VM X = 0; hence by definition IT (ue;, ue;) = VﬁiX. Now, from (2.4.2) we

have H; f(u;) = we; = X(x¢). It follows that

7oy A X (@)}

Hlij(’U,) = VRZ X = H(uei,uej).

dt ueq
]

Example 2.6.3. Let N be a Riemannian manifold with its Levi-Civita
connection and M a submanifold of N with the induced metric. Then the
Levi-Civita connection of M is given by

V]\X/[Y = the orthogonal projection of V%Y to T, M.

In this case the second fundamental form I7(X,Y), € T;-M, the orthogonal
complement of T, M in T, N. In particular Ran (I1,) N T, M = {0} at each
point x € M.

The mean curvature of M at z is defined to be the trace of the second
fundamental form:

d
H = Zﬂ(ei, ei),
=1

where {e;} is an orthonormal basis for 7, M. The submanifold M is called
minimal if H = 0 on M. If M is a hypersurface of N (codimension 1)
and both M and N are oriented, we let n be the unit normal vector field
on M such that the basis of T, N obtained by appending n to an oriented
basis of T, M is positively oriented. In this case the second fundamental
form IT is usually identified with the (real-valued) symmetric (0,2)-tensor
(X,Y)— (II(X,Y),n), and the mean curvature is given by H =trace II.

A hypersurface is said to be convex (strictly convex) if II is positive
(strictly positive) definite at every point of M. O

In the following, we will use ' and W to denote the anti-developments
of a semimartingale X on M (hence also a semimartingale on N) with
respect to the connections VVV and VM respectively. Since a martingale on
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a manifold is by definition a semimartingale whose anti-development is a
local martingale, the natural starting point is to find a relation between the
anti-developments £ and W.

Theorem 2.6.4. Let N be a manifold of dimension | equipped with a con-
nection VYN and M a submanifold of N of dimension d equipped with a
connection VM . Suppose that:

(1) X is a semimartingale on M ;

(2) U is a horizontal lift of X in F(M) with respect to VM, and W the
corresponding R%-valued anti-development;

(3) V is a horizontal lift of X in F(N) with respect to VV, and E the
corresponding Rt -valued anti-development.

Then
t 1 t
(2.6.2) B = / VAW / VUI(dX,, dX),
0 0
where II is the second fundamental form of M.
Proof. According to (2.4.2),
I1(dX,,dX,) = I (Use;, Upej) d (W' W7,
We have
(Use;,Use;) € Tx,M C Tx,N and V, 'II(Ue;, Use;) € R

Thus a more precise but admittedly somewhat clumsy rewriting of (2.6.2)
is

t t
Et:/ V;‘lUSeideJr/ VT (Uses, Uges) d(WE W),
0 0

We first show the special case when N = R! equipped with the euclidean
connection. In this case E = X and V = I, the identity map on R'. Let

f(z) =z € Rl on M and let f: fom be its lift to F(M). By It6’s formula,
(2.6.3) X;= X0+/Hf )dW! + /HHf WA W, dW),.
From (2.3.5) and LEMMA 2.6.2,

H; f(u) = ue;, HiH,; f(u) = IT(ue;, ue;).
Substituting these relations into (2.6.3), we obtain

t 1 t
(2.6.4) X, = X, +/ U, dW, + 2/ [I(dX,,dX,),
0 0

which is (2.6.2) for the special case N = R’
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For a general manifold N, we assume that it is a submanifold of R™ for
some m. Thus M is also a submanifold of R™. Let ITMR™ and ITNE™ be
the second fundamental forms of M and N in R™ respectively. From the
definition (2.6.1) we have, for vector fields X,Y on M,

I(X,Y)=mo"®"(x,v)- V" (X,Y).

Note that this equation should be understood as a vector equation in R™.
By (2.6.4) applied to the two embeddings M C R™ and N C R™,

t 1 [t m
X; = Xo +/ Ud W, + 2/ TMR™ (dX,,dX,),
0 0

t 1 [t m
Xt=Xo+/ vsdEs+2/ V" (dX,, dX,).
0 0
It follows that

¢ 1/t m
Et—/ VsldXS—2/ VLTV R (dX,, dX)
0 0

t 1 t m
:/ VS—IUSdWS+2/ VLM ET (0%, dX)
0 0

1 [t -
—2/ Vv oNR" (dXx,, dX,)
0

t 1 t
:/ V'S‘lUde5+2/ VT (dX,, dXS).
0 0

Let us draw a few corollaries from the above theorem.

Corollary 2.6.5. Suppose that M is a totally geodesic submanifold of N.
Then every VM -martingale on M is also a VY -martingale on N.

Proof. If X is a martingale on M, then W is a local martingale. By (2.6.2)
the condition I = 0 implies that F is also a local martingale. Hence X is
also a martingale on N. O

The range of the second fundamental form at z € M is
RanIl, ={[I(X,Y)(z): X, Y e '(TM)}.

We say that IT is independent of T'M if RanIl, N T, M = {0} at every
x € M. This is the case, for example, when N is a Riemannian manifold
with its Levi-Civita connection and M a submanifold of N with the induced

metric and connection, because in this case II is always perpendicular to
TM; see EXAMPLE 2.6.3.
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Corollary 2.6.6. Suppose that M is a submanifold of N such that its second
fundamental form IT is independent of TM. Then a VYN -martingale on N
which lives on M is also a VM -martingale on M.

Proof. Let Wy = M;+ A; be the decomposition of W into a local martingale
and a process of locally bounded variation. It is enough to show that A = 0,
for then W is a local martingale, which means that X is VM-martingale.
We have

t t 1
Et:/ Vs_lUSdMs+/ I/,S_l{UsdAs+2H(dXs,dXs)}.
0 0

Since E is a local martingale, the last term vanishes. We have UgdA; €
Tru M, II(dX,,dX,) € Ran II;y, and UgdAs + I1(dX,,dXs) = 0. Hence

II(dXs,dXs) = —UsdAs € Ran IT .y, N Try, M.
But IT with TM are independent; hence we must have dAs = 0. U

Corollary 2.6.7. Suppose that N is a Riemannian manifold and M is a
strictly convex hypersurface in N. Then every martingale on N which lives
on M must be a constant.

Proof. By EXAMPLE 2.6.3 the preceding corollary applies; hence both W
and E are local martingales. From (2.6.2) We have [I(dXs,dX,) = 0. By
the strict convexity of II, it is an easy exercise to show from this that X is
constant. (]

Example 2.6.8. Let M be a Riemannian manifold. A semimartingale X
on M is called a Brownian motion if its anti-development with respect to the
Levi-Civita connection is a euclidean Brownian motion. Suppose that M is
a minimal submanifold of a euclidean space R!. Then a Brownian motion
on M is a local martingale on R!. This follows easily from (2.6.4), for the
differential of the last term is

II(Uses, Upey) d (WP W7, = IT(Uge;, Upe;) dt = H(Xy) dt = 0.

The geometric counterpart of this result is that if M is minimal in R,
then the coordinate functions are harmonic on M. O

Finally we study the nonconfluence property of manifold-valued martin-
gales. Suppose that X is an R%valued F,-martingale on [0,7]. Then

X, =E{X7|F,}, 0<t<T.

This means that a martingale is determined by its terminal value at time
T and the filtration {F;,0 <t <T}. We will prove a local version of this
result for manifold-valued martingales. Let us start with two preliminary
results, both interesting in their own right.
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Proposition 2.6.9. Suppose that M is a totally geodesic submanifold of
N. Then every point of M has a neighborhood O in N with the following
property: If X is a VY -martingale in O on the time interval [0,T] such
that its terminal value X7 is in the submanifold M, then X; € M for all
te[0,7].

Proof. We first show that if M is totally geodeisc, then the exponential
maps of M and N coincide. Let o € M and consider the exponential map
exp : T,N — N of the manifold N. Suppose that X € T,M and C is a
VM_geodesic in M from o such that C'(0) = X. Since M is totally geodesic,
C is also a geodesic in N (see PROPOSITION 2.6.1). Hence exptX = C(t)
for 0 <t <1if X is sufficiently small, and exp X = C(1) € M. This shows
that the restriction of the exponential map exp : T,N — M to the subspace
T,M C T,N is just the exponential map of M.

Choose a cartesian coordinate system {xi, 1< < l} on T, N such that
the first d coordinates span the subspace T,M. This coordinate system on
N covers a neighborhood O having the property that

Mmoz{xd+1=o,...,xl=o}mo.

Therefore & = {xl, .. .,xd} is a local chart on M. Let & = {de, . ,iL'l}
and consider the function We consider the function

f@) = f(@,2) = (1+|2) |2

In the neighborhood O, f(z) = 0 if and only if x € M. We show that on a
possibly smaller neighborhood the symmetric part h of the Hessian V2f is
positive (more precisely, nonnegative) definite (cf. the proof of THEOREM
2.5.6). Let X; = 9/02". From

V3if =V f(Xi, Xj) da' @ da?

and
V(X X5) = fij — T fa
we have by a straightforward calculation
l
V=204 37) Y (6 — 2 If) de’ © da?
i,j=d+1
+ 2|22 Z (035 — J:kfi];)dml ® da? + 42 Z ' dx @ da’ .
ij=1 i=1 j=d+1
Note that because the second fundamental form vanishes, those of the
Christoffel symbols of N whose are from the tangent vector fields on M
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coincides with the corresponding Christoffel symbols of M, so we do not
need to distinguish them. The symmetric part of V2f is
l
h=(1+]%?) Z [25ij — :L‘k(FZ’; + Fﬁ)} dz' @ da’
ij=d+1
d . .
+ |22 Z [252-]- — (I + Fﬁ-)} dr' @ da’
ij=1
d l . . . . . .
+2 Z Z ' (dz' @ da? + da? @ dx*)
i=1 j=d+1
G+ 5+ 5.
By LEMMA 2.5.5 the Christoffel symbols satisfy F;k + F,ij = 0 at o; hence
there is a constant C; such that |1 Z’; +I sz] < C1|z| on O. Thus as symmetric
quadratic forms we have
l
S1>(2- Cslz|?) Z da’ @ da?,
Jj=d+1

d
Sp > |2 (2 — Colal’) Y da' @ da’
i=1
Using the inequality

2l (da' @ da? + da? @ da') < 2|2 Pda? @ da? + 5]:1:3 2da’ ® da’,
we have
l . . d . .
Sy > —4|i* Y dal @da? — [2> da’ @ da.
i=1

j=d+1
It follows that

l
h>{2—(Co+ D} Y dad @ dal
j=d+1
d
122 (1= Colzf?) ) da’ @ da.
=1

Choosing O sufficiently small so that (Cy + 4)|z|? < 1/2, we obtain h > 0
on O.

Now we prove the assertion of the proposition for the neighborhood O
of N constructed above. Suppose that {X;,0 <t < T} is a martingale in O
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such that X7 € ON M. By It6’s formula we have

1 [t
f(Xy) = f(Xo) + local martingale + 2/ V2f(dXs,dX8).
0

By PROPOSITIONS 2.4.7 and 2.4.12,

t t
/V2f(dX5,dX5):/ h(dX,,dX,)
0 0

is nondecreasing. This shows that f(X) is a uniformly bounded, nonnegative
submartingale with terminal value f(X7) = 0. It follows that f(X;) = 0 for
all ¢ <T'. This shows X; € M because f vanishes only on O N M. (]

Let M be a manifold with a connection VM and N = M x M the
product manifold. Let 7; (i = 1,2) be the projection from N to the first
and second factor respectively. We will now define the product connection
VN = VM x VM| For any = (x1,22) € N, the map

X — (7T1*X7 7T2*X) o (leXQ)

defines an isomorphism between T, N and T,, M x T,,M (product vector
space). Suppose that X = (X1, X5) is a vector field on N. Note that
in general X; are vector fields on M. Now let Y = (Y1,Ys2) € T, N, and
t — x; = (x4, z9) be a curve on N such that zyp = x and

Y = i¢ = (Z10, 420) = (Y1, Y2).

Along the curve we have X = (X3, X3), where each X; can be regarded as
a vector field along ¢ — xz;;. We define

VX = (V¥ X1, Vi X0).

We verify that V¥V defined above is a connection. The only defining
property of a connection that is not obvious directly from the defintion is

VY (fX) = V¥ X +Y ()X

for any f € C°°(N). This can be seen as follows. Along the curve t — z,
we have fX = (f(t)X1, f(t)X2) at x;, where f(t) = f(x;). Hence the vector
field along ¢ — x4 is t — f(t)X;(z), and

VY (fXi) = fVY X + [ X
We have, of course, f =Y (f). It follows that
VY (X) = (FVEX + X0, SV + X
= [ (Vi X1, Vi Xo) + Y (f)(X1, X2)
= V¥ +Y()X.

This shows that VV is indeed a connection on the product manifold N.
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Proposition 2.6.10. Suppose that M is a differentiable manifold equipped
with a connection VM. Let N = M x M be the product manifold equipped
with the product connection VN = VM x VM. Then the diagonal map
x — (x,z) embeds M as a totally geodesic submanifold of N .

Proof. Let X,Y be vector fields on M. As vector fields on the product
manifold N, they are represented by (X, X) and (Y,Y") respectively. Hence,
by the definition of the product connection,

viY = (v¥y, viy).

Thus V%Y is tangent to M and is equal to Vﬂ\? Y. This immediately implies
that IT(X,Y) =0, i.e., M is totally geodesic in N. O

The following proof of the local nonconfluence property of manifold-
valued martingales is an ingenious combination of PROPOSITIONS 2.6.9 and
2.6.10.

Theorem 2.6.11. Let M be a manifold equipped with a connection. Then
every point of M has a neighborhood V with the following property: If
{X,0<t<T} and {Y;,0 <t < T} are two Fy-martingales on V defined
on the same filtered probability space (Q,Fy,P) such that Xp = Yp, then
X =Y, for allt €10,T].

Proof. Let N = M x M with the product connection. By PROPOSITION
2.6.10, M is totally geodesic. Let o € M and choose a neighborhood O of
(0,0) in N which has the property stated in PROPOSITION 2.6.9. Choose a
neighborhood V of 0 in M such that V' xV C O. Let the anti-developments
of X and Y be W and FE respectively. By assumption they are R%valued
local martingales. It is easy to verify that the anti-development of Z =
(X,Y) with respect to the product connection V¥ is simply (W, F), which is
an R%%-valued local martingale; hence Z is a V" -martingale. By assumption
Z lives on O and Zp = (X7, X7) € M. By PROPOSITION 2.6.9 Z; € M for
0 <t < T, which is equivalent to X; =Y; for 0 <t < T. |



Chapter 8

Brownian Motion on
Manifolds

With this chapter we leave the general theory and concentrate almost exclu-
sively on Brownian motion on Riemannian manifolds. It is defined as a dif-
fusion process generated by the Laplace-Beltrami operator Ajs/2, with the
proverbial 1/2 that has baffled many geometers. Properties of the Laplace-
Beltrami operator that are important to our discussion are laid out in SEC-
TION 3.1, especially its relation to Bochner’s horizontal Laplacian. This
is followed by a formal introduction of Brownian motion on a Riemannian
manifold in SECTION 3.2 and a discussion of several equivalent characteri-
zations. In view of Nash’s famous embedding theorem, we assume whenever
convenient that our Riemannian manifold is a submanifold of a euclidean
space with the induced metric. Examples of Riemannian Brownian motion
are given in SECTION 3.3 with an eye to later applications.

Fix a reference point o € M and let r(x) = d(z,0), the Riemannian
distance from x to o. The radial process 7(X) of a Brownian motion X on M
will play an important role in many applications. Before Brownian motion
reaches the cutlocus of its starting point, the radial process is decomposed
as

1 t
T(Xt) = T’(Xo) + Gy + 2/0 A T'(XS) ds,

where 3 is a one-dimensional Brownian motion. It is clear from the above
relation that the behavior of the radial process depends on the growth of
Ajpsr relative to r. From differential geometry it is well known that the
growth can be controlled by imposing appropriate conditions on the growth

71
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of sectional and Ricci curvatures. In SECTION 3.4 we will discuss several geo-
metric results of this kind, including the well known Laplacian comparison
theorem.

Effective use of the radial process can be made only if we can go beyond
the cutlocus. In SECTION 3.5 we prove Kendall’s decomposition of the radial
process, namely,

r(Xi) = r(Xo) + B+ /AM?” — Ly, 0<t<e(X),

where L is a nondecreasing process which increases only when Brownian
motion is at the cutlocus. This term can be ignored when we need an upper
bound for the radial process. The analytic counterpart of this decomposition
of the radial process is the well known geometric fact that the distributional
Laplacian of the distance function is bounded from above by its restriction
within the cutlocus. As an application of the above decomposition, we prove
in the last section a useful estimate on the first exit time of Brownian motion
from a geodesic ball.

3.1. Laplace-Beltrami operator

Brownian motion on a Riemannian manifold M is a diffusion process gen-
erated by Aps/2, where Ays is the Laplace-Beltrami operator on M, the
natural generalization of the usual Laplace operator on euclidean space. In
this section, we review some relevant facts concerning this operator. For
this part of Riemannian geometry the books Riemannian Geometry by Do
Carmo [17] and Riemannian Geometry and Geometric Analysis by Jost [50]
are highly recommended.

Let M be a differentiable manifold. A Riemannian metric ds? = (-,-)
on M is a symmetric, strictly positive (0,2)-tensor on M. Equivalently, it
is a smooth assignment of an inner product ds? = (-,-), for each tangent
space T, M. Let x = {xz} be a local chart and X; = 9/0x" the partial
differentiation. Then the Riemannian metric can be written as

d52 = gijdmidl‘j, gij = <Xu X]>
Here dz'dz? stands for the symmetrization of da? @ da?:
dz' @ dad + da? ® da’
5 .

The matrix g = {gi;} is positive definite at each point. A Riemannian
manifold is a differentiable manifold equipped with a Riemannian metric.
We will use m to denote the Riemannian volume measure on M. In local
coordinates it is given by m(dz) = \/G(x)dz, where G = det g and dz =

dz!'---dx? is the Lebesgue measure on Rd. It is easy to verify that the

dx'dx? =
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Riemannian volume measure m is well defined, i.e., it is independent of
the choice of local coordinates. For two functions f,¢g on M with compact
support we write

(f.9) = /Mf<x>g<x>m<dw).

For two vector fields X,Y on M with compact support, we define
(X,Y) = / (X, Y )om(dz).
M

The inner product (-,-), on the tangent space T, M induces an inner
product on its dual T M, the cotangent space: if 6§ € T M, then there
is a unique Xy € T, M such that 0(Y) = (Xp,Y), for all Y € T, M. For
0,¢ € T; M we define

(0,¢)2 = (Xo, Xy)o-

If 8,4 are two 1-forms on M with compact support, we write
6.0)= [ (6.0)sm(do).
M

On a Riemannian manifold M, there is a unique connection V, the Levi-
Civita connection, which is compatible with the Riemannian metric, i.e.,

(3.1.1)  Vz(X,Y)=(VzX,Y)+ (X, VYY), X)Y,ZeI(TM);

and is torsion-free:

TX, V) ¥ VY —VyX - [X,Y] =0, X,Y eI(TM),
where [X,Y] is the Lie bracket of the vector fields X and Y. In local
coordinates, the Christoffel symbols of the Levi-Civita connection are given
by

1.
(3.1.2) ik = 59" (gjmk + Gmkj = Gikm)

where {g””} is the inverse matrix of {g;;} and g;xm = Og;r/0x™.

From now on we assume that M is a Riemannian manifold equipped
with the Levi-Civita connection. On M there is an intrinsically defined
second order elliptic operator, the Laplace-Beltrami operator, which gener-
alizes the usual Laplace operator on euclidean space. On euclidean space
Af = divgradf. Let us define the gradient and divergence on M. The

gradient gradf is the dual of the differential df; thus it is the unique vector
field defined by the relation

(gradf, X) =df(X) = X f, VX e I'(TM).
In local coordinates, we have by an easy computation

LOf 0
= q¥ e
Vi=g Ozt OxJ”




74 3. Brownian Motion on Manifolds

The divergence divX of a vector field X is defined to be the contraction of

o,
the (1,1)-tensor VX. If X = a’W in local coordinates, then it is easy to
x
verify that
1 0(VGa')

divy = ——= 22
eV o

The Laplace-Beltrami operator is
Ay f = divgradf.

Combining the local expressions the gradient and divergence, we obtain the
familiar local formula for the Laplace—Beltrami operator:

Vo (V035 )

Thus Ajs is a nondegenerate second order elliptic operator.

Apf=

Proposition 3.1.1. For any orthonormal basis {X;} of T,M, we have

d
Apf =trace V2f =) V2 f(X;, Xi).
=1

Proof. From the definition of divX we have

d
(3.1.3) divX =) (Vx, X, X;).
i=1
Applying this identity to X = gradf, we obtain the proposition immediately.
O

An alternative way of introducing the Laplace-Beltrami operator is as
follows. Let d : C*°(M) — I'(T*M) be the differentiation on functions.
Denote its formual adjoint with respect to the pre-Hilbert norms introduced
on C*®(M) and I'(TM) by 6 : I'(T*M) — C*®(M), i.e.,

/M £560 = /M<df, 0).

Using local coordinates, we can verify that 60 = —div Xy, where Xy €
I'(T'M) is the dual of the 1-form 6 € I'(T*M). Therefore,
Ay f = —6(df).

Since Ajs/2 is a second order elliptic operator on M, general theory de-
veloped in SECTION 1.3 applies. Any M-valued diffusion process generated
by Apr/2 is called a Brownian motion on M. However, in order to take
full advantage of stochastic calculus, we need to generate Brownian mo-
tion as the solution of an intrinsically defined It6 type stochastic differential
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equation. We have seen in CHAPTER 1 that the solution of a stochastic
differential equation on M of the form

dXt — Va(Xt) [©] tha + ‘/E)(Xt) dt,

where W is a euclidean Brownian motion, is an L-diffusion generated by a
Hormander type second order elliptic operator

I
1 2
L:2;Vi + Vo.
1=

If we can write Ajs in this form, then Browiann motion can be generated
as the solution of a stochastic differential equation on the manifold. Unfor-
tunately there is no intrinsic way of achieving this on a general Riemannian
manifold. We will see later that if M is isometrically embedded in a eu-
clidean space, then there is a way of writing A s as a sum of squares associ-
ated naturally with the embedding. In general there is a lifting of As to the
orthonormal frame bundle O(M) which has the above form, i.e., the sum of
squares of d = dimM intrinsically defined vector fields on O(M). This is
the Eells-Elworthy-Malliavin approach to Brownian motion on manifolds.

Let O(M) be the orthonormal frame bundle of M and 7 : O(M) — M
the canonical projection. Recall that the fundamental horizontal vector
fields H; (with respect to the Levi-Civita connection) are the unique hor-
izontal vector fields on O(M) such that m.H;(u) = ue;, where {e;} is the
canonical basis for R?. Bochner’s horizontal Laplacian is the second order
elliptic operator on O(M) defined by

d
Aoy =D HY.
=1

Its relation to the Laplace-Beltrami operator is explained in the next propo-
sition.

Proposition 3.1.2. Bochner’s horizontal Laplacian Aoy is the lift of
the Laplace-Beltrami operator Ay to the orthonormal frame bundle O(M).
More precisely, let f € C°(M), and f: fom its lift to O(M). Then for
any u € O(M),

Ap f(z) = Ao f(u),
where r = Tu.

Proof. We need to find the corresponding operations for grad and div in

O(M). Recall that the scalarization of a 1-form 6 is defined as 0(u) =
{0(ue;)}. Thus the scalarization of df is given by

[df); = df (ue;) = (ue;) f = H;f(u),
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that is,
af = {Hlf,...,de}.

The scalarization g/r;(_i/f of the dual gradf of df is given by the same vector:
(3.1.4) gradf = {Hlf,...,de}.

On the other hand, if w € O(M) and mu = x, then {ue;} is an orthonormal
basis for T, M. By (3.1.3) and PROPOSITION 2.2.1 we have, for a vector
field X,

divX = (Ve X, ue;) = (' Ve, X, ;) = (H; X (u), ¢;),

where X is the scalarization of X. The above relation can be written equiv-
alently as

d
divX(z) = > (H;X)'(u).
=1
It follows that
Anf(ru) =Y (Higradf) (u) = > HiH; f(u) = Ao f(u).
=1 =1

O

We have shown that Ag(py) is a sum of d =dimM squares of vector fields
and is a lift of the Laplace-Beltrami operator A,;. If we permit the number
of vector fields to be larger than dimM, then it is possible to write Ay itself
as a sum of squares by embedding M isometrically as a submanifold of some
euclidean space. Nash’s embedding theorem asserts that such an embedding
always exists. Let us give a precise statement of this embedding theorem.

Let M and N be Riemannian manifolds such that ¢ : M — N is an
embedding. We say that ¢ is an isometric embedding if

(X,Y)e = (X, 6:Y Vg(ays X, Y € I(TM).

If we regard M as a submanifold of N, then the embedding is isometric if
the inner product of X and Y with respect to the metric of M is the same
as that with respect to the metric of V.

Theorem 3.1.3. (Nash’s embedding theorem) Every Riemannian manifold
can be isometrically embedded in some euclidean space with the standard
metric. (]

We assume for the rest of this section that M is a submanifold of R!
with the induced metric. Let {£,} be the standard orthonormal basis on
R!. For each z € M, let Py(x) be the orthogonal projection of &, to T, M.
Thus P, is a vector field on M.
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Theorem 3.1.4. We have Ay = 22:1 P2

Proof. In this proof we will use V to denote the standard covariant differ-
entiation in the ambient space R!. Define

VxY = the projection of VxY to T,M,  X,Y € I'(TM).

Then it is easy to verify that V is the Levi-Civita connection on M. Let
f € C>(M). Since the vector field gradf is tangent to M, we have

l

l
gradf = (gradf,&a)éa = Y _(gradf, Po)Pa.

a=1 a=1

We now take the divergence of both sides. On the left side we have A,y f
by definition; on the right side we use the formula

div(hX) = Xh + hdivX

for h € C*°(M) and X € I'(T'M). The result is

l l
Apf = PaPaf+> (divPs)Paf.
a=1 a=1

The theorem follows if we show that the last term vanishes. To see this, we
first recall that from the definition of divergence,

d

divPa =Y (Vx,Pa, Xi),
=1

where {X;} is any orthonormal basis of T,M. We take a special one to
simplify the computation. Let {xz} be a normal coordinate system of M
near x induced by the exponential map and let X; = 9/dz'. Since the
connection is torsion-free, we have shown in PROPOSITION 2.5.5 that the
Christoffel symbols vanish at x, namely Vx, X; = 0 at . This means that
in R! the covariant differentiation V x,;X; is perpendicular to M. Now, using
the fact that V is compatible with the metric, we have

(Vx, Pa, Xi) = Xi(Pa, Xi), Vx,Xi=0
= X;(&a, Xi), X, is tangent to M
= <€C¥7 %X1X2>7 %Xzfa = 0
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It follows that
l l

Z(diVPa)Pa = Z<§0¢7 6XZ-X1‘>PO¢

a=1 a=1
l

= the projection of Z(fa, %XiXi)fa

a=1
= the projection of 6XZ.XZ-
=0.

This completes the proof. [l
Finally, we record the following identity for future reference.
Corollary 3.1.5. With the same notations as above, we have

l
Apf =2 Vf(Pa,Pa).

a=1

Proof. Let {X;} be an orthonormal basis for T, M. From X; = (X;, P,) P,
and PROPOSITION 3.1.1,

d d 1
Apf =Y V(X X)) =Y > V2(Pa, Ps)(Xi, Pa)(Xi, Pp).
i=1 i=1 a,8=1
We have
I d
> (Xi, Pa)(Xi, Pg) Py = ZP,B (Py, Pg) = P
p=11i=1 B=1
The desired identity follows immediately. ([l

3.2. Brownian motion on manifolds

We assume that M is a Riemannian manifold equipped with the Levi-Civita
connection V, and Ay the Laplace-Beltrami operator on M. We have shown
in CHAPTER 1 that given a probability measure p on M, there is a unique
Ay /2-diffusion measure P, on the filtered measurable space (W (M), B.)
(the path space over M). Any A,s/2-diffusion measure on W (M) is called
a Wiener measure on W (M ). In general, an M-valued stochastic process X
is a measurable map (random variable) X :  — W/(M) defined on some
measurable space (2, F). Rougly speaking, Brownian motion on M is any
M-valued stochastic process X whose law is a Wiener measure on the path
space W(M). In the next proposition we give several equivalent definitions
of Brownian motion on M.
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Proposition 3.2.1. Let X : Q — W(M) be a measurable map defined on a
probability space (0, F,P). Let p=Po XO_1 be its initial distribution. Then
the following statements are equivalent.

(1) X is a Apr/2-diffusion process (a solution to the martingale prob-
lem for Anr/2 with respect to its own filtration FX ), i.e.,

M (X)), € F(X) - f(Xo)—% /tAMf(Xs)ds, 0<t<e(X),
0

is an FX -local martingale for all f € C>(M).

(2) The law PX = Po X! is a Wiener measure on (W (M), B(W (M)),
ie., PX =P,.

(3) X is a FX-semimartingale on M whose anti-development is a stan-
dard euclidean Brownian motion.

An M -valued process X satisfying any of the above conditions is called a
(Riemannian) Brownian motion on M.

Proof. (1) <= (2). This is discussed in SECTION 1.3.

(3) = (1). Both statements assume that X is an FJ-semimartingale
on M. Let U be a horizontal lift of X and W the corresponding anti-
development. Then we have

(321) dUt == H,L(Ut) o) th
Let f € C>®(M), and f: f o its lift to O(M). Applying It6’s formula to
f(U), we have

F(X0) = f(Xo) /Hf ) dWWi + /HHf ) (W, W),

If W is a euclidean Brownian motion we have (W W7), = §¥t and, by
PROPOSITION 3.1.2,

d
ZHZ?J?(U) = Do f(u) = A f(a), T =Tu.

Hence
t o~ .
M (X); = / Hf(U) dW!
0

is a local martingale.

(1) = (3). We can prove this either by calculation in local coordinates
or by embedding M as a submanifold of RY. If we ignore the technicality of
passing from local to global (the process of “patching up”) the first method
is in fact simpler. We leave the local approach as an exercise and assume
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that M is a submanifold of R!. Again let f%(z) = 2%, a =1,..., N, be the
coordinate functions and f* = f o 7 their lifts to O(M). By assumption,

(3.2.2) X = X6+ M7+ /Ot Anrfo(X,) ds,

where M® is a local martingale. On the other hand, from (3.2.1) we have
(3.2.3) XP = X§ + /Ot H;f*(U,) dW! + % /Ot V2 (d X, dXy).
Note that HZH]f(u) = V2 f(ue;,ue;). We now check that

t t
(3.2.4) / V2f(dXs,dX,) = / Ay f(Xs)ds
By dX; = Po(X}) o dX§ (LEMMA 2.3.3) and PROPOSITION 2.4.8 we have
/ V2f(dXs, dX,) = / V2 f(P,, P3)d(X*, XP).
0 0
On the other hand, by (1.3.8) in the proof of THEOREM 1.3.6 the assumption
that X is a Ajps/2-diffusion implies that
(3.2.5) d(X XPY, = d(M>, MPy, = T'(f*, f7)dt
But it is clear that
L(f, %) = (Vf*,Vf7) = (P, Ps).

From COROLLARY 3.1.5 we also have
l

> V2 f(Pa, Pg)(Pa, Pg) = Zv2 f(Pay Po) = Anrf.
a,8=1

Hence

/ "V f(ax,, dx,) = / V(P P5) (P, P3)ds
0 0

t
:/ A f(Xs)ds
0
This proves (3.2.4)

Having identified the last terms of (3.2.2) and (3.2.3), we can also identify
the terms in the middle,

t .
Mf‘:/ H, f(Uy) dW!.
0

It remains to show that this implies that W is a Brownian motion. We
want to solve W from this relation and show that it is a euclidean Brownian
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motion by Lévy’s criterion. Since H;f®(u) = (€4, ue;), where {£} is the

standard basis for the ambient space R!, we can write the above identity as
AM = (£a, Use;) AW},

Multiplying both sides by (£, Uie;) and using the fact that

I
D (o uei)(€a, uej) = (uej, ues) = 6,

a=1
we have ‘
AW = (&q, Uge;) dM;.
For the quadratic variations of M“ we have from (3.2.2) and (3.2.5),
d(M®, MP), = d(X®, XP); = (Py, Pg)dt.
It is now clear that W is a local martingale whose quadratic variation is
given by
I
D (6o, Urei){6s, Ure;}(Pa, Ps) = (Uiei, Usey) = 6.

a,f=1
We have therefore shown that the anti-development W of X is a euclidean
Brownian motion. U

We make two minor extensions of the concept of Brownian motion. First,
in many applications, it is useful to take a broader point of view by introduc-
ing a filtration into the definition. In most cases we can take the filtration
to be FX generated by the process itself, but there are situations where it
is more convenient to consider a larger filtration with respect to which the
strong Markov property still holds. We say that a W (M )-valued random
variable defined on a filtered probability space (2, Fy,P) is an F,-Brownian
motion if it is a Brownian motion in the sense of PROPOSITION 3.2.1 and is
strong Markov with respect to the filtration F,. Recall that this means that
for any F,-stopping time 7 and any nonnegative f € B(W(M)),

E{f(Xr4:)[Fr} =Ex,. f on {7 <oc},

where Xy, = {X;4,t > 0} is the shift process. Second, for convenience
we may allow Brownian motion to be defined up to a stopping time. More
precisely, on a filtered probability space (£, F,,P) an M-valued process X
defined on the interval [0, 7) for an F,-stopping time 7 is a Brownian motion
up to time 7 if its anti-development W is a local martingale up to 7 whose
quadratic variation is (W, W), = Idt (Lévy’s criterion). Equivalently, there
are a G,-Brownian motion Y on a (possibly different) filtered probability
space (II, G4, Q) and a G.-stopping time o such that (7, X;4.) has the same
distribution as (o, Yoax)-
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If X is a Brownian motion on M, then its horizontal lift U is called
a horizontal Brownian motion. Since dU; = H;(U;) o dW} for a euclidean
Brownian motion W, a horizontal Brownian motion is a Ag ) /2-diffusion
on O(M), where Ag () is Bochner’s horizontal Laplacian on O(M).

Proposition 3.2.2. Let U : Q@ — W(O(M)) be a measurable map defined on
a probability space (2, F,P). Then the following statements are equivalent.

(1) U is a Ao(ar)/2-diffusion with respect to its own filtration FU.

(2) U is a horizontal FY -semimartingale whose projection X = U is
a Brownian motion on M.

(3) U is a horizontal FY -semimartingale on M whose anti-develop-
ment is a standard euclidean Brownian motion.

An O(M)-valued process U satisfying any of the above conditions is called a
horizontal Brownian motion on O(M).

Proof. Exercise. O

When M is a submanifold of R!, PROPOSITION 3.1.4 provides a way of
constructing Brownian motion by solving a stochastic differential equation
on M driven by an [-dimensional euclidean Brownian motion:

(3.2.6) dX; = Po(Xy) 0 dW®,  Xo€ M.

The solution is a diffusion generated by %Zla:l P2 = %AM; hence it is a

Brownian motion on M. This way of producing a Brownian motion on M
has the advantage of being explicit and without resorting to the orthonor-
mal frame bundle. Since the dimension of the driving Brownian motion is
the dimension of the ambient space, which is usually larger than the dimen-
sion of the manifold, the driving Brownian motion W contains some extra
information beyond what is provided by the Brownian motion X on the
manifold. The method is extrinsic because it depends on the embedding of
M into RE.

3.3. Examples of Brownian motion

It’s time to leave general theory and see a few explicit examples of Brownian
motion on manifolds. Whenever the details are not given in an example, the
reader should regard it as an invitation to work them out as an exercise.

Example 3.3.1. (Brownian motion on a circle) The simplest compact man-
ifold is the circle

812{61020§9<27T}§R2.
Let W be a Brownian motion on R!. Then Brownian motion on S' is given
by X; = ¢"*. The anti-development of X is just W.
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Example 3.3.2. (Brownian motion on a sphere) Let
st = {x e R |22 = 1}

be the d-sphere embedded in R*!. The projection to the tangent sphere at
x is given by

P($)£ = 5 - <§,I‘>l‘, T e Sd, f (S ]Rn+1.
Hence the matirx P(x) is
P(x)ij = 6ij — 2.

By (3.2.6) Brownian motion on S is the solution of the equation
t
X! =X} +/ (6;j — XiX)odW!, X, eS%
0
This is Stroock’s representation of spherical Brownian motion.

Our next example is Brownian motion on a radially symmetric manifold.
Such a manifold often serves as models for comparing Brownian motions on
different manifolds. The important conclusion here is that the radial part of
Brownian motion on such a manifold is a diffusion process on R generated
by the radial Laplacian, whereas the angular part is a Brownian motion on
the sphere S%~! independent of the radial process, but running on a new
time clock defined by the radial process. Thus probabilistic properties of
such a Brownian motion are essentially determined by its radial process.

The geometric setting is as follows. In the polar coordinates (r,0) €
Ry x S1 determined by the exponential map at its pole, the metric of a
radially symmetric manifold has the special form

ds* = dr? + G(r)?db?,

where d#? denotes the standard Riemannian metric on S% ! and G is a
smooth function on an interval [0, D) satisfying G(0) = 0, G'(0) = 1. Man-
ifolds of constant curvature K are examples of such manifolds, where

sin \/?r

, K =0,
VK
(3.3.1) G(r) =
sinh /—K
—— K<O.
v—K
The Laplace-Beltrami operator has the form
1
(332) AM = LT —|— 72 ASdfl,

G(r)
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where L, is the radial Laplacian

L, = <§7«>2 +(d— 1)2{23

Example 3.3.3. (Brownian motion on a radially symmetric manifold) Let
X; = (r,0;) be a Brownian motion on a radially symmetric manifold M
written in polar coordinates. Applying the martingale property of the Brow-
nian motion X to the distance function function f(r,#) = r and using (3.3.2),
we have

d—1 [*G'(ry)
2 o G(rs)

where 3 is a local martingale whose quadratic variation is

(B, ) = /O [(r,r)(X.) ds.

(3.3.3) re =10+ B + ds,

From
I(r,r)=|Vr =1
we have (f3,3); = t; hence ( is a 1-dimensional Brownian motion. It fol-

lows that the radial process is a diffusion process generated by the radial
Laplacian L.

We now look at the angular process. Let f € C°°(S9"!). Then, from
(3.3.2),

" Aga-1 £ ()
2 0 G(rs)?

for a local martingale M. Define a new time scale

(3.3.5) I = /0 G(CZV

and let {7;} be the inverse of {l;}. Let z; = 6,,. Then (3.3.4) becomes

(3.3.4) F(8:) = f(6o) + M + ds

(3.3.6) ) = flz0) + ML+ © / Agar f(25)

Since t +— Mft is still a local martingale (adapted to the time-changed
filtration), we see that the time-changed angular process t — 2z, = 0, is
a Brownian motion on S?~!. We now prove the claim:

(3.3.7) {r:} and {z;} are independent.

Note that these two processes are adapted to different filtrations. We com-
pute the co-variation

(M7, B), = /0 (f,r)(X) ds = /0 (Vf - 9r) (Xs) ds.
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Because f is a function of 6 alone, from the special form of the metric we
have Vf - Vr = 0; hence (M/,3); = 0. Applying this to the coordinate
functions f%(z) = 2® on the sphere S%~! C R? (standard embedding), we
have (0%, 3); = 0 for every o = 1,...,d. Let {u:} be a horizontal lift of {6;}
and {w;} the anti-development. The latter can be expressed in terms of 6;
in fact, (see PROPOSITION 2.3.8)

t
wt:/ u; 1P, (6,) o do%.
0
Hence,
t
(w, B = / u Pa(0,) (6%, 3), = 0.
0

On the other hand, since {6, } is a Brownian motion on the sphere, {w, }
is a euclidean Brownian motion, which implies in turn that {w,} is a local
martingale. It follows from LEMMA 3.3.4 below that {w,,} is independent
of {8:}. Now {z:} is the stochastic development of {w;,}, and {r:} is the
solution of a stochastic differential equation (3.3.3) driven by [3; hence {z;}
is is independent of {r;}. This proves the claim (3.3.7)

We can now construct a Brownian motion on a radially symmetric man-
ifold as a warped product. Let {r;} be a diffusion process generated by
the radial Laplacian L, and {z} an independent Brownian motion on S%~1.
Define [ as in (3.3.5). Then t — X; = (74, z;,) is a Brownian motion on the
radially symmetric manifold. U

Let us write out the lemma used the above example.

Lemma 3.3.4. Let M = {M®*} be | real-valued local martingales mutually
orthogonal in the sense that (M, MP); = 0 for o # 3. Suppose that each
(M®) is strictly increasing. Let {1} be its inverse and W = MZa. Then
{W} are | independent 1-dimensional Brownian motions.

Proof. Let us assume [ = 2 for simplicity. We will use the martingale rep-
resentation theorem for 1-dimensional Brownian motion. This theorem can
be proved from the well known the Cameron-Martin-Maruyama theorem;
see SECTION 8.5.
Fix at > 0 and let X € F};Va, a = 1,2, be square integrable. We need
to show that
E(X'Xx?) =EX! EX2

By the martingale representation theorem, there is an F¥“-adapted process
H* such that

t
X* =EX® +/ He dW?,
0
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From this we have
E(X'X?%) =EX! EX?24+E [/Ot H!dw} /Ot H? de] :
Thus it is enough to show that the last term vanishes. Let
N = /t H?Ma>deg.
0

Then N' and N? are martingales adapted to the same filtration, and

E [/Ot Hdw! /Ot Hfdwf} ~E (thletg) .
Both 7} and 77 are stopping times; hence, letting 7 = min {Ttl, TE}, we have

E (thleg) —E (N!N2) = ]E/OT HYH2 d(M*, M?), = 0.

The first equality is a consequence of the following general fact: if M is
an F,-martingale and o, 7 are two stopping times, then, assuming proper
integrability conditions are satisfied, we have

E [MU|FT] = Mmin{U,T};
hence, if N is another martingale, then
E (MUNT) =E (Mmin{a,T}Nmin{a,T}) .
The proof is completed. ([l

It is often useful to have a stochastic differential equation of Brownian
motion in local coordinates. Information about Brownian motion can often
be gained by writing it in a judiously chosen coordinate system.

Example 3.3.5. (Brownian motion in local coordinates) The equation for
a horizontal Brownian motion on O(M) is

dU; = H;(Uy) o dW},
where W is a d-dimensional euclidean Brownian motion. We have shown in
PropoSITION 2.1.3 that locally the horizontal vector fields are given by

(3.3.8) Hi(u) = el X; — elel, Tk (2) Xpm,
where 5 5
X;= -2 Xpn = =
oz’ F dek
Hence the equation for Uy = {Xf, eé(t)} is
dX} = €l(t) o dW}
(339) Z't ey( ) f t 7l i .
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We can find an equation for the Brownian motion X itself. From the first
equation we have

(3.3.10) dX} = el(t) dWi + d< aw?), .

If we let dM} = e ( ) dW/ be the martingale part, then
d(M*', M), Z ek (t)

At a frame u, by definition ue; = elXi. Hence
Oim = (uer, uem) = ejgijel,,

or egel = I in matrix notation. This shows that

efe=g™ ' or g ejel. = g".

Now we have
d(M',M7), = g”(Xy)dt.

If o is the positive definite matrix square root of g~', then

¢
B; = / o(X) "M,
0
is a euclidean Brownin motion, and we have
dM; = o(X;) dBs.
From the second equation of (3.3.9) the last term in (3.3.10) becomes
d ey, dW7), = —Ti(Xp)ep (B)en, (1) = —g™ (Xi) [ (Xo).

Therefore the equation for the Brownian motion X in local coordinates is
. . T .
(3:3.11) AX} = o3(X0) dB] — Sg™ (X0 Tia(Xu) dt,

where B is a d-dimensional euclidean Brownian motion.

We can also obtain the equation for X directly from its generator in
local coordinates

Ay f=

19 GOf\ _ ;0 of _.0f
VG 0x7 <\/ag]axi> =9 o TV o
where

1 9(VGgY)
N
It is an easy exercise to show that ' = ¢g/*I" ;k Using this, we verify that
the generator of the solution of (3.3.11) is indeed Ajps/2.

bi
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3.4. Distance function

Using the exponential map based at a point o, we can introduce polar coor-
dinates (7, 6) in a neighborhood of 0. In these coordinates, Brownian motion
can be decomposed into the radial process r; = r(X;) and the angular pro-
cess 0y = 6(x;). In several applications of Brownian motion we will discuss
in this book, the radial process plays an important role. When we try to
separate the martingale part and the bounded variation part by applying
1t6’s formula to the distance function r, we face the problem that, although
r(x) is smooth if x is close to o, it is in general not so on the whole manifold.
More specifically, () is not smooth on the cutlocus of 0. Thus we have two
issues to deal with. First, we want to know locally how the distance function
reflects the geometry of the manifold, and hence the behavior of Brownian
motion. Second, we want to know how to describe the singularity of the
distance function at the cutlocus, both analytically and probabilistically.

We start our investigation of the radial process by reviewing some basic
analytic properties of the distance function. For the geometric topics in this
section we recommend Comparison Theorems in Differential Geometry by

Cheeger and Ebin [9].

For simplicity we assume that M is geodesically complete. In this case,
by the Hopf-Rinow theorem every geodesic segment can be extended in
both directions indefinitely and every pair of points can be connected by
a distance-minimizing geodesic. For each unit vector e € T,M, there is a
unique geodesic C, : [0, 00) — M such that C.(0) = e. The exponential map
exp: T,M — M is

expte = Ce(t).
If we identify T, M with R? by an orthonormal frame, the exponential map
becomes a map from R% onto M. For small ¢, the geodesic C.[0,t] is the
unique distance-minimizing geodesic between its endpoints. Let t(e) be the
largest t such that the geodesic C¢[0, t] is distance-minimizing from C,(0) to
Ce(t). Define
C, = {t(e)e: e € T,M, |e| = 1}.

Then the cutlocus of o is the set C, = exp 60. Sometimes we also call 60
the cutlocus of 0. The set within cutlocus is the star-shaped domain

E,={tecT,M:ecT,M, 0<t<t(e),|e|=1}.
On M the set within cutlocus is F, = exp EO.
Theorem 3.4.1. (i) The map exp : E,— E,isa diffeomorphism.
(i) The cutlocus C, is a closet subset of measure zero.
(iii) If x € Cy, then y € Cy.
(iv) E, and C, are disjoint and M = EyU C,. O
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Let
io = inf {t(e) : e € T,M, |e| =1}
be the injectivity radius at o. Then B(i,) (centered at o) is the largest
geodesic ball on which the exponential map is a diffeomorphism onto its
image.

If (r,0) € Ry x S%! are the polar coordinates on R%, then through the
exponential map they become the polar coordinates on M centered at o,
which cover the region E, within the cutlocus. The set they do not cover is
the cutlocus C,, a set of measure zero. The radial function r(x) = d(z, o)
is smooth on M\C, (we discount its well behaved singularity at o) and
Lipschitz on all of M. Furthermore, |Vr| =1 everywhere on E, = M\C,.

If X is a Brownian motion on M starting within E,, then, before it hits
the cutlocus C,,

(341) (Xt) = T(XO + G + / AMT‘ ds, t< TCO,

where T, is the first hitting time X of the cutlocus C, and (3 is a martingale.
It is in fact a Brownian motion, because

<w>t—/< ds—/\w NFds =t

The relation (3.4.1) reveals an important principle: the behavior of the ra-
dial process is controlled by the Laplacian of the distance function Apsr. If
we can bound Apsr by a known function of r, then we will be able to con-
trol r(X;) by comparing it with a one-dimensional diffusion process. The
Laplacian comparison theorem in Riemannian geometry does just that. Be-
fore proving this theorem, we first review several basic geometric concepts
invovled in this theorem.

The Riemannian curvature tensor is defined by
R(X,Y)Z =VxVyZ - VyVxZ —Vxy|Z,

where XY, Z are vector fields on M. The sectional curvature is the qua-
dratic form

K(X,Y) = (R(X, Y)Y, X).
If X and Y are orthogonal unit vectors spanning the two-dimensional plane

o in the tangent space, then K (o) = K(X,Y) is the sectional curvature
of the plane o. It is the usual Gaussian curvature of the 2-dimensional
submanifold exp o of M at o. The Ricci curvature tensor is obtained from
the curvature tensor by contraction:
d
Ric(X,Y) = > (R(X,X;)X;,Y),
i=1
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where {X;} is an orthonormal basis. Note that

d
Ric(X, X) =Y K(X,X,).
i=1
The fully contracted curvature tensor is the scalar curvature

d
S=) K(X;X).

i=1
The behavior of Apsr will be described in terms of the growth rate of the
sectional and Ricci curvatures.

We will use Kjs(z) to denote the set of sectional curvatures at x:
Kyr(xz) = {K (o) : 2-dimensional plane o C T, M }.

We say that the sectional curvature at z is bounded from above by K? and
write Kj(z) < K2 if K(0) < K? for every 2-dimensional plane o in T, M.
A similar remark applies to the set of Ricci curvatures

Ricpy(z) = {Ric(X, X) : X € T, M, |X|=1}.
Introduce the following two functions:

{51(7‘) >sup{Kpy(z): r(x) =r},

(3.4.2) Sub s B
ko(r) <inf{Ricpy(z) : r(x) =r}(d—1)"".

Thus x1(r) is an upper bound of all sectional curvatures on 9B(r), and ka(r)
is a lower bound of all Ricci curvatures on 0B(r). Note that when M has
constant sectional curvature K, its Ricci curvature is (d — 1)K, hence the
factor (d — 1)1,

For a given function x on an interval [0, D), the Jacobi equation of & is
G"(r)+ k(r)G(r) =0, G0)=0, G'(0)=1.

Let G; be the solution of the Jacobi equation for ;. In the constant curva-
ture case, it is given in (3.3.1).

Theorem 3.4.2. (Laplacian comparison theorem) With the notations in-
troduced above the following inequalities holds within the cutlocus:

Gy (r) Gy(r)
G1 (7“) GQ(’F) ’

Proof. We sketch the proof. Fix z € M within the cutlocus of o and let ~
be the unique geodesic from o to x. Let {X;} be an orthonormal frame at
x such that X; = X,.. The frame is defined on the geodesic v by parallel

(d-1)

<Ayr<(d-1)
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translation. Thus X; is the tangent field of the geodesic, which will also be
denoted by T'. We have

d
Ayr =Y Vr(X;, X;).

i=1
From the definition of the Hessian of a function, it is an easy exercise to show
that V2f(X, X) is equal to the second derivative of f along the geodesic
with the initial direction X; hence each V?r(X;, X;) is the second variation
of the distance function along the Jacobi field J; along the geodesic v with
the boundary values J;(0) = 0 and J;(r) = X;. By the second variation
formula we have

VX, Xi) = I(Ji, Jy),

where I(J,J) is the index form defined by

I(J, J)—/|VTJ]2—<R(J,T)T, J).

For the upper bound of A7, we define a new vector field along the geodesic
7 by

Ga(s)

Ga(r)

It has the same boundary values as J;. Hence by the index lemma (stated
in LEMMA 6.7.1) I(J;,J;) < I(K;, K;). Using this inequality, we can write

Kl(s) =

d
Ayr < Z/ \Vr K> — (R(K;, T)T, K;)
/ {(d — Ga(s)* Ric(T,T)} ds

ity SO
Gy(r)
Ga(r)

The proof of the upper bound is similar; it is in fact easier because J; is
orthogonal to 17" along v and we can directly apply the upper bound of the
sectional curvature on the index forms. O

—(d-1)

Remark 3.4.3. Let X, = 9/0r be the radial vector field. From the proof
of the above theorem, it is clear that we only need

ki(r) > sup {K (X, X,): X, X, € T,M, X L X,, |X| =1, r(z) =r},
ka(r) <inf {Ric(X,, X,) : X € T, M, v(x) =7} (d —1)7!
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Thus k1 (r) is an upper bound of all radial sectional curvatures on 0B(r), and
ko(r) is a lower bound of the radial Ricci curvature on 0B(r). This remark
should be kept in mind when we consider radially symmetric manifolds.

It follows that an upper bound on the sectional curvature yields a lower
bound on Ajp;r, whereas a lower bound on the Ricci curvature yields an
upper bound on Apsr. In view of (3.4.1) the probabilistic implication of
these geometric facts is that negative curvature helps to push Brownian
motion away from its starting point.

The following corollaries are immediate.

Corollary 3.4.4. Suppose that on a geodesic ball B(R) within the cutlocus
the sectional curvature is bounded from above by K? and the Ricci curvature
is bounded from below by —(d — 1)K2. Then

(d—1)Kjcot Kir < Apyr < (d — 1)Kg coth Kor.

Corollary 3.4.5. We have
d—1
Ayr = ——4 O(r).
r
In particular, rApr is uniformly bounded on any compact subset of M
within the cutlocus. O

Remark 3.4.6. From COROLLARY 3.4.5 the dominating term of the drift of
the radial process is (d — 1)/2r. This implies, as in the euclidean case, that,
for dimensions 2 and higher, Brownian motion never returns to its starting
point; see the proof of PROPOSITION 3.5.3.

3.5. Radial process

The results in the last section give a good picture of the behavior of Ay at
smooth points. These estimates on A7 can be used to control the radial
process within the cutlocus using (3.4.1). But in many applications we need
to deal with the radial process beyond the cutlocus. A close look at the
simplest case M = S! reveals that there should be a continuous additive
functional supported on the cutlocus which helps push the radial process
towards the origin:

(351) (Xt) == T’(XO + Bt / AM’F dS — Lt,

where L should be a nondecreasing process which increases only when X is
on the cutlocus. Our task in this section is to prove this decomposition.

We start with an observation. Because the cutlocus C, has Riemannian
volume measure zero, the amount of time Brownian motion spends on C, has
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Lebesgue measure zero, for if py/ (¢, z,y) is the transition density function of
the Brownian motion, then

e(X) 00
Ex/ ICD(XS)dS:/ ds/ pym(t,z,y)dy = 0.
0 0 Co

We will discuss the transition density function (the heat kernel) in the next
chapter. According to COROLLARY 3.4.5 rAjpsr is uniformly bounded on
any compact subset of M. This together with the facts that X does not
spend time on C, and that X does not visit the starting point o shows that
the integral on the right side of (3.5.1) is well defined up to the explosion
time e(X).

We now come to the main result of this section. If pressed for time and
energy, you can safely skip the (not so short) proof of THEOREM 3.5.1 (but
not the statement itself) without interrupting the understanding of the rest
of the book. What you will miss is an opportunity to appreciate the crucial
part played by the simple triangle inequality for the distance function in the
decomposition of the radial process.

Theorem 3.5.1. Suppose that X is a Brownian motion on a Riemannian
manifold M. Let r(x) = d(x,0) be the distance function from a fized point
o € M. Then there exist a one-dimensional euclidean Brownian motion
B and a nondecreasing process L which increases only when X; € C, (the
cutlocus of o) such that

1 t
r(X0) = By + 2/ Anr(Xs)ds — Ly, 1< e(X).
0

Proof. It is enough to prove the decomposition before the first exit time
of an arbitrarily large geodesic ball. Thus for simplicity we will assume the
injectivity radius
ipg =1inf{iy :x € M}

is strictly positive. Suppose that x & B(o;in/2) and let v : [0,r(z)] — M
be a distance-minimizing geodesic joining o and x. Then the geodesic 7 :
[ing/4,r(x)] — M from ~y(ips/4) to x can be extended beyond «(iy/4) and
remains distance-minimzing; hence ~y(ips/4) does not belong to the cutlocus
of @, i.e., y(ing/4) € Cy; by symmetry, z & C.;,, /1) (see THEOREM 3.4.1
(iv)). Since the cutlocus of a point is closed, there exists an ey such that
the ball B(z;€p) does not intersect C.;,, /4)- Furthermore we can choose €
such that it has the above property for all z € M\ B(o0;i5/2). We fix such
an € for the rest of the proof.

Let € < min {eg,ips} /4, and

D.={xe M :d(z,C,) < €}
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the e-neighborhood of the cutlocus C,. Now let {0, } be the successive times
X moves by a distance of ¢, i.e., 09 = 0 and

o, = Inf {t >op-1:d (Xt, Xgnfl) = e} .
For a fixed ¢, we let t, =t A oy, and x,, = X3, ; then

r(Xe) —r(Xo) = > _{r(wn) = r(wn1)}.
n>1
For each term, we consider two cases depending on whether or not the
starting point z,_1 € D..
Case 1. xy—1 & D.. In this case X, & C, for t € [t,,—1,t,]. Since r(zx) is
smooth away from C,, we have
tn

(3.5.2) r(zn) —1(Tn-1) = B, — B, , + % t Apr(Xs) ds.
n—1

Case 2. x,—1 € D.. In this case let v : [0,r(x,—1)] — M be a distance-
minimizing geodesic joining o and x,—1. Let y,—1 = 7(ipr/4), and let
r*(z) = d(z,yn—1) be the distance function based at y,—1. The reader
is encouraged to draw a picture of the various points introduced so far in
order to understand the situation. Now we have
iV
Vi
iM
Vi
the first relation follows from the triangle inequality for the triangle oy, _1x,
and r(yn—1) = ip/4, and the second relation holds because the three points
0,Yn—1, and x,_1 lie on the distance-minimizing geodesic . Hence

(3.5.3) r(zn) — r(zp_1) < 7r*(x5) — " (Tn-1)-

This simple-looking inequality is the key step of the proof. Since r(z,—1) >
iri/2 and e < €p/4, the ball B(z,_1;€) does not intersect the cutlocus of
Yn—1; thus X, is within the cutlocus of y,—; for ¢ € [t,—1,t,]. Thus the
distance function r* (based at y,—1) is smooth for this range of time, and
we have

(3.5.4) r*(xn) — r*(zn-1)

r(zy) <r*(z,) +

r(@n—1) =r" (Tp_1) +

1

tn—tn—1
2/ AM’I"*(XS+tn_1)dS
0

for some Brownian motion ™. In fact,
tn

Br —Br = Hi7*(Us) dW?

R
tn—1

= /ggl_tnfl +

where W is the anti-development of X.
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Putting the two cases together, we have

(3.5.5) (Xt) =r Xo + B + / AMT' dS - ( ) + Re(t),
where
(3.5.6) Le(t) = i Anlp (Xt )

n=1

with (see (3.5.3))
An =15 Xy,) =" (Xe, ) = r(Xe,) +7(Xe, ) >0
and

Re(t) = 87—y = (B = )| Ip (X )

n>1

n>1

+ - Z [/t 1{AMT*(XS) —AMT(XS)}ds] Ip.(Xt, )

L me(t) + be(t).

We now show that R.(t) — 0 as e — 0.
In the sum m(t), the summands are orthogonal because they are sto-

chastic integrals with respect to the Brownian motion W on disjoint time
intervals. Hence we have

E|m€ ZE|ﬁtn7tn 1 (/Btn - ﬁtn—l)‘2IDe(th—l)
<2 B {80+ 1B, — By} I, (s, )
n=1

[o.¢]
=4 Eltn — tn|Ip,(X,_,).
n=1
We observe that since Xy, |, € D, during the time interval [t,_1,t,], the
process X stays within 2¢ from the cutlocus C,, i.e., X; € Do.. Therefore
as € — 0,
t

t
E|m(t)]> < 4/ Ip, (Xs)ds — 4/ Io,(Xs)ds = 0.
0

0
For the second term b.(t) of R.(t), we observe that by COROLLARY 3.4.5
Ay and Apsr* are uniformly bounded on Do, by a constant independent
of e. Hence as € | 0 we have again

E|b€(t)\§CE/ Io, (X ds—>C/ To,(X,) ds = 0.
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Now that the error term E|R.(t)|] — 0, we conclude from (3.5.5) that the
limit Ly = lim._,0 L(t) exists and

r(Xe) =r(Xo) + B + / Apyr(Xs)ds — Ly.

From (3.5.6), L(t) increases by a nonnegative amount each time ¢ crosses a
tn—1 such that d(X;, ,,C,) < e. Therefore the limit L;, which is obviously
continuous, is nondecreasing and can only increase when X; € C,. O

Remark 3.5.2. In the language of Markov processes, L is a positive con-
tinuous additive functional of the Brownian motion X supported on the
cutlocus C,. By general theory, every such functional is generated by a
nonnegative measure v on its support. It can be shown that

Ayr = AMT’M\CO —2u,

where the Ap;r on the left side should be interpreted in the distributional
sense. (|

The importance of THEOREM 3.5.1 lies in the fact that it allows us to
use the radial process beyond the cutlocus. In most applications, what we
need is an upper bound on the radial process, so we can simply throw away
the term L on the cutlocus. The quantitive lower bound for the exit time of
Brownian motion from a geodesic ball we will prove in the next section is a
case in point. Without THEOREM 3.5.1, we would have to confine ourselves
to a geodesic ball within the cutlocus.

We now prove a useful comparison theorem for the radial process.

Theorem 3.5.3. Let M be a Riemannian manifold and r, = r(X;) the
radial process of a Brownian motion X on M:

1 t
+2/ Apr(Xs)ds — Ly, t<e(X).
0

Let k be a continuous function on [0,00) and G the solution of the Jacobi
equation:

(3.5.7) G"(r)+ k(r)G(r) =0, G(0)=0, G'(0)=

Let p be the unique nonnegative solution of the equation
d—1 ["G'(ps)

3.5.8 = ds.

( ) pt =10+ B+ 5 /0 G oo s

(i) Suppose that
k(r) > max {Ky(z) : r(z) =1}.

Then e(p) > e(X) and py < 1 for t < Tg,, the first hitting time of the
cutlocus C,.
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(ii) Suppose that
k(r) < inf{Ricpys(x) : r(x) =r}.
Then e(p) < e(X) and p: > 1¢ for all t < e(p).

Proof. The two parts being similar, we prove (ii), and leave the proof of (i)
to the reader. We first show that (3.5.8) has a unique nonnegative solution.

Let, for y > 0, /
1) = VI G

Then from (3.5.7) we see that I(y) = d + O(y?). Define [(0) = 0 and extend
I to R by, say, I(y) = I(—y) for y < 0. Then [ is locally Lipschitz on R!.
Consider the equation

(3.5.9) dyr = 2¢/y dBy + l(y)dt,  yo = |rol*.

This equation is obtained from (3.5.8) by setting y; = p?. By the well known
Yamada’s theorem (see THEOREM IV.3.2 in Tkeda and Watanabe [48]), this
equation has a unique solution. Furthermore, since {(0) = d > 2, the solution
y¢ > 0 for all £ > 0 (loc. cit., EXAMPLE IV.8.2). It follows that p; = /y; is
the unique nonnegative solution for (3.5.8).

We now prove that p; > r; for t < e(p) A e(X). We have
Gh(r) 1
=—+h
where h is locally Lipschitz on [0,00) and h(0) = 0. Since we only need to
show p; > r; for 4 and p; confined to an arbitrarily fixed large interval, for
the sake of convenience we may assume that h is globally Lipschitz. For any
smooth function f on R! we have

2 a{f - p)} = £ (e — pr) (1) — h(py)) dt

d—1
Pl ) [(”T‘ ”f) it + st}

tPt

If f has the properties that f(z) =0 for z <0 and 0 < f/(z) < 1, then the
last expression on the right side is nonnegative, and we have

t
flri—p) <C / vy — polds
0

for some constant C'. Let {f,} be a sequence of smooth functions with the
said properties such that f,(x) — 27 as n | co. Replacing f by f, in the
above inequality and taking the limit, we have

t
(re — Pt)+ < C/ (rs — p8)+ ds.
0
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It follows that (r; — p;)T = 0, which implies immediately e(p) < e(X) and
pt > 1 for t < e(p). The proof is completed. O

3.6. An exit time estimate

In various applications we need an upper bound for P{m; < T}, where 7y is
the first exit time from the geodesic ball of radius 1 centered at the starting
point. We have mentioned earlier that a lower bound on the Ricci curvature
implies an upper bound on the escape rate for Brownian motion. Thus we
expect an upper bound of the probability P{r; < T} in terms of the lower
bound of the Ricci curvature on the geodesic ball.

Theorem 3.6.1. Suppose that L > 1 and
Ricpr(z) > —L?  for all z € B(x;1).

Let 11 be the first exit time of Brownian motion from B(x;1). Then there
is a constant C' depending only on d = dimM such that

C
P, [7’1 < L] < e L/2,

Proof. Let r; = d(X¢, x) be the radial process. By THEOREM 3.5.1 there is
a Brownian motion such that

1 t
r=pt / Anr(X.)ds — L,
0

where the nondecreasing process L increases only when X; is on C}, the
cutlocus of z. From

t
rZ = 2/ rsdrs + (r, 1)y
0

and (r,r); = (3, B)¢ = t, we have

¢ ¢
(3.6.1) r2 < 2/ rsdfs +/ rsApr(Xs) ds + t.
0 0
By the Laplacian comparison theorem (COROLLARY 3.4.4), for r < 1,
Ay < (d—1)Lcoth Lr.
This together with the inequality [ cothl < 141 for all [ > 0 gives
rApyr < (d—1)Lrcoth Lr < (d —1)(1 + L).

We now let ¢t = 7 in (3.6.1), and obtain

!
1< 2/ rsdfs + (2dL) 1.
0
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If we take C' = 1/8d, then from the above inequality the event {r; < C/L}

implies
T 3
Sd S Z o
Arﬁ 3

By Lévy’s criterion, there is a Brownian motion W such that

T1
/umzm,
0

where

n C
2
= ds < <
K /o EE=TL=T
Hence {1 < C/L} implies

3
max Wys>W, > —.
0<s<C/L 8

The random variable on the left side is distributed as /C/L|W1|. It follows

that
P, [n < ﬂ <P, [\Wﬂ > \/9;] <e L2



Chapter 4

Brownian Motion and
Heat Semigroup

Heat kernels and heat semigroups are objects of intensive research in geom-
etry. Their link to stochastic analysis is based on the fact that the minimal
heat kernel pys (¢, x,y) is the transition density function of Brownian motion.
When a geometric problem lends itself to a probabilistic interpretation, it
can be investigated by stochastic techniques. In this chapter, after review-
ing basic properties of heat kernels and heat semigroups, we provide two
such examples. The first one concerns the conservation of the heat kernel,
namely, we want to find geometric conditions under which

M

The probabilistic connection is provided by the identity

P, {t<e}= / pym(t, x,y)dt.
M

Therefore we seek geometric conditions under which Brownian motion does
not explode. The second example is the so-called Cy-property, also called
the Feller property, which states that the heat semigroup

Pf(x) = /MpMu,x,y)f(y) dy

preserves the space of continuous functions on M vanishing at infinity. This
property is shown to be equivalent to

lim P, {Tx <t} =0, forall t>0, K compact.

r(z)—o0

101
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Probabilistically, both problems boil down to controlling the radial process
of Brownian motion, a topic to which we have devoted the last three sections
of CHAPTER 3. Other problems of similar flavor discussed in this chapter
include recurrence and transience of Brownian motion and comparison the-
orems for heat kernels. A theme common to all the above applications
is comparing Brownian motion on a manifold with Brownian motion on a
suitably chosen model manifold, which in most cases is a radially symmetric
manifold. On such a manifold, Brownian motion reduces essentially to a
one-dimensional diffusion for which the problem can be exactly solved (see
EXAMPLE 3.3.3).

4.1. Heat kernel as transition density function

Let M be a Riemannian manifold. As before we use P, to denote the law of
Brownian motion (Wiener measure) on M starting from x. It is a probability
measure on the filtered path space (W (M), B(W(M)),). We will denote the
coordinate process on this path space by X, i.e., X;(w) = w;. The transition
density function ps(t, z,y) for Brownian motion is determined by

Px{XtEC,t<e}:/pM(t,:z:,y)dy, C € B(M),
C

where the integal is with respect to the Riemannian volume measure. It is
well known that if M = R?, then

1\ 2 -
pra(t,z,y) = <27rt> e~ lemul*/2t,

That such a function exists for a general Riemannian manifold is a basic re-
sult from differential geometry. In this section we will study basic properties
of the heat kernel needed for the rest of the book. The book Figenvalues in
Riemannian Geometry by Chavel [8] contains an extensive discussion on the
heat kernel on a Riemannian manifold. We also recommend the excellent
exposition by Dodziuk [19].

In what follows we will use Lps (or L if the manifold is understood) to
denote the heat operator on M:

We begin with the Dirichlet heat kernel pp(t,z,y) for a smooth domain
on M. Its basic properties are summarized in the following theorem.

Theorem 4.1.1. Suppose that D is a smooth, relatively compact domain
on a Riemannian manifold M. There exists a unique continuous function
pp(t,z,y) on (0,00) x D X D such that
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(1) pp(t,x,y) is infinitely differentiable and strictly positive on (0, 00) X
D x D;

(2) for every fized y € D, it satisfies the heat equation in (t,x):
prD(t>$7y) =0, (t,$) € (07 OO) X Dj
(3) for every fized y € D, it satisfies the Dirichlet boundary condition:
pp(t,x,y) =0 for x € OD;

(4) for every fized y € D and every bounded continuous function f on
D,

lim [ pp(t,z,y)f(z)dx = f(y), y€ D;
tlo Jp

(5) pD(tazay) :pD(t7y7x);
(6) pD(t"i'vaay) :/pD(t7$7z)pD(s,Zay) dz

(Chapman-Kolmogorov equation);

(7) / pp(t,z,y)dy < 1. The inequality is strict if M\D is nonempty.
D

Whenever necessary, we define pp(t,z,y) = 0 if x or y lies outside D.
We want to connect pp(t,x,y) with the law of Brownian motion P,. First
we prove an immediate consequence of the above theorem.

Proposition 4.1.2. Under the same condition as in the above theorem,
suppose further that f is a bounded continuous function on D. Then

us(t.o) = [ pottn) i)y
is the unique solution of the initial-boundary value problem
Lyug(t,z) =0, (t,z) € (0,00) x D;
(4.1.1) ur(t,xz) =0, (t,x) € (0,00) x OD;
limgjgus(t,z) = f(z), xe€D.

Proof. The fact that uy is a solution of the initial-boundary value problem
follows directly from the properties of the Dirichlet heat kernel stated in
THEOREM 4.1.1. To prove the uniqueness we suppose that v is another
solution and let h = uy —v. Then h has zero boundary value and satisfies
the heat equation. Now,

d d
A it 2)2de =2 / ht2) Lt 2) do = / h(t, ) Agh(t, ) da.
Using Green’s theorem, we have

d

— [ h(t,z)*dx = —/ |Vh(t,z)*dz < 0.
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Thus / h(t,z)%dz is nonincreasing in t. But h(0,z) = 0; hence h(t,z) = 0
D
and us(t, z) = v(t, z). O

Next, we identify the Dirichlet heat kernel pp(t, z,y) as the transition
density function of Brownian motion killed at the first exit time from D:

p=inf{t: Xy ¢ D}.
Proposition 4.1.3. Let pp(t,x,y) be the Dirichlet heat kernel of a relatively

compact domain D on a Riemannian manifold, and Tp the first exit time of
Brownian motion on M from D. Then

P, {XieC, t<tp}= / pp(t,z,y) dy.
c

In other words, the heat kernel pp(t,x,y) is the transition density function
of Brownian motion on M killed at 0D.

Proof. The coordinate process X on (W (M), By, P,) is a Brownian motion
on M. By PROPOSITION 4.1.2

u(t, .f) = /DpD(t7x7y)f(y> dy

is the solution of the initial-boundary value problem (4.1.1). Since P, is
an Ajr/2-diffusion measure, after applying It6’s formula to u(t — s, X;) we
have, for s < t A 71p,

u(t — s, Xs) = u(t,x)
1 S
+martingale — 5 / Laru(t — v, X)) dv.
0
The last term vanishes because u is a solution to the heat equation. Letting
s =t A 1p (or more precisely, letting s = s, = t,, A 7p, and n T oo, where
tn, 17 t and {D,} is an exhaustion of D) and taking the expectation, we
have
Exu(t —t ATp, Xenrp) = u(t, ).
Using the fact that u vanishes on the boundary of D, we have

Eo {f(X4),t <7p} = u(t,z) = /DpD(t, z,y) f(y) dy,
which is equivalent to what we wanted to prove. [l

Let { Dy} be an exhaustion of M, namely a sequence of smooth, relatively
compact domains of M such that D,, C D, 1 and D,, T M. For a bounded,
nonnegative smooth function f on M,

(41.2) P, {f(X0).t < 7p,} = /M pD. (1 2,9) F(y) dy.
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Hence

[ Apptea) = o, (.00} S

=P, {f(X¢), 7D, <t <7D, } > 0.
This shows that
P11 (t 2, y) = pp, (L2, ).
The heat kernel of M is defined by
pym(t,z,y) = lim pp, (¢, z,y).
n—00

The limit pys(t, z,y) is independent of the choice of the exhaustion {D,}.
It is called the minimal heat kernel of M. We state the main properties
of par(t, x,y) in the next theorem. Most of them are inherited directly from
those of pp,, (t,z,y).

Theorem 4.1.4. Suppose that M is a Riemannian manifold. Then the
minimal heat kernel py(t, x,y) has the following properties:

(1) pp(t, z,y) is infinitely differentiable and strictly positive on (0, 00)
XM x M;

(2) for every fized y € M, it satisfies the heat equation in (t,x):
prM(t,l',y) =0, (tvx) € (0,00) X M;

(3) for every fized y € M and every bounded continuous function f on
M,

lim MpM(t, z,y)f(z) dx = f(y);

) pua(t+ 52.9) = [ puto pas(s. ) d
M
(Chapman-Kolmogorov equation);

(6) /MpM(t,x,y) dy < 1.

A function py(t, x,y) satisfying (1)-(3) of the above theorem is called a
fundamental solution of the heat operator Lj;. The following result explains
the reason for calling pys(t, z,y) the minimal heat kernel.

Theorem 4.1.5. Let p(t, z,y) be a fundamental solution of the heat operator
Las. Then ppy(t,z,y) < p(t,z,y).

Proof. Let f be a bounded, nonnegative, smooth function on M with com-
pact support. By definition

ult, z) = / Pt 2,9) f(y) dy
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is a solution of the heat equation. Its initial value is f in the weak sense;
that is, for any continuous function g with compact support we have

/M o()ult,z) do = /M /() /M o(@)p(t, z,y) da
- / fWew)dy,  as t10.
M

For an € > 0, applying It6’s formula as in the proof of PROPOSITION 4.1.3,
we see that s — u(t +¢€— s, X;) is a local martingale up to time ¢ A e; hence
for any relatively compact smooth domain D of M,

u(t+e,x)=Egu(t+e—tA1p, Xinrp) -
Since u is nonnegative, from the above relation we have
u(t+e0) 2 B, {ule. X0t <10} = [ poltuley) dy
M

Now let ¢ | 0. We have

u(t,z) > /MpD<t7x,y>f<y> dy,

or equivalently, for f > 0,

/ s ) f@)dy > | polt.e,y)f(y) dy.
M M

This shows that p(¢,z,y) > pp(t,z,y) for any relatively compact domain
D. Letting D T M, we obtain p(t,x,y) > pu(t, x,y). O

From (4.1.2) and the fact that 7p, T e we have
BASX) < e} = [ ol f(0)dy,
or equivalently,
(4.1.3) P, {XieC t<e} = /OpM(t,x,y) dy, C € B(M).

We have proved the following result.

Proposition 4.1.6. The minimal heat kernel pys(t,x,y) is the transition
density function of Brownian motion on M.
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4.2. Stochastic completeness

In this section we study the explosion time of Brownian motion on a Rie-
mannian manifold. Specifically, we want to find geometric conditions which
guarantee that Brownian motion does not explode, and give examples of
(complete) Riemannian manifolds on which Brownian motion does explode.

Letting C = M in (4.1.3), we have

B, {t < ¢} = / st 2, y) dy.
M

A Riemannian manifold is said to be stochastically complete if for every z
with probability 1 a Brownian motion starting from x does not explode, i.e.,

P,{e=o00} =1, Vze M.

Equivalently, M is stochastically complete if and only if the minimal heat
hernel is conservative, that is, for all (¢,z) € (0,00) x M,

(4.2.1) /MpM(t,a;,y) dy = 1.

A few remarks about the above definition are in order. If (4.2.1) holds
for one ¢ > 0 and one = € M, then it holds for all (¢,z) € (0,00) x M. To see
this, we integrate the Chapman-Kolmogorov equation for the heat kernel

pM(t,-T,y):/ pM(S,LU,Z)pM(t—S,Z,y)dZ, 0<S<ta
M

and obtain
/mNm@@S/mmm@mgL
M M

Thus (4.2.1) implies that the equality must hold throughout, and hence

/ pM(S,Z,y>dy:1, (S,Z)E(O,t)XM.
M

The equality for large times can be obtained from this by repeatedly using
the Chapman-Kolmogorov equation.

A relatively compact domain D which is not the whole manifold is of
course not stochastically complete:

Px{t<TD}=/pD(t,x,y)dy<1-
D

Of course in this case D is not geodesically complete (meaning complete as
a metric space with the Riemannian distance function). The plane M = R?
with one point removed is an example of a stochastically complete manifold
which is not geodesically complete.
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One motivation for studying the problem of stochastic completeness is
the following L*°-uniqueness of the heat equation for stochastically complete
manifolds.

Theorem 4.2.1. Let M be a stochastically complete Riemannian manifold.
Let f be a uniformly bounded, continuous function on M. Let u(t,z) be
uniformly bounded solution of the initial-boundary value problem:

Lyu =0, (t,z) € Ry x M,
limy o u(t,z) = f(z), =€ M.

Then u(t,z) =E, {f(Xy)}.

Proof. The process s — u (t — s, X;) is a uniformly bounded martingale up
to time ¢ A e; hence for any bounded domain D such that x € D we have

u(t,x) =Ezu (t —t A1p, Xinrp)
= Ez {f(Xt))a t< TD} +E{u(t_TD7XTD) , T > 7-D}‘

Now let D go through an exhaustion {D,} of M. From 7p_, 1 oo and the
uniform boundedness of u the last term tends to zero as n T oo; hence
u(tv ."L‘) = E:ch(Xt) g

From now on we will assume that M is a complete Riemannian manifold.
Our goal is to find sufficient geometric conditions for stochastic complete-
ness and noncompleteness. These conditions are obtained by comparing the
radial process of Brownian motion on the manifold with a one-dimensional
diffusion process for which a necessary and sufficient condition for explosion
is known. This theme of comparison will be played many times in this and
the next few sections. The crucial comparison theorem for the radial process
is provided by THEOREM 3.5.3. For one-dimensional diffusion processes, the
following criteria are well known.

Proposition 4.2.2. Let I = (c1,¢2) with —0o < ¢ < cg < 00. Let a and b
be continuous functions on I such that a(z) > 0 for all x € I. Define, for a

fized c € 1,

@)= [ e [‘Q/Cy e dz] {/ P [2 [ ngf} C<l>} W

Let P, be the diffusion measure starting from x, where

L= %a(m) <ddg;)2 + b(m)%.

Then:
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(i) P, {e = o0} =1 if and only if l(c1) = I(c2) = o0;
(ii)) Py {e < oo} = 1 if and only if one of the following three conditions
is satisfied:
(1) l(e1) < 00 and l(c2) < oo;
(2) l(c1) < 00 and s(cg) = oo
(3) l(c2) < 00 and s(c1) = —o0.

Proof. This is THEOREM VI.3.2 in Ikeda and Watanabe [48]. O

We have indicated before that a lower bound on the Ricci curvature
gives an upper bound on the growth of the radial process of a Brownian
motion. It is then to be expected that a growth condition on the lower
bound of the Ricci curvature will provide a sufficient condition for stochastic
completeness. This is what we will prove in the next theorem.

Recall that the Jacobi equation for a function x defined on [0, c0) is
(4.2.2) G"(r)+k(r)G(r) =0, G(0)=0, G'(0)=1.

Proposition 4.2.3. Suppose that M is a complete Riemannian manifold
and o € M a fized point on M. Let r(z) = d(x,0). Suppose that k(r) is a
negative, nonincreasing, continuous function on [0,00) such that

k() < (d—1)"Vinf {Ricp(x) : 7(z) =7} .

Let G be the solution of the Jacobi equation (4.2.2) for k, and define, for a
fized ¢ > 0,

(4.2.3) 1(G) = / T Gy tar / " G(s)ds,

If I(G) = oo, then M is stochastically complete.

Proof. The radial process r(X;) has the decomposition
r(Xt) = B + ;/Ot Apnr(Xs)ds — Ly.

By THEOREM 3.4.2 we have

G'(r)
4.2.4 Ayr<(d-1 .
(424 R e
Let p be the unique nonnegative solution of the equation
d—1 ["G'(ps)
4.2.5 pt = B + ds.
(429 Ty )

By THEOREM 3.5.3 e(X) > e(p) and 7(X;) < p; for all t < e(p). By LEMMA
4.2.2 the condition on G implies that p does not explode. It follows that X
cannot explode under the same condition. ([
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By converting the integral condition (4.2.3) in the above theorem into
a growth condition on the Ricci curvature, we obtain a sufficient condition
for stochastic completeness.

Theorem 4.2.4. Let M be a complete Riemannian manifold. Suppose that
k(1) is a negative, nonincreasing, continuous function on [0,00) such that

k(r) < (d—1)"Vinf {Ricps () : 7(z) = 7} .
If

(4.2.6)

/OO dr
Y

e /—K(r)

then M 1is stochastically complete.

Proof. We need to show that (4.2.6) implies that I(G) = oo. The function

—k(r) = G"(r)/G(r) is assumed to be nondecreasing. Integrating by parts,
we have

/07“ G(r)?d{—k(s)} =G"(r)G(r) - G'(r)* +1
Hence G"(r)G(r) — G'(r)? > —1, or

G'(mM1* G (r 1
427 ) < = o)

for 7 > c and C; = 1 — k(c)"'G'(c) 2. Integrating by parts again, we have

[ cteras- Ldﬁ>}

< EG(T) 1G(c / G(s

=~ dG'(r) d G’

16 wm

“dG'(r) dG'(c)’
The last inequality holds because G'(s) is nondecreasing. Multiply the above
inequality by G(r)!~¢ and integrating from ¢ to oo, we have

_027

1 o r
€)= d\@/c  —K(T)

d
2dG,/Gld

The last integral is finite because G grows at least exponentially. The proof
is completed. ([l

where
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Remark 4.2.5. In a remarkable work Grigorian [32] proved a stronger re-

sult: if
/°° rdr Cw
¢ W[B(r)

then M is stochastically complete. Here |B(r)| is the volume of the geodesic
ball of radius r. This shows that it is the growth of the volume that lies
at the heart of the problem of stochastic completeness. The fact that the
Ricci curvature condition (4.2.6) implies the volume growth condition can
be proved by standard volume comparison theorems in differential geometry
(cf. Bishop and Crittenden [4]). In the next section we will meet the Ricci
curvature growth condition (4.2.6) again in a different context.

Our discussion of stochastic completeness will not be complete without
demonstrating a result in the opposite direction. We will assume that M is
a Cartan-Hadamard manifold so that the cutlocus is empty. See SECTION
6.1 for a discussion of such manifolds.

Proposition 4.2.6. Suppose that M is a Cartan-Hadamard manifold, i.e.,
a complete, simply connected manifold with nonpositive sectional curvature.
Let o € M be a fized point, and r(x) = d(z,0). Let k(r) be a nonpositive,
nonincreasing, continuous function on [0,00) such that

k(r) > sup{Kpy(z) : r(x) =r}.

Let G be the solution of the Jacobi equation (4.2.2) for k and define I(G)
as in (4.2.8). If I(G) < oo, then M is not stochastically complete.

Proof. By the Cartan-Hadamard theorem, the cutlocus is empty. Hence
we have

t
") =ity [ Aar(X)ds
By THEOREM 3.4.2 we have
G'(r)
G(r)
Define p as in (4.2.5). The condition on G implies that P, {e(p) < oo} =1
by PROPOSITION 4.2.2. On the other hand, by THEOREM 3.5.3 r(X};) > py;

hence e(X) < e(p). It follows that P, {e(X) < oo} = 1 and M is not
stochastically complete. O

Ayr > (d—1)

We end this section with an example of a complete but not stochastically
complete manifold.

Example 4.2.7. Let M be a Cartan-Hadamard manifold. Suppose that
there is an € € (0, 1] such that

Ky(z) < —167(z)* — 6.
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Then M is not stochastically complete. To see this, consider the function
G(r) =
Then G(0) = 0,G’(0) = 1, and by an easy calculation,
G"(r)
G(r)
Under the assumption on the sectional curvature, we can take
G//
k(r) = — (r) .
G(r)
By the preceding proposition, M is not stochastically complete if we can

prove that I(G) < co. To this end we first exchange the order of integrations
in the definition of I(G) to obtain

/G dlds/ G(r 1dd’r

For the inside integral we have

1 o0 2
Ji-dgy — —(dte) ;[ —(d—1)r2+e
/ G(r dr = T _1)(2+6)/ r d{e }

1 G(s)19)
T (d=1)(2+e sl

1 * ds
1e) = (d—l)(2+6)/c sire =

Remark 4.2.8. The curvature condition (4.2.6) is sharp. Varopoulos [70]
showed that under certain minor technical assumptions, the condition

r2(1+4€)

< 6+ 16r2te.

It follows that

/ dr <
— <

¢ /—k(r)

implies that M is not stochastically complete.

4.3. Cyp-property of the heat semigroup

We assume that M is a (geodesically) complete, noncompact Riemannian
manifold. We use BC(M) to denote the space of bounded continuous func-
tions on M. The heat semigroup {P;,t > 0} is a family of bounded operators
P, : BC(M) — BC(M) defined by

Puf(z) = By {F(X0).t < e(X)} = /M pat(t,,9) 1 (4) dy.

We have
PPy = Py, 1tillglptf =f, [feBC(M).
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In other words, {P;,t > 0} is a strongly continuous semigroup on BC(M).
These properties follow directly from the corresponding properties of the
heat kernel.

In the one-point compactification M = M U {9y}, the point at infin-
ity das is considered to be an absorbing state for Brownian motion. Let
Co(M) be the space of continuous functions on M which vanish at infinity:
lim,_.5,, f(x) = 0. The heat semigroup {F;} is said to have the Feller prop-
erty (or Co-property) if it preserves Cy(M ), namely P.Cy(M) € Co(M) for
all t > 0. Following the line of thought we have been exploring so far, in this
section we will prove a sufficient geometric condition for the Cyp-property.

The first step is to find an equivalent probabilistic characterization of the
Cy-property, which we will eventually convert to a problem of estimating the
exit time from a geodesic ball. As before, X is the coordinate process on the
filtered path space (W (M),B(W(M)),) and e = e(X) is the liftime. Note
that for a complete Riemannian manifold, x — 0y if and only if r(z) — oo.

Lemma 4.3.1. Suppose that M is a complete Riemannian manifold. The
heat semigroup has the Cy-property if and only if, for every compact set K
of M and every fized t > 0,

(4.3.1) lim P, {Tx <t} =0,

r(z)—

where T = inf {t : Xy € K} is the first hitting time of K.

Proof. Let (i (z) = Eze~T%. Suppose first that the Co-property holds. We
have, for z € M\ K,

(4.3.2) P, {Tk <t} < e Epe ' = €' (i ().

Take a nonnegative f € Cy(M) which is not identically zero, and let
Gif(x) = / e 'Pf(x)dt.
0

By the Cy-property and the dominated convergence theorem,

(4.3.3) lim G;f(x)=0.

r(z)—oo
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Let m = min{G;f(z): x € 0K}. Since G1f is continuous and strictly
positive, and K is compact, we have m > 0. Now,

Crf(x) = E, /0 et F(X,) dt
> E, /6 e f(Xy)dt

Tk

e—Tgk
E, [e_TK /0 f(XTK+t) dt:|

=E, [e_TK Exr, ( /0 ’ f(Xt)dt)]

=E, [e" 7% G1f(Xry)]
> m(x(z).

Here we have used the strong Markov property, which says that, conditioned
on Br,, the shifted process { X7, ++,t < e — Tk } is a Brownian motion from
X1, with life time e — Tx. From this and (4.3.2) we obtain the inequality

t
P, {Tx <t} < %Glf(x)a

which implies (4.3.1) by (4.3.3).
For the converse, suppose that f € Cy(M), and for any € > 0 choose
R > O such that |f(z)| < efor r(z) > R. Let K be the closure of the geodesic

ball B(R), which is compact because of the (geodesic) completeness of M.
For z € M\K,

IPf(x)] < By {|f(Xp)]; Tie <t} +E, {|f (X0)]; Tic >t}
S fllooPe {T <t} +e.

Suppose that (4.3.1) holds. Then limsup, ;) [P f(z)| < €. This shows
that P,f € Co(M). O

We can paraphrase the above lemma as follows. In order that the Cy-
property hold, as the starting point moves to infinity, Brownian motion
should have diminishing probability of returning to a fixed compact set
before a prefixed time; in other words, Brownian motion should not wander
away too fast. We have seen many times before that the lower bound of
the Ricci curvature controls the growth of Brownian motion. Therefore
the following sufficient condition for the Cyp-property should not come as
a surprise. Incidentally, it is the same integral test that guarantees the
nonexplosion of Brownian motion.

Theorem 4.3.2. Suppose that M is a complete Riemannian manifold. Let
o€ M andr(x) =d(x,0). Let k(r) be a negative, nonincreasing, continuous
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function on [0,00) such that
r(r) < (d—1)"Vinf {Ricps(z) : 7(z) = r}.
If

(4.3.4)

/OO dr
— =00,

¢ V/—H(r)

then the heat semigroup on M has the Cy-property.

Proof. Without loss of generality we assume that x(r) T oo as r T oco. For
ease of notation, let I(r) = y/—~k(r). The hypothesis on the Ricci curvature
becomes

(4.3.5) /OO lc(l:) = 00

By LEMMA 4.3.1 it is enough to prove (4.3.1). We may assume that K =
B(R), the geodesic ball of radius R centered at o. We will consider the first
htting times of the concentric spheres centered at o. Define two sequences
of stopping times as follows: g9 = 0 and

T =inf {t > o, : d(X¢, Xo) =1},
op =inf{t > 711 : 7(Xy) =r(z) —n}.

Intuitively, at time o,,, Brownian motion is at the sphere of radius r(x) — n
from the fixed point 0. The difference 7,, — o, is the amount of time Brownian
motion X takes to move a distance 1, and 0,41 — 7, is the waiting time for
the Brownian motion to reach the next sphere of radius r(z) — (n+1). We
throw away these waiting times and let 6,, = 7, — 0,. Then it is clear that

(4.3.6) T > Olr(z)—R] >0, +05+---+ H[T(x)—R}-

([a] denotes the integral part of a.) We will use THEOREM 3.6.1 to estimate
the size of 0. During the time interval oy, o + 0x], the motion is confined
to the geodesic ball B(Xy, ;1) whose center is at a distance r(x) —k from the
fixed point o; hence the geodesic ball is contained in the ball B(r(z) —k+1)
(centered at o). By assumption, the Ricci curvature there is bounded from
below by —(d — 1)k(r(z) — k + 1). By THEOREM 3.6.1, there are constants
C1 and Cy, depending only on the dimension of the manifold, such that

Gi —Cal(r(z)—k
4.3. P, |0, < — 1 | < Collr(@)—k+1)
(#3.7) @ —k+ 1))

Since the above probability is rather small, each 6, cannot be too small, and
then by (4.3.6) the probability of {Tx <t} cannot be too large. The rest
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of the proof is simply to quantify this intuitive argument. Choose n(z,t) to
be the smallest integer such that

n(z,t)

t

3. —>7_
(4.38) @) —k+1) = G

k=1

By (4.3.5) such n(z,t) exists for all sufficiently large r(z). By the choice of
n(z,t),

" n(lﬁl 1 [T%+l 1
(4.3.9) — > S — .
¢ o @) —k+1) k=[r(2)]—n(a,t)+3 1)

By (4.3.5) again, as r(x) 1 0o, the lower bound [r(z)] —n(x,t) + 3 of the last
sum must also go to infinity:

(4.3.10) r(z) —n(z,t) > 00 as r(z) T occ.
This implies that [r(xz) — R] > n(z,t) for all sufficiently large r(z), and the
following sequence of inclusions holds:

[r(z)—R] n(z,t)

{Tx <t} C Z b <t C Zek<t

- U{%—zfm}-

Note that the last inclusion is a consequence of (4.3.8). Now we can estimate
the probability by (4.3.7):
n(z,t)
(4.3.11) P, {Tx <t} < ) e Hr@=h+l),
k=1
We use (4.3.9) to estimate the last sum, and obtain
n(z,t)—1
P, {Tx <t} < q(z,t) e UG CORICRORSY
Pt k +1)
<glw )+ e—C2l(T($)—n($ut)+1),
Gy

where
q(z,t) = sup {e_czl(r)l(r) cr>r(r) — n(w,t)} .

From (4.3.10) and the hypothesis that [(r) T co as r T oo, we have ¢(z,t) —
0. Hence P, {Tx <t} — 0 as r(z) — oo. By LEMMA 4.3.1, the Cy-property
holds for the manifold. O
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4.4. Recurrence and transience

It is well known that euclidean Brownian motion is recurrent in dimensions
1 and 2 and transient in dimensions 3 and higher. In this section we con-
sider the same property for Brownian motion on a Riemannian manifold.
The problem of recurrence and transience of Brownian motion is in gen-
eral more difficult than both that of nonexplosion and that of Cy-property.
Understandably our discussion in this section is rather incomplete. We will
restrict ourselves to some general remarks and to several results whose proofs
are in line with the general level of this book in terms of their complexity.

Definition 4.4.1. Let M be a Riemannian manifold and P, the law of
Brownian motion starting from x € M.

(i) A set K on M is called recurrent for a path X € W(M) if there
is a sequence t, 17 e(X) (strictly increasing to the explosion time)
such that X, € K; otherwise K is called transient for X, or equiv-
alently, there exists T < e(X) such that X; & K for allt > T.

(ii) A set K of M is called recurrent if for all x € M,
P, {X e W(M): K is recurrent for X} = 1;
it 1s called transient if for all x € M,
P, {X € W(M) : K is transient for X} = 1.
(iii) M is called parabolic (or Brownian motion is recurrent on M) if
every nonempty open set of M is recurrent; it is called hyperbolic

(or Brownian motion is transient on M ) if every compact set of M
18 transient.

Two simple observations follow immediately from the definitions. First,
Brownian motion on M is transient if

]P)x{ lim X; = 6M} =1,
t1Te(X)
for all x € M. Here 0j; is the point at infinity and the convergence is

understood in the one-point compactification M = M U {Om}. Second, if
M is parabolic, then it is also stochastically complete.

Define
Tk =inf{t <e: X; € K} = the first hitting time of K,
mp =inf{t <e: X; ¢ D} = the first exit time from D.
For testing recurrence and transience of Brownian motion, we will take

K(M) = relatively compact, connected, nonempty

open sets on M with smooth, nonempty boundary.
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Let K € K(M) and

hK($> =P, {TK < 6} .
This hitting probability function holds the key to the problem of recurrence
and transience. We start with two preliminary results.

Lemma 4.4.2. For any relatively compact D such that M\D is nonempty,
we have sup,cp E,7p < oo. In particular, Brownian motion always exits D
in finite time.

Proof. By enlarging D we may assume that D is connected with smooth
boundary. Let pp(t,z,y) be the Dirichlet heat kernel. Then we have (see
THEOREM 4.1.1)

ol SUP/ pp(l,z,y)dy < 1;
xeD JD

hence for any = € D,

P, {mp > 1} :/pD(l,x,y)dy§a< 1.
D

Using the Markov property, we have
P, {rp > n} =E, {Px,_,[tp > 1];7p >n—1} < aP, {rp <n—1}.

By induction P, {7p > n} < &, and

1

n=0

O

The following lemma gives the well known probabilistic representation
of the solution of a Dirichlet boundary value problem.

Lemma 4.4.3. Let G be a relatively compact open set on M with smooth
boundary. Then for any f € C(OG) the unique solution of the Dirichlet
problem

Apyu=0 on G,
u=f on 0G,

s given by

u(a:) = Exf (XTG) .

Proof. In this proof we take for granted the result from the theory of partial
differential equations that the Dirichlet problem stated above is uniquely
solvable in C?(G) N C(G). Let u be the solution and z € G. It is easy to
verify that s — u (X) is a martingale up to 7. Hence

u(z) = Epu (Xenr,) -
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Letting ¢ T co and using the fact that P, {r¢ < oo} = 1 by LEMMA 4.4.2,
we have u(x) = E, f (X5,). O

Basic prperties of the hitting probability function hx are set out in the
following proposition.

Proposition 4.4.4. The function hx is harmonic (i.e., Ayrhxg = 0) on
M\K and continuous on M\K. There are two possibilities: either hg(x) =
1 forallze M, or 0 < hg(z) <1 forallx € M\K.

Proof. Let D = M\K for simplicity. Let z € D, and let B be a small
geodesic ball centered at x and disjoint from K. Then 7 < Tk, and by the
strong Markov property at 75 we have

hK(J}) = EmPTB {TK < 6} = Eth(TB).
By PROPOSITION 4.4.3 hx on B is the solution of a Dirichlet problem; hence
it is harmonic on B. This shows that hx is harmonic on D.

Next, we show that hx € C(D). Let {D,} be an exhaustion of M such
that each D,, has a smooth boundary and contains K. Then

un(z) =P, {Tx < 1p, }

is the solution of the Dirichlet problem on D, \ K with boundary value 1 on
0K and 0 on 0D,,. Hence u,, is continuous on the closure of D,\K. Since
un T hx, we see that hx, as the limit of a sequence of increasing continuous
functions, is lower semicontinuous on D = M\ K and hi(z) = 1 for x € K.
It follows that, for any z € 0K,

liminf hg(y) > hg(z) = 1.
y—a
This together with the fact that hx(y) < 1 implies that
lim hi(y) = hg(x) =1,
y—a

which shows that hx € C(D).

Since 0 < hg < 1, by the maximum principle for harmonic functions,
if hx is equal to 1 somewhere in D, then it is identically 1. Otherwise, we
must have hi () < 1 everywhere on D. If hg(x) = 0 somewhere, then by
the maximum principle again, it has to be identically 0, which contradicts
the fact that hg is continuous on D and takes value 1 on dD. O

The next proposition gives a criterion for recurrence or transience in
terms of the hitting probability function hy.

Proposition 4.4.5. Let K € K(M). If hx = 1, then K is recurrent. If
hxg < 1 on M\K, then K is transient. Thus a set K € K(M) is either
recurrent or transient.
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Proof. Suppose that hxg = 1 and let
(4.4.1) Sk ={X e W(M) : K is recurrent for X} .

We need to show that P, Sk = 1 for all z € M. Let {D,} be an exhaustion
of M and T, the first exit time from D,,. We may assume that x € D,, and
K C D, for all n. Let

Sp ={TKk0b,, <e}={X visits K after 7,,} .

[0; is the shift operator in W(M).] Then S,, | Sk because 7, strictly in-
creases to the lifetime e. By the strong Markov property,

P.Sy = E.Px, {Tk < e} =Ehg(Xr,) =1.

Hence P, Sk = 1 and K is recurrent.

Now suppose that hx < 1 on M\ K, and pick a relatively compact open
set O such that K C O. Then

a int {hpe(z): 2 €00} <1,
Define two sequences of stopping times: (5 = 0 and
on={t>C: Xy € K} =Tk 00, + (n;
h={t>on_1: X4 €0} =717000,, , +0n_1.

Let Sk be defined in (4.4.1) as before. If X visits K infinitely often before
the explosion time e, then for every n it has to visit K after (, unless (,, = e,
i.e.,

Sk C{op <e}U{(, =e}.
Because O is relatively compact, ¢, < e unless e = co. Hence ¢, = e implies

that ¢, = co. But this cannot happen, for, according to LEMMA 4.4.2, with
probability one X exits from O in finite time. Thus we have

PISK <P, {O’n < 6}.
On the other hand,
Py{on <e} =Py {Tk ol + (¢ <e}

<E. {Px,, [Tk <e]:(n<e}
< alPy{op-1 <e}.

The last inequality holds because X, € 00 if ¢, < e. By induction we have
P,Skx <Py{o, <e}<a™ 1|0 asnToo.
This proves that K is transient. ([

Corollary 4.4.6. If M is compact, then Brownian motion is recurrent.
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Proof. If hx <1on D &f M\K, it has to attain a mimimun somewhere in
the open set D, which contradicts the fact that hg is a harmonic function
in D O

Although it does not follow immediately from the definition, recurrence
or transience is independent of the choice of the testing set, as is shown in
the next proposition.

Proposition 4.4.7. If Brownian motion is recurrent for a set K € K(M),
then it is recurrent for every set in K(M).

Proof. Let us argue in words for a change. Let K be recurrent and F' €
K(M) another testing set. In view of COROLLARY 4.4.6 we may assume that
M is noncompact and it is enough to show that F' is also recurrent under
the assumption that K N F is empty. We have

o inf {hp(x): x € K} > 0.

If Brownian motion starts from a point x € K, then it hits F' at least with
probability a. Because K is recurrent, for any 7' > 0 all paths come back
to K sometime after T', and after that at least with probability « they will
reach F'. Hence

P, {X visits F after T} > a.

If F' were transient, this probability would have gone to zero when T T co.
Therefore F' must be recurrent. ([

We can also characterize recurrence and transience in terms of the Green
function

o0
0
It is well defined for all (z,y) € M x M, but may be infinite.

Proposition 4.4.8. If M is parabolic, then Gy(x,y) = oo for all (x,y) €
M x M. If M is hyperbolic, then Gyr(x,-) is locally integrable for all x € M.

Proof. Suppose that M is parabolic, i.e., Brownian motion on M is recur-
rent. Let K € K(M), and let O be a relatively compact open set such that
K C O. We have

GM(a:,y)Z/ pM(t,ar,y)dtz/ dt/ pu(t, @, 2)pm (1, 2, y) dz.
1 0 M

Let
m =inf {pp(1,2,y) : z € K}.
Then m > 0 and

Gu(z,y) Zm/ dt/ pum(t, z,y) dy—mEI/ I (Xy)dt.
0 K 0
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Define the stopping times 7,, 0, as in the proof of PROPOSITION 4.4.5. By
LEMMA 4.4.2; 0,1 < e implies (;,, < oo (see the secon half of the proof of
PROPOSITION 4.4.5), and since K is recurrent, ¢, < oo implies o, < e. It
follows from o9 = Tk < oo by induction that all o, and (,, are finite, and
we have

<n+1

(4.4.2) Gulx,y) =m> E, / I (Xy)dt
n=1 g

n

o0 TO
=m>» E.Ex,, / Ik (Xy)dt.
n=1 0
Now X,, € K and the function

TO 9
B, [ Ic(Xpdt= [ it [ pottyz)dz yek.
0 0 K

has a positive lower bound on K because the Dirichlet heat kernel po (¢, y, z)
is continuous and strictly positive on K. It follows that G/(z,y) = oo.

Now suppose that M is hyperbolic, i.e., Brownian motion is transient.
For K € K(M), we have

/ Gar(z,y) dy = Eq / Ix(Xy) dt.
K 0

Take the set O and the stopping times oy, (,, as before, and write

& Cn+1
(4.4.3) / Gu(z,y)dy =) E, / Ik (Xy) dt.
K n=0 Cn

Using the Markov property at o,, we see that the terms to be summed

C’n,+1 TO
(4.4.4) E, / Ix(X;)dt =E [EXM / Ix(X;) dt;on < e
Cn 0

<E; {EXUHTO; on < 6}
<aP,{o, <e},
where
ot max {E.70: z € O} < o
by LEMMA 4.4.2. Now
Py {on <e} =E, {P¢, [Tk <e€];(n <e} S0P {¢ < e},
where
b % max {hk(z): 2 €00} < 1.

The last inequality holds because K is transient (see PROPOSITION 4.4.5).
Also, by LEMMA 4.4.2,

P.{¢ <e} =Py {on-1 <e}.
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Hence, by induction,
(4'4'5) Py {Jn < e} <bOP, {O'nfl < 6} <"
It follows from (4.4.3)—(4.4.5) that

> a
G dy<ad b= -2 <.
/K M(x,y)y_anz_% — <

This shows that Gy (z,y) is locally integrable. O

We now turn to geometric conditions for recurrence and transience. The
approach here is the same as in the study of stochastic completeness in SEC-
TION 4.2, namely, we compare the radial process with a one-dimensional
diffusion and then use the known necessary and sufficient condition for re-
currence and transience for one-dimensional diffusions. Let us first state
these one dimensional results.

Proposition 4.4.9. Let I = (c1, ) with —oo < ¢1 < ca < 00. Suppose that
a and b are continuous functions on I such that a(x) > 0 for all x € I. Let

L= salx) <CZ3>2 ba)

and X an L-diffusion. For a fixed ¢ € (c1,c2) define

s(z) = /x exp [—2 /cy 222 dz] dy.

(i) If s(c1) = —o0 and s(ca) = oo, then X is recurrent;

(ii) If s(c1) = —o0 and s(c2) < oo, then X is transient and

P{lith = CQ} =1.
tle

Proof. This can be proved using the criteria in PROPOSITION 4.4.5, which in
fact holds for any diffusion process generated by a strictly elliptic operator on
a manifold; see THEOREM VI.3.1 in Ikeda and Watanabe [48] for details. O

Proposition 4.4.10. Suppose that M is a complete Riemannian manifold
without cutlocus. Let o € M be a fized point, and r(x) = d(z,0). Suppose
that k(r) is a continuous function on [0,00) such that

k(r) > sup {Kp(x) : r(z) =r}.
Let G be the solution of the Jacobi equation (4.2.2) for k. If
/ G(r)*dr < o,

then Brownian motion on M 1is transient.
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Proof. The proof is similar to that of THEOREM 4.2.6 for stochastic com-
pleteness. Retaining the notations there, we have r(X;) > p;. By the
hypothesis of the theorem and PROPOSITION 4.4.9, p; — o0 as t | e(p).
Hence we also have 7(X;) — oo as t T e(X), which implies that X must also
be transient. (]

Proposition 4.4.11. Suppose that M is a complete Riemannian manifold
and o € M a fized point on M. Let r(z) = d(x,0). Suppose that k(r) is a
continuous function on [0,00) such that

k(r) < (d—1)"Vinf {Ricps () : 7(z) = 7} .
Let G be the solution of the Jacobi equation (4.2.2) for k. If

x
/ G(r)*dr = o,
Cc
then M is recurrent.

Proof. The proof is similar to that of THEOREM 4.2.4 for stochastic non-
completeness. Retaining the notations there, we have r(X;) < p;. By
PROPOSITION 4.4.9 p is recurrent. Hence X is also recurrent. U

For surfaces (d = 2) we can convert the integral test in the above propo-
sitions into curvature conditions.

Theorem 4.4.12. (i) Let M be a complete Riemannian surface. Suppose
that there exists an rg > 0 such that the Gaussian curvature

1
r(z) > 1.

)= Sy T

Then M 1is recurrent.

(ii) Let M be a complete Riemannian surface without cutlocus. Suppose
that there exist positive € and ro such that the Gaussian curvature

1+e¢

Ky (z) < _m»

r(x) > ro.
Then M 1is transient.

Proof. (i) Fix an r; > min {rg, 2} and choose a smooth function x(r) such
that

Ky (z) > k(r(x)) for all x € M,

and
1

k(r) = R e for all r > 7.
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Such a function clearly exists by the hypothesis on the curvature Kps(x).
By PROPOSITION 4.4.10 it is enough to show that

< odr
n G(r)
For this purpose we compare G with the function G1(r) = Crlnr. Choose
C large enough so that

Gi(r1) > G(r1), Gi(r1) > G(ry1).
With this choice of C' we claim that
Gi(r) > G(r) forall r >ry.
This will complete the proof, because then
< dr N < dr
n G(r) = )y Gilr)

To prove the claim we let h(r) = Gi(r) — G(r). Suppose that ry is the
first zero of h, if it exists. From

h"(r) = —k(r)h(r) >0

we have h”(r) > 0 on [r1,73). Now A’ is increasing and h'(r1) > 0; hence
R'(r) > 0 and h is also increasing on [r1,72]. But h(r1) > 0, and this means
that 9 cannot be a zero of h(r). This contradiction shows that h(r) > 0 for
all » > ryq.

= OQ.

(ii) The proof of this part is similar, but with a different comparison
function. Choose a smooth, nonpositive function £(r) such that
=0, r < To;
k(r)s > —(1+¢€)/rPInr, 19 <7 <71;
—(1+¢)/r’Inr, r>ry.

By the hypothesis on the Gaussian curvature, we have K/ (z) < k(r(z)) for
all x € M. By PROPOSITION 4.4.11 it is enough to show that

/OO dr < o
G(r)
We compare G with G1(r) = Cr(Inr)1+¢/2) with a positive C, and see that

nr
it is enough to show that G1(r) < G(r) for sufficiently large r. An explicit
computation shows that

ci(r) _ G"(r)

Gi(r) = G(r)
for sufficiently large r, say r > r3. The choice of 72 is independent of C. We
can fix a small C such that

Gl(TQ) S G(’I”Q), Gll(’l“g) § G/(T‘Q).
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Now the same argument as in Part (i) shows that Gi(r) < G(r) for all
r > 7. O

For d > 3, the situation is more complicated because the curvature func-
tion x(r) does not always determine whether Brownian motion is recurrent
or transient. For example, in dimension d = 3, Brownian motion is recur-
rent on a flat cylinder, but transient on R?, but both manifolds have zero
curvature. We can, however, still make some positive statements. Consider
a typical curvature function

If ¢ > 1/4, then the general solution of the Jacobi equation is
G(r) = Ciy/rsin (Ve —1Inr + Cs) .
Thus G cannot be strictly positive for all . This means that if there is a
positive € such that
Ricys(z) > % : ;l(;);, r(x) > ro,
then M is compact, so Brownian motion is recurrent.

For ¢ = 1/4, we have

G(r) = C1\/r + Coy/rlnr.

Thus if M is noncompact without cutlocus, has the dimension d > 4, and

1 1
Ky(z) < Z‘W,

then Brownian motion is transient on M.

For 0 < ¢ < 1/4, we write ¢ = a(1 — ) for 0 < o < 1/2. In this case
G(r) = C1r® + Cyri=e.

T(iﬁ) > To,

Hence, if M is noncompact without cutlocus, has the dimension d > 1+1/«,

and

a(l —a)
r(z)?

then Brownian motion is transient on M.

KM((L‘) < T(-T) > 10,

In the range ¢ < 0, a solution of the Jacobi equation may be bounded.
In order to eliminate this case, we assume that M is a Cartan-Hadamar
manifold, i.e, a complete, simply connected manifold of nonpositive curva-
ture. Under this assumption, the solution of the Jacobi equation grows at
least as fast as r. This implies that Brownian motion is transient on all
Cartan-Hadamard manifolds of dimension d > 3.
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4.5. Comparison of heat kernels

Let M be a complete Riemannian manifold. In this section we compare the
heat kernel py (¢, z,y) with the heat kernel on a space of constant curvature.
Let K be a constant and Mg a simply connected, d-dimensional Riemannian
manifold of constant curvature K (space form). We denote the heat kernel
on Mg by pX(t,a,b). By symmetry, p(t,a,b) is a function of ¢ and the
distance between a and b; hence there is a function p (¢,7) such that

pK(t,a, b) = pK (t, dvig (a,b)) .

When K > 0, M is a euclidean sphere of radius 1/ VK, and we adopt the
convention that p% (t,r) = pX(t,7/VK) if r > n/VK.

Theorem 4.5.1. Suppose that M is a complete Riemannian manifold and
x € M. Let K be a positive number such that

Ky(z) <K forall z € B(x;7/VK).
Then for all (t,y) € (0,00) x M,
pu(t,z,y) < p" (tdu(z,y)).
Proof. Let r(z) = dy(x, z). We have, under the probability Py,
r(Xe) =d(x,y) + B + % /Ot Apr(Xs)ds — Ly, t<e.
On Mg, the solution for the Jacobi equation with constant curvature K is

G(p) = sinvVKp/VK. Hence if p(b) = dy, (0,b) is the distance function on
Mg, then

0ucp) ™ aap = (0= 1) G = (@ = VR cotVEy.

The radial process of a Brownian motion on Mg starting from a point b
with distance

dyig (0,b) = min {dM(:C, Y), ﬂ/\/f}

is the solution of the equation
1 t
pr = dugye(0,5) + By + 2/ Orc(ps) ds — A,
0

where A increases only when p; = 7/ VK. Of course, if the dimension is 2
and higher, we do not need to worry about the cutlocus on Mg, because it
degenerates to a point, which Brownian motion never hits. By the Laplacian
comparison theorem we have Apr > Og(r). On the other hand, by the
choice of K, the geodesic ball B(z;7/v/K) is within the cutlocus of . Thus
if 7(Xy) < pr < 7/VK, then r(X;) € M\C, and L does not increase. This
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observation together with the radial process comparison THEOREM 3.5.3
implies that r(X;) > p; for all ¢t < e = e(X). Now, for any € > 0,

Py {r(X:) <e t<e} <Py{p <e€}.

Writing this inequality in terms of the heat kernels we have

/ PMm (ta Zy y) dz < / pK(t, a, b) da.
B (z;€) B(os¢)

On both M and M, as € | 0, the volume of the geodesic ball of radius e
is asymptotically equivalent to €?|S?|/d, the volume of a euclidean ball of
radius e. Dividing the above inequality by this volume and letting € | 0, we
obtain

pM(ta T, y) < pK(ta 0, b) = pK (ta dMK (Oa b)) :
This completes the proof. O

For any fixed x € M, the condition of the theorem is always satisfied if
K is sufficiently large, and the theorem applies. However, if the sectional
curvature of M is bounded from above by a nonpositive constant K, in order
to compare pys(t, z, y) directly with p (¢, a,b), we need further assumptions
on M to remove the cutlocus. This is the case if M is a Cartan-Hadamard
manifold, i.e., a complete, simply connected Riemannian manifold with non-
positive sectional curvature.

Theorem 4.5.2. Suppose that M is a complete Riemannian manifold.

(i) If M is a Cartan-Hadamard manifold and Kyr(z) < K forall z € M,
then for all (t,z,y) € (0,00) x M x M,

pM(t,x, y) < pK(t’ dM(ﬂS',y))

(i) If Ricpr(z) > (d—1)K for all z € M, then for all (t,x,y) € (0,00) X
M x M,

Proof. Exercise. O



Chapter 5

Short-time
Asymptotics

In this chapter we study short-time behaviors of both the heat kernel and
Brownian motion. We will show by several typical results how the knowl-
edge about the heat kernel can be used to study the behavior of Brownian
motion and vice versa. Our starting point is the short-time asymptotics of
the heat kernel py/((¢, x,y) for near points, more precisely when x and y are
within each other’s cutlocus. The parametrix method for constructing the
heat kernel in differential geometry yields the asymptotic expansion for the
heat kernel as t | 0 stated in SECTION 5.1. This asymptotic expansion is
the starting point of our discussion. One can obtain this expansion by prob-
abilistic considerations (at least for the leading term, see Molchanov [59]
and Elworthy and Truman [22]), but we will not discuss them here. Once
we have this local expansion, probabilistic ideas can be used to study global
short-time behavior of the heat kernel. In SECTION 5.2, we prove Varadhan’s
well known relation for the logarithmic heat kernel on a complete Riemann-
ian manifold. In SECTION 5.3 we will give a general method for computing
the leading term of the short-time asymptotics of p(t,x,y) when z,y are
not close to each other. This method is illustrated for the case the heat
kernel on a sphere at antipodal points. The last two sections are devoted to
several topics related to Brownian bridge and its relation to the heat kernel
on a compact Riemannian manifold. Basic properties of Brownian bridge
are discussed in SECTION 5.4. They are used in SECTION 5.5 to prove global
esimtates on the first and second derivatives of the logarithmic heat kernel
on a compact manifold for small times.

129
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5.1. Short-time asymptotics: near points

Let M be a Riemannian manifold and C), the cutlocus of x € M. It is a basic
fact in differential geometry that y € C, is equivalent to x € C}, (THEOREM
3.4.1, see also Cheeger and Ebin [9]). The asymptotic behavior of the heat
kernel pps(t, x,y) when x and y are within each other’s cutlocus is given in
the following theorem.

Theorem 5.1.1. Let M be a complete Riemannian manifold and
Cu={(z,y) e M x M :2zeCy}.

There are smooth functions Hy,(x,y) defined on (M x M)\Cas with the prop-
erties
Ho(xz,y) >0 and Hy(z,x)=1

the following asymptotic expansion

1 d/2 B 00
(511) pM(tawvy) ~ (271_75) € d<x7y)2/2tan(x7y) tn
n=0

holds uniformly as t | 0 for any compact subset of (M x M)\Cy. In par-
ticular, if x is within the cutlocus of y, then
d(z, y)?

5

lim¢1 t = —
im npr(t,z,y)

Proof. We sketch the proof. If M is compact, the asymptotic expansion
can be obtained by the method of parametrix (see Berger, Gauduchon, and
Mazet [3] or Chavel [8]). If M is not compact, the proof is more difficult. The
first thing we need to do is to localize the heat kernel. Let K be a compact
subset of M and D a large, smooth, relatively compact open set containing
K. Suppose that  and y are in K. By considering two possibilities {t < 7p}
and {t > 7p} and using the Markov property at 7p in the second possibility,
we have

pu(t,z,y) = po(t, 2,y) + Eu {pm(t — 70, X7, y); t > 7D} -
Hence, for t < to,
0<pm(t,z,y) —pp(t,z,y) < Clo, K, D)Pr {t > 7p},
where
C(to, K, D) = sup{pnm (s, z1,22) : s <tg, 21 € K, z9 € 0D} .
By comparing with the heat kernel on a sphere with very small radius (see
THEOREM 4.5.1), we can show that C(to, K, D) is finite. For the probability

P, {t > 7p}, a proof similar to the one for THEOREM 3.6.1 shows that for
any u, there are a sufficiently large D and a positive ¢y such that

P, {t>p} <e ™! forall (t,z) € (0,t) x K.
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It follows that
0 < pM(ta z, y) - pD(t’ x, y) < Ce—'u/t-

Since D is compact and smooth, we can embed D isometrically into a com-
pact manifold M;, and the above argument applied to M; shows that

0<pm (tv €, y) - pD(t7 €T, y) < Ce—“”?
hence

[par(t,,y) = pan (t 2, y)| < 2Ce /",
Since M, is compact, the method of parametrix applies and we obtain the
asymptotic expansion stated in the theorem for py (¢,z,y). Now if we
choose D large enough so that > 1+ d(K)?/2, where d(K) is the diamter
of K, then py(t,z,y) and par (¢, x,y) are asymptotically equivalent, and
the same expansion also holds for pys(t, z,y). O

The leading coefficient Hy(z,y) has a simple geometric interpretation.
Let exp, : T, M — M be the exponential map based at z. Let J(exp,)(Y)
be the Jacobian of exp, at Y € T, M (the ratio of the volume element at
exp, Y over the euclidean volume element at Y'). Then

Hy(x,y) = [J(exp,) (V)] 72, Y =exp,ly.

Example 5.1.2. Consider the d-dimensional sphere S¢ (the space form of
constant curvature 1). The Riemannian metric in the polar coordinates on
T.M is
dséd = dr?® + (sin r)2d6?2,

where d6? is the standard metric on S¢~1. Let e, ..., eq_1 be an orthonor-
mal basis for S% 1 at 0, and e, the unit radial vector on T, M. Then
er,e1/r,...,eq—1/r form an orthonormal basis of T, M (with the euclidean
metric) at y. As vectors on M, they remain orthogonal but with lengths
1,sinr,...,sinr, respectively. Hence the Jacobian of the exponential map
exp, at y is (sinr/r)?!, where r = d(x,y), and

r } (@12

sinr

Ho(z,y) = [

By THEOREM 5.1.1 we have

B2 T gy @D/
de(t7 x, y) ~ |: ( y) :|

(2mt)d/2
for d(x,y) < . O

sind(x,y)

Example 5.1.3. For the d-dimensional hyperbolic space H? (the space form
of constant curvature —1), the metric is

ds3a = dr® + (sinhr)2d6?,



132 5. Short-time Asymptotics

and by an argument similar to that in EXAMPLE 5.1.2 we have

Hg(a:,y):[ r }(d—l)/Q.

sinh r

Hence

e—d(w,y)2/2t d(z, (d-1)/2
pra(t, z,y) ~ [ (@.9) ] :

(27t)4/2 | sinhd(z,y)

For H? and H3, smple explicit formulas are known:
ﬂeft/S /oo 7“€7T2/2td7’
(27t)3/2 Ja(z,y) \/coshr — coshd(x,y)’

e~ @2t (g ) —t
P (t, 2,y) = (27t)3/2 sinhd(z,y)

For a more detailed discussion on these formulas, see Chavel [8].

Pz (t> z, y) =

We can give a precise description of the short-time behavior of the first
exit time of a geodesic ball. Again let ik be the minimum of the injectivity
radii i, on K.

Proposition 5.1.4. Let K be a compact subset of M and r < ig, the
injectivity radius of K. Then there is a strictly positive smooth function
cr(x) on K such that ast | 0,

C'f'(x) —r2/2t
Po{rr < th~ Hd=2)2 ¢ =,

uniformly on K.

Proof. Choose 1 € (r,ix) and let A={y e M :r <d(y,z) <r}. By the
Markov property at 7. we have

P, {X; € A} =E, {S(X;,t —7); 7 < t},
where
S(z,8) =P, {Xs € A} = / (s, z,y) dy.
A

From THEOREM 5.1.1 we have for z € 0A, as s | 0,

_ L+ O(S) —d(z,y)?/2s 1
S(z,s) = (27?5)d/2/A€ dy—>2.

The last limit can be proved by a local computation. Hence
Py {7 <t} ~2P, {X; € A} = 2/ pu(t,x,y) dy,
A

and, by THEOREM 5.1.1 again,

2+O(t) —d(z,y)? /2t
Px{Tr<t}:(2m)d/2/Ae @)%/ dy
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We use polar coordinates y = (u,f) centered at x to calculate the last
integral. The volume elements have the form

dy = f(u,0;z)dud,

where df is the volume element on S~ ! and the coefficient f(u, §; ) depends
smoothly on x. We have

T1
[ty = [Mee ([ o) a
A , gd—1

N( f(r,G;x)d@) / e~ 2 gy

Sd-1 r

~ ( f(r,0; ) d0> Lerirat
§d—1 T

The desired result follows immediately. O

In the case M = R?, the heat kernel is

L N

t = “le=y
de( ,x,y) <27Tt> € )

and the volume element is dy = 7% 'drdf. Hence we have explicitly

2|Sd71| r2 (d—2)/2 3
Po{r < th~ 20 (m> ey

5.2. Varadhan’s asymptotic relation

The local asymptotic relation (5.1.1) implies that if z and y are not on each
other’s cutlocus, then

1
lim¢1 =—c 2,
tllr(I)lt an(t’xay) 2d(1‘,y)

We will show in this section that this asymptotic relation holds for any pair
of points on a complete Riemannian manifold.

Theorem 5.2.1. Let M be a complete Riemannian manifold and pys(t,x,y)
the minimal heat kernel on M. Then, uniformly on every compact subset of
M x M, we have

1
lim¢1 t = ——d(z,y)*.
imtlnpy (L, 2,y) = —5 d(z,y)
We will devote the rest of this section to the proof of this result. It will

be divided into PROPOSITION 5.2.4 for the upper bound and PROPOSITION
5.2.5 for the lower bound.
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Let K be a compact subset of M and ix the injectivity radius of K.
The proof of the upper bound is based on the following fact, which follows
directly from PROPOSITION 5.1.4: Uniformly for z € K and r <ig/2,

1
(5.2.1) limtInP, {7, <t} = —~r?.
t—0 2
Lemma 5.2.2. Le 7 be a nonnegative random variable such that
P{r <t} <e @/

for some positive constant a and all t < tg. Let b > 0. Then for any
n € (0,1), there exists a positive t1, depending on to,b, and n, such that for
allt < ty,

o {ebe/z(H);T < t} < e~ (1=m(a+d)/2t

Proof. Integrating by parts, we have

E {ebe/Q(th); T < t}

t
= / e*bQ/z(t*S)d]P’{T < s}
0

p2 [t efb2/2(t75)
= 2/(; W ]P){'T < S} dS

C(n) [* 1—n (d® b2
< 1= .
- b /0 P 2 s +t—s ds

Here C(n) is a constant depending only on 7. Since

2 2 2
@ . b >(a—|—b)7
S t—s t

the integrand in the last integral is bounded by te~(1=m(atb)?/ 2t hence the
lemma. O

Let » > 0, and let o, be the succesive times when Brownian motion
moves by a distance r:

o9 =0,
o1 =7 =inf{t > 0: d(Xo, X¢) =1},
o, = inf {t > Tt d( Xy, , Xy) = r} .
We consider the probability
I, (t,x) =Py {on < t}.
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Lemma 5.2.3. For any fized n € (0,1), R > 0, and a compact subset K
of M, there exist positive ty = to(n, R, K) and ro such that for all x € K,
r<ro,n<R/r, and t < tg,

P, {on <t} < e—(1=n)(nr)?/2t

Proof. We argue by induction. Since M is complete and K is relatively
compact, the set

Krp={z€M:d(z,K) < R}

is also relatively compact. Let ro = ix,/2. The case n = 1 is just (5.2.1).
For n > 1, by the Markov property,

I(t,x) =Ex {In_1(t — 7, X+.); 7 < t}.
The induction step follows by using (5.2.1) and LEMMA 5.2.2. O

We can now prove the upper bound in THEOREM 5.2.1.

Proposition 5.2.4. Let K C M be compact. We have, uniformly for
(z,y) € K X K,

1
limsuptlnpy (¢, z,y) < —3 d(z,y)>.

t—o00

Proof. Take ry as in LEMMA 5.2.3 and r < rg, and let n = [d(z,y)/r]. Let
o be defined as before. Since it takes at least n steps of distance r to go
from x to y, we have

pu(tz,y) =By {ppm(t — on—1, Xo,_1,Y); on1 < t}.

Because d(X,,, _,,y) > r, we have py(t — opn—1, X0, _,,y) < C by THEOREM
4.5.1, with a constant C' depending on K and r. Hence

pM(taxuy) < C]P)Z’ {Un—l < t} .

Using LEMMA 5.2.3, we have

1 1
limsup tInpy (¢, x,y) < ~5 (n —1)%r? 49, ) d(z,y)>.
t10

This completes the proof. U

We now prove the lower bound in THEOREM 5.2.1.

Proposition 5.2.5. Let K C M be compact. We have, uniformly on
(z,y) € K x K,

1
li];niélf tinpa(t, z,y) > 3 d(zx,y)?
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Proof. Let r > 0, and let C : [0,{] — M be a smooth curve of unit speed
joining x and y with length [ < d(x,y) + r. Let D be a relatively compact
open set containing the curve C. For a positive integer n, define n geodesic

balls of radius r along the curve C as follows:

B; = B(z;;r), =z =C(il/n).

We choose r small enough so that all geodesic balls are contained in D.

Using the Chapman-Kolmogorov equation for the heat kernel, we have

(5.2.2)  py(t,z,y)

t t
= pv | = xx ) pym | =1,y ) dry e dop
Mx--xM n n
t t
Z Pmy\ —Z, 1) PM | —HTn-1,Y dxl"'dxn—l'
Bl><---><Bn,1 n n

Ifx;_1 € B;_1 and x; € B;, then

d
d(xi_l, .CC,) <3r—+ M
n

Hence by fixing a sufficiently large n, for all sufficiently small r we can apply
the short-time asymptotics for the heat kernel (THEOREM 5.1.1) to obtain

the lower bounds

/2
PmMm <ta xi17xi> 2 C (%) e_nd(xi_l7xi)2/2t
n

e (%)‘W o~ (d@y)+3rm)?/2nt

and

t t £\ "2 )
YU <7$)‘T1> o PM (7$n—l)y> 2 Cn <> e_(d(x7y)+3rn) /2t'
n n

n
Using this in (5.2.2), we have

1 1
lim nf I pa (t,2.) 2 — (d(,y) + 3rn)” 2 d(,y)*.

O

With PROPOSITIONS 5.2.4 and 5.2.5 we have completed the proof of

THEOREM 5.2.1.

As an application of Varadhan’s asymptotic relation for logarithmic heat
kernel, we prove a similar asymptotic result for the exit time from a smooth

open set.
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Theorem 5.2.6. Let D be a connected open D with smooth boundary Then
for any x € D

: 1 9
lgﬁ)ltlnpx {Tp <t} = —5 d(x,0D)*.

Proof. Let us prove the lower bound first. Let y € 0D be such that
d(z,y) = d(z,0D), and B = B(y;r) a small geodesic ball centered at y.
Take a point z € BN (M\D) but not on the boundary BN9dD. Then Brow-
nian motion which lands at z at time ¢ must first pass through 0D; hence
by the Markov property at 7p,

pM(t,JI,Z) :ECE {pM(t_TD7X’TD72); ™D < t}
Since d(z,0D) > 0, by THEOREM 4.5.1 pys(t — 7p, X+, 2) < C. Hence by

THEOREM 5.2.1 we have

1
lirill(i)nftlnIP)x {rp <t} > lirﬁ[i)nftlan(t,x, z) > ~3 d(z, 2)2.
By the choice of the point z, we have d(z, z) < d(x,0D) + r. Letting r | 0,
we obtain

1
liminf ¢t InP, {rp < t} > — = d(z,0D)*.
tl0 2
For the upper bound, we fix a small » > 0 and let n = [d(z,dD)/r|. The
ball K = B(z;(n —1)r) C D is relatively compact and
P, {mp <t} <Py{on, <t}.
By LEMMA 5.2.3 we have

1 1
limsup tInP, {rp <t} < ) (nr)? i, —5 d(x,0D)%.

t10

5.3. Short-time asymptotics: distant points

THEOREM 5.1.1 describes precisely the short-time behavior of ps(t, x,y)
when z and y are not on each other’s cutlocus. However, if z € Cy, the
problem becomes rather complicated and the asymptotic behavior of the
heat kernel depends very much on the geometry of the space

I'; , = distance-minimizing geodesics joining = and y.

In this section we describe a general method for studying the asymptotics of
pam(t, x,y) for distant points, and illustrate this method by computing the
leading term of the heat kernel of a sphere at antipodal points.
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For the sake of simplicity, we assume that M is compact. In this case
I'; , is a compact subset in the space of paths from x to y. We are interested
in its middle section

d(z,y)
_l_g’/yz = {C <2> N ONS Fx7y} .

It is a closed set on M, and there is an obvious one-to-one correspondence
1/2

between I/, and I, itself. For example, if x and y are antipodal points

on the d-sphere S%, then I’ m/y is the great sphere SY~! perpendicular to the

minimal geodesics joining x and y. This is a rather ideal situation because
1/2

Sdl

It is clear that I zé is disjoint from the cutloci C; and Cy of z and y,
hence if € is sufficiently small we have d(O., C, U Cy) > 0, Where

Oc(z,y) = {z eM:d (z,Fi/yQ) < e}

is the e-neighborhood of I ;{UQ

has the structure of a smooth Riemannian manifold, namely that of

Lemma 5.3.1. Suppose that M z's a compact Riemannian manifold. Let
Oc(z,y) be the e-neighborhood of Fx y > and choose ¢ sufficiently small so that

£ d(O, C,uC
,L%M( (7,y), y) >0

Then there exist positive X and C' such that for all (t,x,y) € (0,1) x M x M,

t t
630 pulta) = (et} [ o (Gos) o (520)
with |e(t, z,y)|< Ce M,

Proof. By the Chapman-Kolmogorov equation,

it ={ [+ b (o) ()

By THEOREM 5.2.1 we have, uniformly in z € M\O,,
hﬁ)ltln [pM <;,x,z> DM (;,z,y)] = — [d(x,z)2 —i—d(z,y)2] .
Now the function
z—d(z,z)+d(z,y) —d(z,y)
has a strictly positive minimum on M\O,. Hence there exists an ¢; > 0
such that

d(m,z)Q—i—d(z,y)Q = [d(l’,y) +61]2'

N

[d(z, 2) + d(z,y)]* >

N
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Decreasing €; if necessary, we see that there is a A > 0 such that for all
sufficiently small ¢,

/ P <tasz>p (tzy)dz
M\ 54 M\ 557
M\O. 2 2
< M@ r 2 < (2, y) eV

Here in the second step we have used

. 1 2
The result follows immediately. O
Because d(O., C, U Cy) > 0, we can use the local expansion in THEO-

REM 5.1.1 for the pps(t/2,x, z) and pp(t/2,y, z) in (5.3.1), which yields the
following formula for computing the leading term of pys(t,x,y) as ¢ | 0.

Theorem 5.3.2. Suppose that M is a compact Riemannian manifold. Then
there exists a constant C such that for all (x,y,t) € M x M x (0,1),

(5.3.2) pu(t,z,y) = {1+ f(t,z,y)} x

e—d(z,y)?/2t )
(mf)d/o Ho(w, z)Ho(z,y)e ZrvD/2qz,

where |f(t,z,y)| < Ct and
Em,y(z) = 2d($, Z)2 + 2d(Z, y)2 - d(ilj‘, y)2

Proof. This follows immediately from LEMMA 5.3.1 and THEOREM 5.1.1.
O

It is clear that the above theorem is effective only when we can calculate
explicitly the integral in (5.3.2). Let us illustrate by a typical example.

Example 5.3.3. We return to the case of the d-sphere (EXAMPLE 5.1.2)
and compute pga(t, N, S) when N and S are a pair of antipodal points. We

take N as the origin and r = d(V, z). The middle section I ]{/ g is the great

sphere S9! determined by the equation r = 7/2. We have d(z,S) =7 —r
and

2
(5.3.3) Ens(z)=2r" +2(r—r)? —n? =4 (r — E) .
We have shown that in this case,

d(z, y) ]““)/2

—_— d .
sind(x,y) ’ (@.y) <7

Ho(z,y) = [
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The volume element on the sphere is sin®~! rdrdf. By THEOREM 5.3.2 we
have

—2 /2t

(& 2

t,N,S) ~ —— df —2r=7/2%t (1) d
de( ’ ’S) (;(t)d /Sdl /7'—7r/2<€e (T) "

where

(d—1)/2
r ™= . d—
] sin?1r.

h(r) = [

By the Laplace approximation (see Copson [12]),

t s
o201/t p N dr o ] B (T
/T—Tr/2<e ( ) 2 (2)

It follows that

sinr sin(m — )

]Sd_1| =T /2t
/o 9d—1 {2d-1)/2"

From THEOREM 5.3.2 and the above example we see that the aysmptotic
behavior of the heat kernel depends very much on the function E, ,(2) near

Psd—1 <t,N, S) ~ O

the set Fa;lv/yQ. Even without knowing precise geometric structure of this set,
we can still draw some general conclusions from the asymptotic formula in
THEOREM 5.3.2. We observe that, because leéf does not intersect C, U Cy,

the function E, ,(z) is smooth in a neighborhood of F;cléf. It is everywhere
nonnegative:

Eqy(2) 2 [d(z,2) + d(z,9)]* — d(z,y)* > 0,

and vanishes on Fj/f. Let us now investigate E, ,(2) near a point zy € I xl/yZ
Since Ejy(20) = 0, it attains a minimum at zp. Hence in any local chart
z = {z’} centered at zg, there is a constant C such that

d
Ery(2) <CY |2
i=1

in a neighborhood of zj.

We now find a lower bound for E, ,(z). For a point z sufficiently close
to zp, we take the first coordinate to be

d
Zl — (x7y) —d(:v,z).
2
Applying the triangle inequality to the geodesic triangle xzy, we have
d
(9627 Vo,

d(zay) 2 d(‘Tvy) - d(mVZ) =
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It follows that
2

d(x,y) 1 —d(w,y)2 _ 4|z1]2.

9 +z

d 2
Ex7y(z) 2 2’ (ﬂ;y) _ Zl

+2]

This lower bound is attained when = and y are a pair of antipodal points
on a sphere (see (5.3.3)).

. 1/2 .
To summarize, we have shown that for every zg € I m/y there is a local

chart z = {zl} centered at zg and a constant C such that
d )
(5.3.4) 4] < Bry(z) <CY |7
i=1

in a neighborhood of z5. Now we are in position to prove the following
general bounds for the heat kernel on a compact Riemannian manifold.

Theorem 5.3.4. Let M be a compact Riemannian manifold. There exist
positive constants Cy and Cs such that for all (t,x,y) € (0,1) x M x M,

C1 4 z,y)2/2t Co —d(z,y)?/2t
We (@)*/ SPM(taxay)Sme (@y)*/2¢

Proof. Pick a point 2y € Fg},/?f and a local chart on a small ball B = B(zo; €)
centered at zp such that the upper bound in (5.3.4) holds. Both Hy(z, z)
and Hy(z,y) are continuous and strictly positive on B. Hence by THEOREM
5.3.2 and the upper bound in (5.3.4) there is a constant C3 such that

pum(t,z,y) > fj’ed(%y)?/%/ e Clel?/2t g,
B

Using local coordinates, it is easy to show that
/ e~ClP2t gy  const. x t9/2,
B

It follows that

Cl —d 2

pm(t,x,y) > td76 (@y)"/2t,

The last inequality follows from analyzing the integral in the middle in local
coordinates.

We use the lower bound in (5.3.4) to prove the upper bound. Since

;51,{1/2 is compact, there are a finite number of neighborhoods {O;,1 <1 < N}
covering I’ ;/3/2 such that each one of them has a local chart on which the lower

bound in (5.3.4) holds. By THEOREM 5.3.2 there is a constant Cy4 such that

N
pM(t7 x, y) S % eid(mvy)Q/zt Z/ 6*2‘21‘2/15 dZ.
=1 /Oi
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Again using local coordinates we can prove that
/ e 2"/t 4y~ const. x t1/2.
O;

Hence,
02 _ 2
pM(t,x,y) < Me d(z,y) /2t'

The proof is completed. O

Corollary 5.3.5. Suppose that M is a compact Riemannian manifold. Then
there exist positive constants Cy and Cq such that for all (t,z,y) € (0,1) X
M x M,

Co

Cr _g(wa?
(5.3.5) e~ W@/ < pa (L, y) < Wz

+d/2
Proof. The lower bound is the same as in the theorem. If d(z,y) < iy /2
(the injectivity radius), the upper bound follows from the local asymp-
totic expansion of the heat kernel in in THEOREM 5.1.1; if d(x,y) > in/2,
it follows from the upper bound in the above theorem and the fact that
Sup st @D/ 2= /8t < o0, O

5.4. Brownian bridge

In this section we assume that M is a compact Riemannian manifold. A
Brownian bridge from x to y in time 7' is obtained from Brownian motion
starting from x by conditioning on those paths that are at y at time T'. As
the transition density function of Brownian motion motion, the heat kernel
measures the probability that Brownian motion starting from x will be at y
at time ¢; therefore it is not surprising that Brownian bridge should play a
role in the study of the heat kernel.

Consider the bridge space
Lx,y;T(M) = {CL) S W(M) Wy =X, W = y} .

The special case Lg.7(M) = Ly z.7(M) is the loop space based at z. The
law of the Brownian bridge from x to y in time 7T is a probability measure
Py 7 on Ly y.p (M) defined roughly by

Px,y;T(C) =P, {C|XT = y} ’ Ce B(W(M))

We will call P, .7 the Wiener measure on L, ,.7(M). It is sometimes helpful
to regard P, ,.7 as a measure on the path space W (M) concentrated on the
subset Ly ,.7(M).

We first address the question of the existence of P, ,.7. Let us first pro-
ceed intuitively and calculate the finite-dimensional marginal distributions
of Py 7. Suppose that s < T and let F' be a nonnegative function on W (M)
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measurable with respect to B, and f a nonnegative measurable function on
M. Then, by the definition of conditional probabilities,

E. {f(X7)F(X)} = B { f(X7)Ee x 7 F(X)} .

For the left side, using the Markov property at time s and the fact that
pam(t, x,y) is the transition density for X, we have

E. {f(X7)F(X)}] = E. {F(X)Ex, f(X7-5)}
:ExPWX)Aﬁmmr—ax&wfwuy.
Hence

/M Ex {F(X)pu (T — 5, Xs,9)} f(y)dy

_ /M Eo i {F(X)} par (T, 2,) f (y)dy.

This being true for all nonnegative measurable f, we have, for all F' € B,
B {F(X)pu (T — 5, X, )}
(T, z,y)

The above formula shows that P, .7, as a measure on W (M), is absolutely
continuous with respect to P, on By for any s < T', and the Radon-Nikodym
derivative is given by

(5.4.1) Eqyr {F(X)} , 0<s<T.

dPIv?/?T o pM(T - S, X87 y) déf

5.4.2 =
( ) dPy g, pu (T, w,y)

S-

It follows that {es,0 < s < T'} is a positive local martingale under the prob-
ability P,.

If the probability measure P, ,.7 exists, then from (5.4.2) it is easy to
see that under P, ,.7, the joint density function of X, ,..., X, 0 = s9 <
s1< <5< 8§41 ="1T,1is

l
(5.4.3) pu(Toa,y) " [ s (sivn — si, i, wiga).
i=0
['TO =T, Tj4+1 = y]

Theorem 5.4.1. Let M be a compact Riemannian manifold. Then there
is a probability measure P, .7 on L, .7 whose finite-dimensional marginal
distributions are given by (5.4.3).

Proof. This can be proved in the usual manner using Kolmogorov’s exten-
sion theorem and Kolmogorov’s criterion for sample path continuity (see
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Chung [11]). In order to apply Kolmogorov’s criterion, it is enough to show
that there are positive o and (8 such that

Epyrd(Xs, X)* < C(t—s)P,  0<s<t<T.
By (5.4.3) we have
1
p(T,z,y)

X / d(z1,22)%prm(t — s, 21, x2)pm (T — t, 22, y) dzs.
M

Ew,y;Td(XSa Xt)a = / PM(S,CC, Il) dz
M

Without loss of generality we may assume that 0 < s < ¢ < 27/3. Then
the last factor py (T — t, z2,y) is bounded by a constant. Using the upper
bound for the heat kernel (5.3.4), we have

/ d(x1,m2)par(t — s, 21, x2) dxs
M
Cl a 7d($ x )2/21‘,
<—m——— 1,22
= (t—s)2d-D)/2 /Md(xla@) € dzs.

Using polar coordinates it is easy to show that
/ d(xl’x2)aefd(xl,22)2/2tdx2 < Cg(t - S)(a+d)/2.
M

It follows that there is a constant C' such that
E. 1 d(Xs, X;)® < Ot — s)@7d+D/2,
Therefore it is enough to take @« > d+ 1 and 8= (o —d —1)/2. O

We will need the following estimate.

Lemma 5.4.2. Fiz (T,z,y) € (0,00) x M x M and a positive N. There is
a constant C = C(z,y,T, N) such that

By yr d(Xe,2)?N < Ot
for all t € [0,T].

Proof. It is enough to show the inequality for ¢ < T'/2. We have
Ez,y;T d(Xt, :B)ZN =
1

pu (T, 2,y)

The factor py (T — t, z,y) is uniformly bounded because t < T'/2. Fix a

positive r and consider the integral on B(z;r) and M\ B(x;r) separately. If
r is sufficiently small, by THEOREM 5.1.1 we have

/ d(z, 20N par (b, 2, Yoot (T — £, 2,) dz.
M

Cl - CL’ZZ
pum(t,z, z) < 750’76 d(z,2)? /2t
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On M\ B(z;r), letting T, be the first hitting time of B(x;r) we have

pv(t,z,z) =E, {pp (t = T 2, X5, ); T <t}
<sup{pm(s,x,2): 0<s <t d(x,z)=r}.

Hence, by THEOREM 5.1.1 again we have

Cy 279
pM(t,x,z)gme re/2t,

It follows that there is a constant C3 such that
Ezyr d( X4, 37)2N <

Cs ON —d(z,z)? /2t C3 2/
td/g/B(z;r) d(z,x)*Ve dz—l—me )

The integral can be estimated easily in polar coordinates, and we have
/ d(z, x)QNe—d(z,x)Q/%dz <0y N2
B(w;r)
This completes the proof. O

Brownian bridge has the following symmetry property under time rever-
sal.

Proposition 5.4.3. Let P, . be the law of the Brownian bridge from x to
y in time T. Then under Py .1 the process {X7_s, 0 < s < T} has the law
Py 2.1, i.e., it is a Brownian bridge from y to x in time T'.

Proof. This follows from the finite-dimensional marginal distributions given
above and the symmetry of the heat kernel. ([

Next we derive a stochastic differential equation for a Brownian bridge,
or more precisely, for the horizontal lift of a Brownian bridge. In the case
M =R, the equation is well known: under the probability measure Py,
there is a d-dimensional Brownian motion b such that

(5.4.4) X +b / "X d
4. =x — s.
t ¢ T —s

We first write the positive local martingale {es, 0 < s < T'} (see (5.4.2))
in the form of an exponential martingale. Let us compute the stochastic
differential of In eg. Using the fact that pys (¢, x, y) satisfies the heat equation
in (¢,z) for fixed y, we have, after an easy computation, an equation for
Inpas:

0

alan = iAlan + §\V1an\ .
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This equation can be lifted to the orthonormal frame bundle O(M). Let
o (s, u,y) = pau(s, mu, y) be the lift of pas(s, z,y) to the orthonormal frame
bundle O(M). The above equation for In pys(t, x,y) becomes

0. - 1 _ 1 _
(5.4.5) g Inpy = iAO(M) Inpar + §|VH Inpas|?,

where
VEIpy = {H Inpy, ..., Hg Inpps}

is the horizontal gradient of Inp and Ag(,s) the horizontal Laplacian on
O(M) (see SECTION 3.1). Let U be a horizontal lift of the coordinate process
X on W(M). We know that U is a horizontal Brownian motion under the
probability P,; hence its anti-devlopment W is a d-dimensional euclidean
Brownian motion and

AU, =Y H;(U) o dWY.
=1

We now apply [to’s formula to
Ines =npy(T —5,Us,y) — Inpu (T, z,y).
Using (5.4.5), it is easy to verify that

1
dlnes = (V,,dWs) — 5 V4|2 ds,

where

V, VA In (T — s, Us, ).

Note that the gradient is always taken with respect to the first space variable.

Putting things together, we have obtained the following formula for the
Radon-Nikodym derivative of Brownian bridge with respect to Brownian
APy .1

motion:
S 1 S 2
aP, |, = exp [/0 (Vi, dW,,) — 2/0 \A du] )

Now, by Girsanov’s theorem (see THEOREM 8.1.2), under the probability
Py.y.7, the process

S
bS:WS/ Vidr, 0<s<T,
0

is a Brownian motion. We now summarize.

Theorem 5.4.4. Let P, .7 be the law of the Brownian bridge from x to
y of time length T. Then there is a Brownian motion {bs,0 < s < T} such
that the horizontal lift of the Brownian bridge X satisfies the stochastic
differential equation

(5.4.6) dUs = H;(Uy) o {db’ + H; Inppy (T — 5,Us,y) ds} .
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In other words, the anti-development of the Brownian bridge X is
(5.4.7) Wy = by +/ U Inpy(T — 7, X,,y) dr.
0

Remark 5.4.5. We have shown (basically by Girsanov’s theorem) that
under P, .7, the horizontal lift U of the coordinate pricess X is a semi-
martingale on [0,7") and satisfies the equation (5.4.6). To show that U is a
semimartingale on the closed time interval [0, 7] we need to show that

T
/ IVInpa (T — s, X5, y)| ds < o0
0

with P, .p-probability 1. This requires us to deal with the singularity of
the logarithmic heat kernel V Inpy, (¢, x,y) near t = 0. We will address this
question in PROPOSITION 5.5.6 below. (|

Using the explict formula for the heat kernel on R, we can verify easily
that (5.4.6) reduces to (5.4.4) in the euclidean case.

5.5. Derivatives of the logarithmic heat kernel

In order to deal with the singularity of the drift in (5.4.6), we need to
estimate VInp(T,x,y) for T near 0. In this section we will prove universal
bounds for the gradient |V Inpy (T, z,y)| and the Hessian |V In pas (T, z,y)|
in the range (0,1) x M x M. A bound of this kind for the heat kernel
pam (T, x,y) itself has already been proved in COROLLARY 5.3.5. The key idea
in our proof is to apply Itd’s formula to the processes VInpy (T — ¢, Xy, y)
and V2Inpy (T —t, Xy, y), where X is a Brownian bridge.

We introduce a few notational simplifications. For the rest of this sec-
tion, we will work exclusively with the measure IP; .7, so we simply write it
as P. The terminal point y is fixed throughout the discussion, so we usually
drop it from our notations and work with the function

J(t,u) o Inpy (T — t, 7u, y)

defined on the orthonormal frame bundle O(M). Note the reversal of time
on the right side. Recall that the horizontal gradient is

Va2 ={H\J,...,HyJ}.
For a multi-index I =iy ---14; of length [, we introduce the notation

HiJ = Hy, - Hy,J.

Let us first work with a general index I. Using the equation for the
horizontal Brownian bridge U in THEOREM 5.4.4, we have

(5.5.1) dHJ(t,Uy) = (VP HJ(t,Uy), dby) + {- -} dt,
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where
0 1

evaluated at (¢, U;). In terms of J, the heat equation (5.4.5) for In pas(s, z,y)

becomes

oJ 1 1 g2
Applying H; to both sides of the equation and using the result in the last

term of (5.5.1), we obtain

(5.5.2) d{HJ(t,Up)} = (VEHJ(t,Uy), db) + E;(t,Uy) ds,
where

(5.5.3) E;= % (Ao, Hr] T+ (VP H T,V T) - %HI(VHJ, VA,

In order to avoid the singularity at ¢ = T', we only use (5.5.2) up to time
t = T/2. Integrating from 0 to 7'/2 and taking the expected value, we have
T/2
(5.5.4) EH[J(T/Q,UT/Q) —H[J(O,Uo) =E E](t,Ut) dt
0

Note that the second term on the right is nothing but the covariant derivative
of Inpy (T, x,y) wirtten in the orthonormal frame bundle O(M). The above
relation is the starting point for proving the estimates for the derivatives
of the logarithmic heat kernel. The necessary estimates for £ with indices
of lengths 0, 1, and 2 are set out in LEMMA 5.5.2 below. The case Ej
follows directly from the relevant definitions. For other cases we hope that
the commutator in the first term will produce some lower order terms and
that some cancellations will happen between the last two terms. Clearly we
have to turn to differential geometry for computing commutators between
horizontal vector fields. A reader who does not want to be interrupted by
these differential geometric calculations should read the statement of LEMMA
5.5.1 and proceed directly to THEOREM 5.5.3.

On the orthonormal frame bundle, besides the d fundamental horizontal
vector fields H;, there are also d(d — 1)/2 fundamental vertical vector fields
defined as follows. Let o(d) be the Lie algebra of the orthogonal group O(d),
i.e., the space of (d x d) antisymmetric matrices. Each element A € o(d)
defines a vertical vector field V4 on O(M) by

VAF (u) = dF (ue') /dt|—o.

The map A +— V4 (u) is an isomorphism from o(d) to the vertical subspace
VuO(M). Let A;; € o(d) be the matrix whose (4, j)th entry is 1/2, (j,4)th
entry is —1/2, and all other entries are zero. Then {4;;,1 <i < j <d}isa
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basis for o(d). Let Vi; = Va,;, the vertical vector field corresponding to the
antisymmetric matrix A;;. Then

Vi= A"y, A={A"}¢co(a).

The d(d—1)/2 vertical vector fields {Vj;, 1 < i < j < d} are called the funda-
mental vertical vector fields. It is clear that {H;, V;;} is a basis for T;,0(M)
everywhere on O(M). We need to calculate commutators of these vector
fields.

The solder form 6 on O(M) is defined by
0(X)(u) =u'mX, X €T,0(M).
The connection form w is an o(d)-valued vertical 1-form on O(M) defined
by the following properties:
(i) w(X) = 0 if X is horizontal,
(ii) Vi(x) = X if X is vertical.
From these definitions, we have, for any X € TO(M),

(5.5.5) X = HG(X) + Vw(X)~
Recall the usual definition of the Riemannian curvature tensor:
(5.5.6) R(X,Y)Z =VxVyZ —-VyVxZ — Vix,y)Z-

For X,Y € T, M, the linear map R(X,Y) : T,M — T, M is antisymmet-
ric because the Levi-Civita connection is compatible with the metric. The
curvature form €2 is an 0(d)-valued horizontal 2-form on O(M) defined by

QUX,Y)(u) = v 'R(m X, m.Y)u, X,Y €T,0(M).
In terms of these differential forms on O(M), the definitions of the torsion

tensor (which is assumed to be zero here) and the curvature tensor become
the first and the second structure equations:

dfd =—0Aw,
dw=—wAw-+ Q.

Lemma 5.5.1. The following commutation relations hold:

(Hi, Hj] = Vo, 1) = —Q?}’Vab,
[Hi, Vix] = — Al H).

Proof. Recall that the exterior differential of a 1-form 7 is defined by
dn(X,Y) = Xn(Y) = Yn(X) —n([X,Y]),

where [X,Y] is the bracket of the two vector fields. We rewrite the above
identity as
n([X, Y1) = Xn(Y) = Yn(X) —dn(X,Y).
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Let n =0, X = H;, Y = Hj, and use the first structure equation on the right
side. We find that 0([H;, H;]) = 0, i.e., the commutator is a vertical vector
field. Using the second structure equation, we can compute w([H;, H;]) in
the same way and obtain

w([H;, Hj]) = —Q(H;, Hj).

It follows from (5.5.5) that [H;, H;] = —Q?}’Vab. The second commutation
relation can be proved similarly. U

We now come to the estimates of Ej.

Lemma 5.5.2. Let E; be defined in (5.5.3). There is a constant C such
that
1
15| = 5IVAIR,
(5:5.7) | < CI9 1)
|Eij| < CIVH I+ CIVEVH ]| + VAV T2,

Proof. The case Ejy follows directly from the definition.

For the case F;, we first note that V,;J = 0 because V,;, is a vertical and
J is the lift of a function on M. Hence from the first relation in LEMMA
5.5.1 we have
[H;,H;]J =0.
This implies that the last two terms in E; cancel. For the first term of E;,
a simple calculation using LEMMA 5.5.1 shows that

[H?, H,]J = —QV,, HJ.
From the definitions of V,, and H;J it is easy to verify that
VapHiJ = AR H,J.
It follows that there is a constant such that |E;J| < C|VHJ|.

The proof of the inequality for F;; needs the second commutation rela-
tion in LEMMA (5.5.1), and can be carried out along the same line. This
inequality is used only in estimating the second derivatives of Inpy/ (T, z,y)
in THEOREM 5.5.7, which is not needed for the rest of the book. For this
reason we omit its proof here and leave it as an exercise to the reader. [

We are ready for a global estimate of VInpy (T, x,y).

Theorem 5.5.3. Let M be a compact Riemannian manifold. Then there is
a constant C' such that, for all (T,z,y) € (0,1) x M x M,

dl@,y) 1 }

+7

<
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Proof. From (5.5.4) with I = () and the first line in (5.5.7) we have
T/2
(5.5.8) E/ VIt Uy)[Pdt = 2EJ (T/2,Ur ) — 2J(0, ug).
0

From (5.3.5) there is a constant C such that the right side of (5.5.8) satisfies

p(T/27XT/27y) [d(may)Q :|
2E |In <Cp |———+1}|;
pM(T?x7y) = T
hence
T/2 2
(5.5.9) E / VH I(s,U,)|2ds < O [d(f”Ty) + 1} .
0

Now taking I = in (5.5.4) and integarting from 0 to 7'/2, we have

T/2
TVH J(0,u,) :2E/ Va2t Uy) dt
0

T/2 T
_9E / (2 _ t) B(t,U,) dt,
0

where E = (E1,..., E4). From (5.5.7), there is a constant C such that
|E(t,Uy)| < Co|VHI(t, U)).
Hence,
T/2
TIVH (0, u,)| < C4E / VH It U)|ds.
0

Using the Cauchy-Schwarz inequality and (5.5.9), we obtain

d 2 1/2
TIVH J(0,u0)| < Cov/T [(”'“Ty) + 1} .
Dividing by T', we obtain
d(x,y) 1
= |VH < ’ .
|V1an(T,x,y)| ‘V J(T7u0)| —C |: T + \/T:|

O

Let us use our inequality for V Inpy/ (T, z,y) to prove a few useful facts.

Proposition 5.5.4. There is a constant C such that for all (T,z,y) €
(0,1) x M x M,

By yr d(Xe,y)* < Cd(z,y)? + Cmin {t, T — t}, 0<t<T.
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Proof. Suppose first that ¢ < T/2. Let O be a neighborhood of y covered
by a normal coordinate system z = {zl} Let f be a smooth function on
M such that f(z) = |z|? for z € O and f is strictly positive outside O. It is
clear that that there is a constant C such that for all z € M,

Crld(z,y)* < f(2) < Cud(z,9)*, |Vf(2)] <1/ [f(2).
From THEOREM 5.5.3 we have

e, 1

Inpy (T — t <
Vinpa (T =t 2,9)| < Co | 7p— +

Hence for t < T'/2, there is a constant C'3 such that

(5.5.10) (Vf(2),Vinpy (T —t,z,y))| < Cs [‘féf) + 1] :

From the stochastic differential equation for the Brownian bridge in THEO-
REM 5.4.4 we have

f(X¢) =f(x) + martingale + E /t Af(Xs)ds
2Jo

+ /t<Vf(Xs), Vinpy (T — s, X, y))ds.
0

The last term can be bounded by (5.5.10), and we obtain, for 0 <t < T/2,

BA00) < f) + Cat+ 5 [ BF(X) ds.
This implies by Gronwall’s lemma that
Ef(Xy) < Cs{f(x) +1}.
Note that Cf5 is independent of T'. The above inequality is equivalent to
Ed(X;,y)* < Cs {d(z,y)* +t}, t<T/2.
This shows the assertion for ¢ < 7T'/2. If t > T'/2, using
d(Xe,y) < d(Xy, z) +d(z,y)

and the fact that {X7_, 0 <t < T} under the probability P, ;.7 is the same
Brownian bridge as {X;, 0 <t < T} under P, .7 we have

Ez,y;T d(Xt7 y)2 S 2 Eﬂs,y;Td(Xtv x)Q + 2d($, y)2
=2 Ey,x;Td(XT—tv {I:)Q + Qd({I), y>2
< Cr {d(z,y)> + (T - 1)} .

This completes the proof. O
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Remark 5.5.5. The same line of thought can be used to show in general
that

Epyrd(Xe,y)™N < Ond(z,y)* + Cymin {t,T -}, 0<t<T. O

We now address the question whether the horizontal lift of a Brownian
bridge is a semimartingale.

Proposition 5.5.6. Let X be the coordinate process on the path space
W(M) and U its horizontal lift. Then, nder the probability P, .7, both
{Us, 0 < s <T} and {Xs, 0 < s < T} are semimartingales.

Proof. Clearly it is enough to show that U is a semimartingale. We have
shown that U is a semimartingale on [0,7") and satisfies the equation (5.4.6).
In order to verify that U is a semimartingale on [0, 7], it is enough to show
that

T
(5.5.11) Ex,y;T/ |VInpy (T — s, Xs,y)| ds < 0.
0

Using our estimate for the gradient of the logarithmic heat kernel (THEOREM
5.5.3) we have

d( X, 1
( y)Jr

_ <
|V1an(T 37X57y)‘—01|: T — s T —s

From LEMMA 5.4.2 we have
Ea:,y;T d(Xsa y) < CoVT —s.
It follows that there is a constant C3 such that

Cs
Eyyr [VInpy (T — 5, Xs,y)| < Vs
Now it is clear that (5.5.11) holds, and the proof is completed. ]

We now proceed to the second derivatives of Inpy/ (T, x,y). Although
this estimate is not needed later, it has been proven useful in several appli-
cations not covered in this book.

Theorem 5.5.7. Let M be a compact Riemannian manifold. There is a
constant C' such that, for all (T,z,y) € (0,1) x M x M,

2
(5.5.12) ‘VZ lnp(T,x,y)| <C [d(:z;y) + \/1?]

Proof. The proof is similar to that of THEOREM 5.5.3. We first show that

T/2 d(f]j ) 1 2
HwH 211 < Y
(5.5.13) /o |[VEVHJ(t, Uy 2dt < Cy [ T + \f} .
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Let I =diand t =T/2 in (5.5.2). We have

T/2
/ (VEVH J(t,Uy), dby)
0

t
= VA I(T/2,Ur9) — VI (0, ug) —/ E(s,Uy) ds.
0
Squaring it and taking the expectation, we have
T/2
(5.5.14) IE/ (VHVH (s, U)|2ds < Co {S1 + S» + Ss}
0

where
S1 = E\VTJ(T/2,Up)|%,
So = |VHJ(0aU0)‘2’

T/2
Sz = E/ |E(t,Uy)|?dt.
0

By THEOREM 5.5.3 (the estimate for the first derivatives of the logarithmic
heat kernel) and LEMMA 5.5.4,

d(X7/2,Y) 177
5. < ALy 9, -
(5.5.15) 510315[ + +ﬁ}
Ed(Xz/0,y)* 1
sC|\——F  +7
dx,y) 1177
< — .
< Cs [ T + \/T]
Also, by THEOREM 5.5.3,
d(z,y) 177
.0. < — .
(5.5.16) 52_06{ ~ +\/T}

For S5 we use the inequality |E(t, Uy)| < C7|VH J(t, Uy)| in (5.5.7) and (5.5.9)
to obtain

(5.5.17) S3 < Cs {W + 1] < Cy [ Tt

d(z,y) 1 ]2‘

From (5.5.14) — (5.5.17) we obtain (5.5.13)
Now integrating (5.5.4) with I = ij from 0 to T'/2, we have

T/2
TVEVH J(0,u,) = 2E VEVH j(t,U) dt
0

T/2 T
+ 2E/ <2 - t) Ft,Uy) dt,
0
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where F' = {E;;}. From the last line of (5.5.7) we have a bound for |F'(t, U)|,
and so

(5.5.18) T\VEVH J(0,u,)| < C3{K + Ko + TK3},

where

T/2
K| =E / V(L Uy)ldt,
0
T/2
K,=E / \VEVH J(t, Uy)|dt,
0

T/2
Ky = E/ \VEVH J(t,Uy) |2 dt.
0

Using (5.5.9), we have

/2 1/2
VI (t, Up)|dt

K, <VT |E

S—

<CWT [d(x’y)z + 1] v

< CsT {d(?w 1}2.

N

3

Using (5.5.13), we have
1/2

T/2
Ky < VT E/ \VAH (¢, Uy)|2dt
0

< VT [d(g;ly) + \/127]

d(z,y) 1]

32 T

dlw.y) 1 ]2'

§08T|:

T T

Here in the third step we have used the inequality

2
dz,y) dl@y)” 1
T3/2 = T2 T

Also using (5.5.13), we have

d 172
K3§Cl[)|: (?,y)-l-ﬁ] .

<ar|
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Putting the upper bounds for K7, K, and K3 into (5.5.18), we obtain

d(z,y) 1 7?
Vi npy (T, z,y)| = |VIVHI(T,u,)| < C [ =+ — .
Vo Inpy (T, 2, )| = | (T uo)l < Oy | =75 7T
([
Remark 5.5.8. In general we can show that, for (¢,z,y) € (0,1) x M x M,
d(z,y) 1N
VN npy (T, z,y)| < C [ ’ +]
VY g ()] < O [ S8 +



Chapter 6

Further Applications

In this chapter we study two geometric problems by probabilistic methods.
The first one is the Dirichlet problem at infinity for a Cartan-Hadamard
manifold M. By the Cartan-Hadamard theorem, it can be compactified
by its sphere at infinity So(M). We reduce the solvability of the Dirichlet
problem on M = M U S (M) to the problem of angular convergence of
Brownian motion on M. After explaining a general scheme for proving
angular convergence in SECTION 6.1, we prove, in SECTIONS 6.2 and 6.3
respectively, the solvability of the Dirichlet problem at infinity under two
typical upper bounds on the curvature:

(i) Ky (z) < —a? for a constant a > 0;

C
il) Ky (z) < ————— for a constant C > 2.
(i) Kule) €~
In both cases we need to assume an appropriate lower bound on the growth of
the Ricci curvature. If the manifold is radially symmetric, then the solvabil-
ity of the Dirichlet problem at infinity can be reduced to a one-dimensional
problem. This case is discussed in SECTION 6.4.

The second problem is the eigenvalue estimates for a compact Riemann-
ian manifold with nonegative Ricci curvature by the method of coupling. It
is somewhat surprising that this probabilistic method yields the sharp lower
bounds for the first nonzero eigenvalue; namely, if Ricys(z) > (d — 1)K for
some nonnegative constant K, then

dK, K >0,
(M) > 2

— K =0.

d(M)*’

157
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Here d(M) is the diamter of M. Unlike geometric approaches to these
estimates, the probabilistic proofs of these two cases are almost identical.
The key idea, due to Chen and Wang[10], is to calculate the decay rate
of the expected value of a suitable chosen function of the distance between
the coupled Brownian motions. In SECTIONS 6.5 and 6.6 we will describe
the Kendall-Cranston coupling and its relation with index forms. The two
eigenvalue estimates are proved in SECTION 6.7.

6.1. Dirichlet problem at infinity

If D is a smooth domain in a Riemannian manifold and f € C(9D), then
in LEMMA 4.4.3 we have shown that the solution to the Dirichlet boundary
valued problem

Au=0, on D,
u=f, on 0D,

is given by u(z) = E; f(X,,). Here E, is the expectation with respect to
the Wiener measure (the law of Brownian motion) on W (M) starting from
z. The Dirichlet problem at infinity for a Cartan-Hadamard manifold has
a similar representation formula. We will start with some basic facts about
Cartan-Hadamard manifolds; see Jost [50] and Schoen and Yau [64] for more
detailed discussion.

A Cartan-Hadamard manifold M is a complete, simply connected Rie-
mannian manifold of nonpositive (sectional) curvature. For any fixed point
o € M, the exponential map exp : T,M — M is a diffeomorphism between
ToM and M, and we can introduce global polar coordinates on M. Two
geodesic rays v and 2 on M are said to be equivalent if there is a constant
C such that d(v1(t),72(t)) < C for all ¢ > 0. It can be shown that this is
an equivalence relation on the set of geodesic rays. The set of equivalence
classes is called the sphere at infinity Soo(M). If we fix a reference point
0 € M, then So (M) can be identified with the unit sphere on the tangent
space T, M.

We now describe a topological structure on the union M = M US.(M).
Let 6y € Soo(M) be a point on the boundary. For any o € M, 6y can be
identified with a unit vector on the tangent space T,M. Take a positive .
We define a truncated cone

T(O, 90,)\,R) = {(T‘, 9) eM: 4(00,9) <A > R} .

If we take {T'(0,00,\,R): X >0,R >0} as a topological basis of M at
0o € Soo(M), then it can be shown that the resulting topology (called the
cone topology) on M is independent of the reference point o, and with this
topology M is a compactification of M, namely, M is compact and the nat-
ural inclusion ¢ : M — M maps M homeomorphically onto a dense open
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subset of M. If (r,0) are the polar coordinates based at o, then a squence
of points z, = (ry,0,) € M converges to a boundary point 0y € Sy (M) if
and only if 7, — oo and (z,) — 6p in S¥~!. Thus topologically M is R?
compactified by its own boundary at infinity.

Given a continuous function f on So (M), the Dirichlet problem at in-
finity is to find a function u € C°°(M) N C(M) such that

Au =0, on M,
u=f, on Seo(M).

We say that the Dirichlet problem at infinity is solvable for M if for every
f € C(Sac(M)) there is a unique solution ug. This property of a Cartan-
Hadamard manifold can be obtained under certain conditions on the cur-
vature of M, and has been studied extensively by both analytic and prob-
abilistic methods. By analogy with the case of a bounded domain, we will
solve this problem probabilistically by showing that under suitable geomet-
ric conditions Brownian motion X on M converges to a random variable X,
on the boundary Soo(M) as t T e(X). The function uys(z) = E, f(X.) will
be harmonic on M. If we can further show that the law of X, satisfies

lim P, o Xe_1 = point mass at 6,

z—0y
then uy is continuous on M and its value on the boundary is f. In particular,
there are nonconstant bounded harmonic functions on M.

Proposition 6.1.1. Let M be a Cartan-Hadamard manifold. Let P be the
law of Brownian motion on M starting from x. Suppose that for any x € M
we have

P, {Xe = lim X; em'sts} =1
tTe

(in the topology of M) and for any 0y € Soo(M) and any neighborhood O of
90 m SOO(M>
lim P, {X, € O} = 1.

:1?—>90
Then the Dirichlet problem at infinity for M is uniquely solvable. For any
f € C(Sxc(M)), the function us(x) = E, f(Xe) is the unique solution of the
Dirichlet problem with boundary function f.

Proof. Since us(x) = Eyu¢(7p) for any relatively compact open set D con-
taining x, the function uy is harmonic on M. We show that it is continuous
on M and is equal to f on the boundary. For any 6y € Soo(M) and € > 0,
choose a neighborhood O of 6y in So (M) such that

|f(8) — f(60) <€, VO€O.
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Then

lug(z) — f(0o)] < Eof f(Xe) — f(60)]
< ePp{Xe € O} +2|flccPz {Xe € O} .
Letting 2 — 6o, we have limsup,_,g, |uy(z) — f(6o)| < e. This shows that
lim, g, us(x) = f(6p). Thus uys is a solution of the Dirichlet problem.

To prove the uniqueness, let {D,} be an exhaustion of M and u a so-
lution of the Dirichlet problem at infinity with boundary function f. Then
{U(Xt/\an)7 t> 0} is a uniformly bounded martingale under P,; hence
u(r) = Equ(Xiarp, ). Letting ¢ T oo and then n T oo, and noting that
Tp, | e, we have

w(@) = Eru(Xe) = By f(Xe) = up(2).

Thus every solution coincides with uy. This proves the uniqueness. [l

We now describe a general scheme for proving the convergence of Brow-
nian motion on a Cartan-Hadamard manifold. We have mentioned before
that the statement

Xt = (r,0;) =6y astle
is equivalent to
re—oo and 6, — 6y astTe.

In the latter statement, the first part is guaranteed if Brownian motion is
transient on M. The second part is the angular convergence of Brown-
ian motion. To prove the angular convergence, we look at succesive times
Brownian motion moves a distance 1:

7 =inf{t >0:d(X;,0) =1},
Tp, = inf {t > Tpo1 0 d( Xy, Xo, ) 1}

Tn—Tn—1 18 the amount of time spent on the nth step. The angular oscillation
during the time interval [7,,_1, 7] is

A, = max dga-1(0(X,, ,),0(Xy)).

Tn—1<t<Tp

Proposition 6.1.2. Let M be a Cartan-Hadamard manifold. Suppose that
Brownian motion is transient:

Py{ri o0 astle}=1.

Then the Dirichlet problem at infinity is solvable if for any positive ¢,

(6.1.1) hm P, {Z Ab, <5} =1.
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Proof. First we note that that > > ; A, < oo implies that lim. Xy = X,
exists. By the assumption, for any fixed positive € and §, there is an R such

that
P, {ZAen < 5} >1—¢  7(2)>R.
n=1

Suppose that § < 1 and let 7p = inf{¢: 7, = R}. Then by the Markov
property at Tr, we have

P, {Xe = ltle X exists}
> Py {Z Ab, < 1}
n=1
=E.Px,, {Z Ab, < 1}
n=1

>1—ce.
Since € is arbitrary, we have
P, {Xe = ltiTth exists } =1, Vx € M.
Let 0y € Seo(M), and O a neighborhood of 6y in So (M) containing 6.
Then there is a § > 0 such that
{9 S SOO(M) : d§d71(9,90) < 2(5} C 0.
Note that Xy = x, from which we have §(Xy) = (). Hence,

dsa—1 (60, 0c) < dga-1(6(x),60) + > Ab.
n=0

For any € > 0 and the above §, fix R as at the beginning of the proof.
If = is sufficiently close to 6y, we have dga—1(0(x),00) < J, and r(xz) > R.

Therefore,
{ZAen < 5} C {0 € O},

n=0

and

Px{ﬁeeO}Z]}Dm{ZAOngé} >1—e

n=0
This shows that
lim P, {X. € O} =1.
:E—>90

By PROPOSITION 6.1.1, the Dirichlet problem at infinity is uniquely solvable.
O
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The above proposition reduces the solvability of the Dirichlet problem
at infinity to estimating the total oscillation ) > ; Af,. This can be done
as follows. Let

Jy=#{n:r, <k}
be the total number of steps in the geodsic ball B(k). We have

Jk—kalz#{n:k—1<7‘7—" Sk}
For each n such that ., € B(k)\B(k — 1),
T > k- 17 d(Xt’XTn—l) < 17 te [TannJrl]'

We show below that this is the situation where the angular oscillation during
the time interval [7,, T,+1] can be estimated by geometric considerations (see
LEMMAS 6.2.1 and 6.3.1). Let us assume that

(6.1.2) A6, < hy, fork—1<r, >k—1,

where hj, is decreasing in k. They will be calculated once we impose explicit
upper bound on the sectional curvature of the manifold. From the inequality

D A0 <D (k= Tr-1)hk
n=1 k=1

we have
(6.1.3) Z_;Aen < kZ_Q Ji-1(hi—1 = hy) + lim inf Jyhy.

Now the problem reduces to obtaining good bounds for Ji, the number of
steps in B(k).
An upper bound on Jj is possible if Brownian motion goes to infinity

at a fast rate. Suppose that f is a continuous, strictly increasing function,
f(0) =0, such that for any R

(6.1.4) lim P,{r: >R+ f(t), Vt>0}=1

r(x)—oo
The function f will be given explicitly later. Let
A={r; >R+ f(t), Vt>0}.

On A, Brownian motion always lies outside B(R); hence the sum in (6.1.3)
can be limited to the range k > R. Also on A we have r; > f(t). This
implies that

(6.1.5) mes {t: 1y <k} < fH(k),

where f~! is the inverse function of f and mes{---} denotes the Lebesgue
measure on [0,00). On the other hand, the total amount of time Brownian
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spends in B(k) satisfies
(6.1.6) mes {t:ry < k} > Z {Tn1 — Tt
T Jk—1

If r;,, <k —1, the time difference 7,41 — 7, can be estimated by THEOREM
3.6.1 as follows:

C
(6.1.7) P, [Tnﬂ —r <2
Ly

rr, < k— 1] < e_CQL’“,

where

Ly /= inf {Ricy (z) : r(z) < k}

is the lower bound of the Ricci curvature on B(k). The explict form of Ly
depends on the lower bound on the Ricci curvature we will impose on the
manifold. In general, L goes to infinity fairly fast, so that the probability
in (6.1.7) is fairly small. Now it is clearly intuitively why we can bound
Jx—1, the number of steps in the geodesic ball B(k — 1). If we ignore the
small probability in (6.1.7) and assume that

7'n_|_1—7'n>—1 for r,, < k-1,
Ly,
Then from (6.1.5) and (6.1.6) we have
k)L
Jo 1 < w

1
If we do not ignore the probability in (6.1.7), then the above event should
occur with high probability. To be precise, let n; be the Ith step such that

rr, < k—1and
C
Al = {Tnl+1 — Tp, > 7[; } .

If the event AN Ay N---NAx N [Jg—1 > NJ occurs, then by (6.1.5) and

(6.1.6),

fHE) > mes{t:r <1} > CIIJN.
k

This cannot happen if

k)L

1 N >
(6.1.8) Z

Therefore for such N, we have
ANAin---NANN[Jg_1 > N] =0,

or equivalently,
AN[Jg_1 > N] CATU---UAY.
By (6.1.7) each A¢ has probability not greater than e~“2L+. This implies

P, {AN[Ji_1 > N]} < Ne 2Lk,
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This being true for all N satisfies (6.1.8), we may replace N by Csf (k)L
for a large C3 and obtain

P, {A N [Jk,1 > Cgfil(k)Lk]} < Cgffl(k)Lkefchk.
Summing over k£ > R and taking the complement, we have
Py {AN [Jg_1 < C3f ' (k)Ly, Vk > R]}

>P,A— C4 Z (k) Lye~ @2l
k>R

If the event on the left side occurs, then J, = 0 for £k < R and, provided
that Jyhy — 0 as N — oo, we have, by (6.1.3),

> A6, <C3 Y fH k) Li(hier — i),
n=1

k>R

To summarize this part of the argument, we have

Poq D A6, <Y epp 2Pu{re > R+ f(t), V¢ 20} = m,

n=1 k>R k>R
where
e = C3f ' (k) Li(hi—1 — hy),
e = Csf ! (k) Lye™ 20+,
Ly, = /— inf {Ricps(x) : 7(2) < k}.

By PROPOSITION 6.1.2 the Dirichlet problem at infinity is uniquely solvable
if the following conditions are satisfied:

hmr(x)ﬂoo P, {Tt > R+ f(t), t > 0} =1, VR>0,
Zzozl Nk < 0,

Zk:l €k < 0,
limy 00 JNAy = 0.

(6.1.9)

In the next two sections we will discuss two typical cases where the above
conditions are satisfied.

We end this general discussion of the Dirichlet problem at infinity with
a geometric comparison theorem that will be needed to estimate A6, i.e.,
to calculate hy; see (6.1.2). Again let

#(r) > sup {Kn(x) : r(z) = 1}
Let G be the solution of the Jacobi equation
G"(r) + k(r)G(r) = 0, G0)=0, G'(0)=1.
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Theorem 6.1.3. Let M be a Cartan-Hadamard manifold and o € M. De-
fine G as above and let N be the radially symmetric Cartan-Hadamard man-
ifold with metric ds®> = dr? + G(r)?d0* (d6? is the standard Riemannian
metric on S¥71). Let zoy be a geodesic triangle on M with a vertex at o and
/0"y’ a geodesic triangle on N such that

dy(d,a’) =r(x), dn(d,y) =r(y),
and

dsa-1(0(2"),0(y")) = dga-1(0(x), 6(y)).
Then we have

dM($7 y) > dN(xlv y/)

Proof. On M let v be the minimal geodesic joining  and y. On the geodesic
triangle xoy suppose that «y is given by {r(6),0 < 0 < 6y}. On N, consider
the curve + given by the same equation. Let V' be the Jacobi field on M
along a geodesic ray such that V(0) = 0 and V(r(0)) = 4(r(0)), let V' be
the corresponding Jacobi field on N. The radial sectional curvature on N
is given by

G"(r)

Kn(X', X!) = o) X' LX, |X|=1
r

By the hypothesis, each radial sectional curvature on M satisfies

G'(r)
G(r)’

Ku(X,X,) < — X1X, |X|=L1

Hence we have Ky (X, X,) < Kn(X’,X]), and by the Rauch comparison
theorem (see Cheeger and Ebin[9], pp. 29-30), we have

VO > VEO), e, FO)>50)]
Now,
0o 0o
I(y) = /0 5(6)]d8 > /0 5/(6)1d6 = 1().

Since dpy(z,y) = I(y) and dy(2',y") < 1(v'), the result follows. O

The above theorem will be used to bound the angle between two geo-
desic rays on a Cartan-Hadmard manifold M by the corresponding angle
on a radially symmetric manifold constructed from the upper bound of the
sectional curvature of M; see LEMMAS 6.2.1 and 6.3.1.
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6.2. Constant upper bound

In this section we show that the Dirichlet problem at infinity is solvable
under the following curvature condition: there are positive constants a, C,
and 7 € (0,1) such that

—CeMar(@) < Ricys(z), Ky(z) < —d’.
From the discussion in the last section, it is enough to verify (6.1.9) under

these curvature conditions.

Lemma 6.2.1. Let M be a Cartan-Hadamard manifold. Suppose that there
is a positive constant a such that Ky (x) < —a®. Let x,y € M be such that
r(x),r(y) >r>2 and d(z,y) < 1. Then

dga-1(0(z),0(y)) < m < C(a)e™ ™.

Proof. Let M_,2 be a complete, simply connected manifold of constant
curvature —a?. On M_ 2 consider a geodesic triangle 2’0y’ such that

d(o',2") = r(z), d(d,y) =r(y),
and
dsa-1(0(2"),0(y")) = dga-1(0(x), 6(y)).
The Riemannian metric on M_ 2 has the form
sinhar

=dr’* + G(r)*df?, G(r) = ;

(12 a

dsﬁﬂi
hence
d(@',y) > G(r — 1)dsa-1(0(2"),0()) = G(r — 1)dga-1(0(x), 0(y))-
By the comparison THEOREM 6.1.3, we have d(z’,y’) < d(x,y). Hence
1> G(r —1)dga-1(0(x),0(y)),
and the result follows immediately. [l

We now estimate the probability that Brownian motion returns to a
fixed geodesic ball.

Lemma 6.2.2. Suppose that Ky;(z) < —a®. For any R > 0 we have, for
r=r(z) 2 R,

(6.2.1) P, {rt < R for somet >0} < cosh! ¢ a(r — R).

Proof. By the radial process comparison THEOREM 3.5.3 we may assume
that M is radially symmetric. The radial process in this case is
d—1 [
re =19+ Ot + —5 acoth arg ds,
0
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where ( is a Brownian motion. The following argument is well known. The
generator for the one-dimensional diffusion process {r;} is

1/d\* d-1 d
A2<dr> + 5 acothar%.

Let
oo
s(r) = / (sinh au)'~4du.
T
Then As =0, i.e., s is A-harmonic. Let og = inf {¢t: r, = R}. If r(x) > R,
then {s(rtpop)} is a uniformly bounded martingale. Letting ¢ T co, we have
s(r) =Ezs (rtrey) = S(R)Py {or < 00} .

Hence

s(r)

P, {ri < R for some t > 0} =P, {op < 0} =

s(R)
On the other hand,
s(r) [ (sinhau)' ™ du
s(R) [z (sinh au)' " du
< sup sinh a(.u +r—R)]
u>R sinh au
< cosh'"®qa(r — R).
In the last step we have used the inequality
sinh(z +y)  sinhzcoshy + coshxsinhy
: = - > coshy.
sinh x sinh x
The result follows. O

Next we consider the rate of escape for Brownian motion.

Lemma 6.2.3. Suppose that Ky(z) < —a®. For any A\ < (d — 1)a/2 and
R > 0 we have
lim P,{ri >R+t Vt>0}=1.
r(x)—o0
Proof. By the radial process comparison THEOREM 3.5.3, it is enough to
show the result for the process
d—1 [*

re =19+ Ot + —5 acotharg ds.
0

Fix A\ € (A, (d—1)a/2) and € > 0. By the law of the iterated logarithm for
Brownnian motion,

lim inf L =

tho \/2tInlnt
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Hence there is an Ry independent of x such that
(6.2.2) P. {6 >—-(AN=X)t— Ry, Vt >0} >1—e.
Take Ro such that

acothar > A\, Vr > Rs.

By LEMMA 6.2.2 for sufficiently large r(x) we have
(6.2.3) P, {r, > Ry, ¥t >0} > 1 —c.
If the events in (6.2.2) and (6.2.3) happen simultaneously, then for all suffi-

ciently large r(x),

re=r(x)+ G + % /tacotharsds
>r(x) — (M —)\)t—(}%l + A\t
> R+ Mt
This implies that
P, {r; > R+ \t, ¥>0}>1— 2.

Theorem 6.2.4. Let M be a Cartan-Hadamard manifold such that
—Ce2—mar(z) < Ricps(z), Ky(x) < —a®
for some positive constants a,C, and n € (0,1). Then the Dirichlet problem

at infinity on M is uniquely solvable.

Proof. By the discussion in SECTION 6.1, it is enough to show (6.1.9). We
can take

f(t) = At, by LEMMA 6.2.3;
Ly = Cre2=mak/2  hy the lower bound of the Ricci curvature;
hi, = Coe™ %, by LEMMA 6.2.1.
It is now straightforward to verify (6.1.9). O

6.3. Vanishing upper bound

We now consider the second typical situation where the Dirichlet problem
at inifnity is uniquely solvable: the upper bound of the sectional curvature
approaches zero at infinity. We assume that there are positive constants
a> 2, <a—2, and Ry such that for all 7(z) > Ry,
ala—1)

r(z)?

Again we need to verify (6.1.9) under this curvature assumption.

—r()%® < Ricy(z), Kuy(z) < —
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Lemma 6.3.1. Let M be a Cartan-Hadamard manifold. Suppose that there
are positive constants a > 1 and Ro > 1 such that for all r(z) > Ry,
ala—1)

r(z)
Let x,y € M be such that r(x),r(y) > 2Ry and d(z,y) < 1. Then there is a

constant C independent of x and y such that the angle between the geodesic
rays oxr and oy satisfies

Ky (z) < —

dsa-1(0(x),0(y)) <

r(z)®

Proof. Let

r(z)=r r

—1
k(r) = min { sup Kp/(x), 04(0[2)} .
Let G be the unique solution of the Jacobi equation

G"(r) + K(r)G(r) =0, G(0)=0, G'(0)=1.

Since k(r) = —a(a — 1)/r? for r > Ry, there are constants Cy, Cy, C3 and
Ry > Ry such that

(6.3.1) G(r) = C1r® + Cor'™ > Cyr®,  Vr > Ry.

Now the proof can be completed as in the proof of LEMMA 6.2.1. U

As in the last section, we need to find the probability of Brownian motion
returning to a geodesic ball.

Lemma 6.3.2. Let M be a Cartan-Hadamard manifold. Suppose that there
are positive constants o > 1 and Rg > 1 such that for all r(x) > Ry,
ala—1)

r(z)
There is a constant C' such that, for all R > 1 and x € M withr = r(x) > R,

R (d—1)a—1
P, {ri <R for somet20}§0(> )

KM(CL') S —

r

Proof. Define the function G as in the proof of LEMMA 6.3.1. As before,
we may assume that M is radially symmetric with the metric ds®> = dr? +

G(r)2d6?. Let
s(r):/ G(s)!ds.

By the same argument as in LEMMA 6.2.2 we have

s(r(z))
s(R) ~

P, {r: < R for some t > 0} =
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We have G(r) ~ C17r® and s(r) ~ Cor'=®@=1) a5 1 1 00, for some positive
constants C'y and Cs. The result follows immediately. O

In order to find the rate of escape for Brownian motion, we need some
facts about Bessel processes. Let Y, , be the Bessel process of index ¢ > 1
from a > O:

t
q ds
6.3.2 Y, o(t) =a+ —l—/
( ) q:a( ) /Bt ) 0 }/;]7[1(3)’
where (3 is a one-dimensional Brownian motion. Suppose that 1 is a positive

[e.e]
nonincreasing function such that / (1) dt < co. Then
0

Y,
}P’{litminf q’a(? > 1} =1.

This is the well known integral test for lower functions of Bessel processes;
see Shiga and Watanabe [67]. In particular, for any A\ > 0 we have

(6.3.3) P {lim Yoal) _ oo} =1.

tToo t1/2=2

Lemma 6.3.3. For any A\ >0 and R > 0 we have

lim P, {r > R+ 027 vz 0p=1.
r(z)—o00

Proof. By the comparison THEOREM 3.5.3 it is enough to assume that M

is radially symmetric, as in LEMMA 6.3.2. The radial process in this case is

given by

d—1 [1G'(rs)
pu— d .
=i S [ o
Fix ¢ and ¢ such that 1 < ¢ < ¢ < (d — 1)ae. For any € > 0, by (6.3.3)
there is an R;, dependent on ¢ but independent of x, such that

(6.3.4) P, {qu,l(t) > /2N Ry v > o} >1-e
By the inequality in (6.3.1) there is an Ry independent of € such that
d—1G'(r) _ q
— > —, Vr> Rs.
2 G(r) — 21’ rzf

By LEMMA 6.3.2 for sufficiently large r(x) we have
P, {m S Q(B+ Bi+ Ry)

6.3.5
( ) o q9—q1

Let X =75 — (R+ Ry). If the event in (6.3.5) holds, then

> q(R+ R + R2) > Ry
q—q

, VtZO}Zl—e.
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and

q1 q1
PO S
- Ts—(R+R1) X

This implies a lower bound on the drift:

9
Ts

/
d—lG(rs)>g>ﬂ.
2 G(rs) —rs — X
Now, for the process {X;} we have
d—1 [*G'(ry)
Xe=r(x)—(R+R1)+ 5+ ds
(=) - (R R+t [ 2
re) - (R4 R+ 6+ D [ 21
= - 1 - ~ )
vty ) x, T

for some nondecreasing process {l;}. Compare this with the equation

t
¢ ds
Y, 1(t) =1+ —i—/ —_
th() & 2 Jo )th(s)

If r(x) > R+ Ri + 1, we have X; > Y, 1(t) (see the proof of THEOREM
3.5.3). Hence, if both events in (6.3.4) and (6.3.5) hold, then

re=R+Ri+X; > R+ Ry + Yy 1(t) > R+t1/27A
It follows that, for sufficiently large r(z),
P, {rt > R4 t1/27 vt > o} >1— 2.
This completes the proof. O

Theorem 6.3.4. Let M be a Cartan-Hadamard manifold. Suppose that
there are positive constants a > 2, 8 < o — 2, and Ry such that

—1)
—r(2)?® < Ri Ku@) <29 D ) > R
r(z)?” < Ricp(x), m(z) < RSN r(z) > Ry
Then the Dirichlet problem at infinity is solvable.
Proof. We need to verify (6.1.9). We can take
f(t)=t/2"* by LEMMA 6.3.2;
L, = C1kP, by the lower bound of the Ricci curvature;

hi = Cok™, by LEMMA 6.3.1.
Now it is straightforward to verify (6.1.9) if 0 < A < («—2—73)/2(a— (). O

The following corollary is immediate.
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Corollary 6.3.5. Let M be a Cartan-Hadamard manifold. Suppose that the
Ricci curvature is bounded from below by a constant. If there are positive
Ry and ¢ > 2 such that

c

r(z)?’

then the Dirichlet problem at infinity is solvable.

Ky (z) < —

Vr(z) > Ry,

6.4. Radially symmetric manifolds

If a Cartan-Hadamard manifold M is radially symmetric, the problem of
solvability of the Dirichlet problem at infinity affords an elegant probabilistic
solution by taking advantage of the special structure of Brownian motion.
The Riemannian metric has the form ds? = dr? + G(r)%2d6?. As always we
identify the boundary at infinity S (M) with the unit sphere S¥~! in T, M.

We have shown in EXAMPLE 3.3.3 that the radial process r; = r(X;) is
the solution of the equation
d—1 [tG'(rs)
2 o G(rs)
where 3 is a one-dimensional Brownian motion, and the angular process

0; = 0(X;) is a time-changed Brownian motion on S~!. Define a new time
scale

642 Iy

Then there is a Brownian motion Z on S¢~! independent of the Brownian
motion 3 such that 6; = Z;,. Because Z is recurrent on S?~!, the only way
the limiting angle ¢, = limq. 0; can exist is when [, < oco. This argument
reduces the angular convergence problem to the one-dimensional problem of
finding conditions on the function G such that P, {lo < oo} = 1.

ds,

(6.4.1) Ty =10+ B +

We now observe that [, is the lifetime of the radial process after a time
change. In fact, let 7 : [0,l.) — [0,€) be the inverse function of [ : [0,e) —
[0,l.) and let Y; = ry,, t < l.. Then it is clear that

e(r) ds

L A

In terms of Y we have .
T = / G(Ys)?ds.
0

Replacing t in (6.4.1) by 7, we have

d—1 [t
Y=Y+ 06 + 2/ G'(Ys)G(Ys) ds.
0
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Of course, {f} is no longer a Brownian motion; it is a local martingale
with the quadratic variation 7. Hence there is a Brownian motion W such
that

8, = /Ot G(Y,) dW,.

It follows that the time-changed radial process is the solution of
d—1
(6.4.3) dYy = G(Yy) dWy + TG’()@G(Yt) dt.

It is therefore an L-diffusion on [0, 00) with the generator

2
L= % [G($)2 (;i) + (d— l)G/(:U)G(:c)ddm] .

We have stated in PROPOSITION 4.2.2 the exact condition under which Y has
finite lifetime with probability one. It is now a simple matter of expressing
this condition explicitly in terms of G. Define

J(G) = / h G(r)ddr / TG(s)d_?)ds.

Proposition 6.4.1. Let M be a radially symmetric Cartan-Hadamard man-
ifold of dimension d > 2 with the metric ds®> = dr* + G(r)?d#?. Then

P, {ltle Xy =X, exists} =1
if and only if J(G) < 0.

Proof. We first note that J(G) < oo implies that X is transient; thus
the limit X; = (r,6;) — (re,6.) exists with probability one if and only
if the limiting angle 6. exists with probability one. Let Y be the one-
dimensional diffusion defined by (6.4.3). Then, as we have argued before, the
limiting angle 6. exists with probability one if and only if P, {e(Y) < o0} =
1. According to PROPOSITION 4.2.2 this happens if and only if one of the
following three cases happens:

(1) 1(0) < 400 and I(00) < 00;

(2) s(0) = —o0 and I(00) < o0;

(3) 1(0) < 400 and s(o0) = 0.

In the present case, we have
s(r) —/ G(s) s,
I(r) :/ G(s)l_dds/ G(u)?3du.
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From G(r) ~ r asr | 0 we have s(0) = —oo and [(0) = oo; thus only (2) can
happen. It follows that P, {e(Y) < oo} = 1 if and only if I(c0) = J(G) <
00. g

It requires some work to show that the same condition also guarantees
the unique solvability of the Dirichlet problem at infinity.

Theorem 6.4.2. Let M be a radially symmetric Cartan-Hadamard manifold
of dimension d > 2 with the metric ds*> = dr? + G(r)?d0*. Then there are
two possibilities.
(i) If J(G) < oo, then for any f € C(Se(M)), the function u(zx) =
E.f(Xe) is the unique solution of the Dirichlet problem at infinity
with boundary function f.

(ii) If J(G) = oo, then every bounded harmonic function on M is a
constant.

Proof. (i) By PROPOSITION 6.4.1, the random variable X, exists. Using
the Markov property, we have u(z) = E, {u(X,,)} with B = B(x;r), from
which it is clear that u is harmonic (see LEMMA 4.4.3). Thus it is enough
to show that u takes the boundary value f.

We have u(x) = E, f(6e) with 6. = Z;,, where Z is a Brownian motion
on S? ! independent of I,. Hence we can write

(6.4.4) u(z) = E, /S _ paa (1 0(2). 0)F(6)dS.

Thus the distribution of 6, has a density E;pga-1(le, 0(x),0) with respect to
the volume measure on S¥~!. To show that f is the boundary value of u,
we first note that from

lim psa-1(t,00,0) f(0)d0 = f(6o)
tl0 Jgd-1

and the fact that the heat kernel pga—1(t, 01, 62) is rotationally invariant, we
have

li ~1(t,01,0)f(0)d0 = f(6p).
ol [ pers(t.010)0)d = 100
If we can show that for any ¢ > 0,

(6.4.5) lim P, {l. >t} =0,

r(z)—oo
then it is a simple matter to show from (6.4.4) that u(x) — f(6y) as z —
0o € Soo(M) (namely, r(z) — oo and 0(x) — 6p). Thus it is enough to show
(6.4.5).
Recall that I, = e(Y'), the lifetime of Y defined in (6.4.3). We have

aTdéfinf{t:Y}:r}Te(Y) as r | oo.
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Fix an ro > 0. Since we know that P,, {e(Y) < co} = 1, for any € > 0, there
is an n such that

Py {e(Y) >0, +1t} <e
If r > n, then using the Markov property at o, we have
e>P {eY) >0, +t} >P{e(Y) >0, +t} =P {e(Y) > t}.

This implies (6.4.5).
(ii) Suppose that J(G) = oo and let u be a bounded harmonic function
on M. Then {u(X:),t < e} is a bounded martingale. Therefore we have

u(z) =E,H, i ltl%n u(Xy).

If Brownian motion X is recurrent, then obviously H is a constant P,-almost
surely and this constant is independent of x. Hence u is a constant. If X is
transient, we will use the fact that

1
pga—1(t,01,02) — ]

uniformly on S¥~ ! xS ! ast T co. This is a consequence of the L?-expansion
of the heat kernel; see (7.3.1). Now suppose that z,y € M are such that
r(x) = r(y). The radial process r; has the same law under the probabilities
P, and P,. Let 7 = inf {t : r, = R}. Then

u(z) = Equ(X,y,) = Ey /Sd 1 P(lrg, 0(x), 0)u(R,0)do.
It follows that
[u(2) — u(y)] <
s [ s (L 0(2).6) = psa-s g 0. 6) .

Letting R T co and using the fact that

P, {}lzi%olm =, = oo} =1,
we have u(x) = wu(y). This shows that u is radially symmetric: u(z) =
f(r(z)) for some function f. Since the limit
H= ltlgl u(Xy) = ltlTrg flre)
exists and r; — 00 as t T e, we see that lim,_ o f(r) = f(c0) exists and

H = f(00). It follows that u(x) = E,H = f(00) is a constant, and the proof
is completed. U
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To give the above results a geometric flavor, we now convert the condi-
tion on J(G) into a condition on the radial sectional curvature

B G”(T)
K(r) = — G

We first prove the following one-dimensional comparison result.

Lemma 6.4.3. Suppose that k1(r) < ka(r) < 0. Let G; be the solution of
the Jacobi equation

G (r) + ki(r)Gi(r) =0, G4(0)
Then for all r > 0,

Gi(r) _ G5(r)
Ci(r) = Galr)

Proof. Let rg

inf {r : G;(r) <0}. Then ro > 0 and G/(r) > 0 for
r € [0,70]. This implies Gi(r) > 0 and G;(r) > r in the same range, a
contradiction unless ry is infinite. Hence G;(r) > 0. Using this in the Jacobi
equation, we have

Gi(r)>0, Gi(r)>1, Gi(r)>r.
Let

F/:K:Q 2

/ /
1 2
ky— |+ 5| F.
17 K2 <G1 G2>
Since k2 > K2, we obtain

Fo G G
F = G Go '
Integrating from € to r, we have

G1(e)Ga(e
(6.4.6) F(r) > MF(G).
From the boundary conditions at r = 0 we have
Gi(e) = e+ 0(e), Glile) =1+ 0(e),
from which we also have F'(¢) = O(1). Hence the limit on the right side of
(6.4.6) is zero and we have F(r) > 0, or

G(r) _ Gy(r)
Cilr) =
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Integrating from € to r we have
Gi(r) o Gi(e)
GQ(T) - Gg(e)'
Since lim¢jo G1(€)/G2(€) = 1, we obtain G1(r) > Ga(r). O

Remark 6.4.4. On a radially symmetric manifold with metric ds? = dr? +
G(r)?df? we have Ar = (d — 1)G’(r)/G(r). Thus the above lemma is just
the Laplacian comparison THEOREM 3.4.2 applied to radially symmetric
manifolds.

In the following proposition co = 1/2 and ¢4 = 1 for d > 3.

Proposition 6.4.5. Suppose that k is a nonpositive continuous function on
[0,00). Let G be the solution of the Jacobi equation

G"(r) + k(r)G(r) =0, G(0)=0, G'(0)=1.

(i) If there exist ¢ > cq and o such that

< — >
k(r) < o Vr > 1o,
then J(G) < oo.
(i) If there exists ro > 0 such that
cd
> — >
k(r) > oy Vr > ro,

then J(G) = oo.

Proof. Our proof is based on the following probabilistic fact from the last
line of the proof of PROPOSITION 6.4.1. Let r; be the solution of

d—1 1 G'(rs)
re = P + > Jy Glry) ds.
Define -
elr ds
l(G) = .
@=1 Gop

Then
(6.4.7) J(G) <0 <= P{l.(G) < 0} =1.

(i) Fix an a € (cq, ¢) and let Go(r) = r(Inr)®. Then J(Go) < oo (for all
dimensions) and
Go(r)  « ala—1)

Go(r)  7r2Ilnr + r2(lnr)2’

k1(r) = max {n(r), - ggg:i } .

Define
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Then k1(r) > k(r) and G{j(r)/Go(r) = —k1(r) for all sufficiently large r, say
r > R. Let G be the solution of the Jacobi equation for x1. On [R, ), Gg
and G satisfies the same Jacobi equation; hence

Gl(T) = ClGo(T) /RT Gj(i)Q + CQG()(’I’),

where C1,Cy are constants determined by the initial conditions at r = R.
From this we see that as r — oo,

Gi(r dof ©  ds
o~ ap
We claim that C3 > 0. In fact,
Gi(r) = CyGo(r) — CrGo(r) [ =L
r Go(s)?

From Go(r) = r(Inr)® we see that the last term goes to zero. From this and
the fact that G1(r) > r we have C3 > 0. Now G1(r)/Go(r) — C3 > 0 and
J(Goy) < oo imply immediately that J(G7) < oo.
Now let 7! be the 1-dimensional diffusion process defined by
d—1 G4 (r))
2 Jo Gu(rj)
From LEMMA 6.4.3 we have G| /G < G'/G and G < G. Therefore by the

radial process comparison THEOREM 3.5.3, we have r} < r; for all t. This
implies that e(r!) > e(r) and

er!) s er)  ds
le = _ > — =1 .
() /0 Gi ()2 _/0 aryr ~ O

Now we use (6.4.7). From J(G1) < oo, we have P{l.(G1) < oo} = 1; from
the above inequality we have P{l.(G) < oo} = 1, and this implies in turn
that J(G) < oo.

(ii) Choose the comparison function Go(r) = r(Inr)/2(Inlnr)"/2 for
d =2and Go(r) = rlnr for d > 3. We have J(G() = oo (for all dimensions).
When d = 2,

ds.

ngﬁt%-

Go(r) 1 N 1
Go(r)  2r2Inr  r2Inrlnlnr
B 1 B 1
4r2(In7)2  r2(In7)2(Inlnr)?’

When d > 3, we have
Go(r) 1

Go(r)  r2lnr’
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In both cases we have

Go(r)
k(r) > —
(r) = Go(r)
for sufficiently large . Now the proof can be completed, mutatis mutandis,
as in (i). O

Combining THEOREM 6.4.2 and PROPOSITION 6.4.5, we obtain the fol-
lowing result.

Theorem 6.4.6. Suppose that M is a radially symmetric Cartan-Hadamard
manifold of dimension d. Let

B GH(T)
=

be the radial sectional curvature of M. Define the constant co = 1/2 for
d=2and cqg=1 ford > 3.

(i) If there exist ¢ > ¢4 and ro such that

< _
K(r) < r2lnr’

then the Dirichlet problem at infinity is uniquely solvable.

vr > To,

(ii) If there exists a constant ro such that
Cd
r2lnr

k(r) > —

3 vr > To,

then every bounded harmonic function on M is a constant.

6.5. Coupling of Brownian motion

By a coupling of Brownian motion on a Riemannian manifold M we mean
a stochastic process Z = (X,Y) on M x M defined on a probability space
(Q,F,P) such that the marginal processes X and Y are Brownian motions
on M. The coupling time is the time they first meet:

T =inf{t: X; =Y:}.

We always define X; = Y; for t > T'. In this and the next sections we will
describe the Kendall-Cranston coupling, a probabilistic tool with various
geometric applications. In the last section of the chapter, we use this cou-
pling to prove sharp lower bounds for the first eigenvalue (spectral gap) of
the Laplace-Beltrami operator on a compact Riemannian manifold of non-
negative Ricci curvature.

The original idea of coupling two processes of the same distribution
comes from the theory of Markov chains. It is natural that we try to
minimize the coupling time in some sense. Consider a Brownian motion
X = (X', X?) on a euclidean plane starting from (0,a) with a positive a.
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In order that another Brownian motion Y starting from (0,—a) to meet
with X as soon as possible, they should always head towards each other.
This means that we take Y = (X!, —X?). With this simple example in
mind, we now define, for two distinct points x and y on a general complete
Riemannian manifold such that = ¢ Cy, the mirror map

Mgy : TpM — Ty M

as follows: for each w € T, M, m,w is obtained by first parallel-translating
w along the unique minimal geodesic from z to y and then reflecting the
resulting vector with respect to the hyperplane in T, M perpendicular to the
geodesic. It is clear that my, is an isometry. Let

Dy ={(z,y) e M x M : z =y},
Cu={(z,y) e M x M :z € Cy},
Eyr = M\ (Car U Dyy),
Doy = {(u,v) € O(M) x O(M) : 7u = 7o},
Comy = {(u,v) € O(M) x O(M) : (mu,7y) € Car},
Eoary = O(M) x O(M)\ (Cory YU Do) -
We now define the Kendall coupling. Let W be a d-dimensional euclidean

Bronwian motion and consider the following system of equations for a pro-
cess X = (U, V) on Egp:

dUy = Hi(Uy) o th", Uy = uy,

dVy = H;(V;) o dBi, Vo = Mgy,
(6.5.1) dB; = V. 'mx, v, UpdWy,

X =n Uy,

Y, =nV,.

Here U is simply a horizontal Brownian motion driven by W, and X a
Brownian motion on M. Because Uy, V4, and my,y, are isometries, from the
third equation B is a euclidean Brownian mtoion; hence from the second
equation V is another horizontal Brownian motion, and Y is another Brow-
nian motion on M. It is not difficult to convince ourselves that (6.5.1) is
a Stratonovich type stochastic differential equation on Eqg (). Indeed, for
o = (u,v) € Eg(ar), the matrix-valued function

def _
e*(o) = {e;‘j(a)} = v Mmoot

This is a smooth function function on {O(M) x O(M)} \Co(ar); hence with
the aid of the first two equations, we can rewrite the differential of B in
the third equation of (6.5.1) as a Stratonovich differential with respect to
dW and dt with coefficients are smooth functions of U; and V;. Substituting
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this expression of dB in the second equation, the first two equation become
a the Stratonovich type equation for ¥ = (U, V) on Eg(y) driven by the
semimartingale ¢ — (W;,t). By general theory (6.5.1) has a unique solution
up to T'AN 1T, .

We now describe the generator of the coupled horizontal Brownian mo-
tions. In the following, for a function f defined on O(M) x O(M), we will
use H;1f and Ha;f to denote the derivatives of f with respect to the hori-
zontal vector field H; on the first and the second variable respectively. The
horizontal Laplacian on the first and the second variable are

d d
Aoy, = Z HYy, Aoansz= ZH122
=1 =1

Recall that whenever e = {e;} € R? we write

d
He = Z 61H,
i=1
Define a second order differential operator on Eq(yr) by

(6.5.2) Abry = Doy1 + Do 2 + 2He: 2Hi 1,

where
*

e (0) = v ' mauroue; € RY for o = (u,v)Eo(r)-

It is a lift of the following operator on Ej;:
o= An+ Ang + 2(may Xy, V) Xi1Y 2,

where {X;} and {Y}} are any orthonormal bases at x and y respectively.
The last term is independent of the choice of these bases.

Theorem 6.5.1. The coupled horizontal Brownian motion X = (U, V') (well
defined up to T'NTc,, ) is a diffusion on Eg(ap) generated by ACO(M)/Q. The

coupled Brownian motions Z = (X,Y) is a diffusion on Eyr generated by
AS,-

Proof. Let f be a smooth function on O(M) x O(M). Applying Itd’s for-
mula to f(X}) we have
(6.5.3) d{f(Z)} = Hin f(¥) 0 dW} + Hif (%) 0 dB;.
Applying It6’s formula again, we have
d{H;1f(5)} = Hj1H; 1 f(5;) o dW] + HjoH; 1 f(5)) 0 dBi.

We have
4B} = (¢}, ¢;) (£,) dW}.
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Hence, the first term on the right side of (6.5.3) is
H;1f(X)) o dW} = d {martingale}

1 1
+ §Hz‘2,1f(2t) dt + §He;,2Hi,1f(Et) dt.

Likewise the second term on the right side of (6.5.3) is
H;2f (%) o dB} = d{martingale}
1 1
+ 5HZQf(Et) dt + o Hes o Hj1 f(20) dt.
It follows that
. 1. .
d{f(X:)} = d{martingale} + §AO(M)f(Et) dt.

This completes the proof. U

6.6. Coupling and index form

We have seen the important role that the radial process of a Brownian
motion plays in many applications to geometric problems. It is therefore
natural that we study the distance between the coupled Brownian motions
pt = p(Xy,Y:). Here and for the rest of this section, p(x,y) is the Riemannian
distance between two points x and y. Using (6.5.1) on the distance function,
we have

1
where
dMy; = {H;1 + He: 2} p(2¢)dW;.
Here p is the lift of the distance function: p(o) = p(wu,7v). Let us first
look at the martingale part. If we let

Hi(0) = Hi1(0) + Her 5(0),

then the quadratic variation of the martingale is given by
d
(6.6.1) d(M), = {Z ‘ﬁiﬁ(Et)}Q} dt.
i=1

Each H; p(0) is a well knwon quantity in differential geometry — it is the first
variation of the geodesic from x = 7u to y = wv along the Jacobi field J;
along the minimal geodesic 7y, : [0, p] — M:

VorVrdi+ R(J;, T)T =0, J;(0) =ue;, Ji(p) = mayue;,
where T is the tangent vector field along the geodesic. The sum in (6.6.1)

is independent of the choice of the orthonormal basis {e;}. We choose e;
so that ue; is tangent to the geodesic. Then we; = T and mgyue; = —T.
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For i > 2, ue; is perpendicular to the geodesic and mgyue; is just the par-
allel translation of ue;. Using the first variation formula (see Cheeger and
Ebin [9], p.5)

Hij(o) = (Ji, T)y = (Ji, T)a,
we have
—2, ifi=1,
0, if i > 2.

It follows that there is a Brownian motion § such that
1
dpt = 2d0¢ + iAfwP(Zt) dt.

The following lemma identifies the bounded variation part of p;. Recall that
the index form of the Jacobi field J; is defined by

I(Ji,JZ-):/ \Vrdi|? = (R(J;, T)T, J;),
Yy

where the integral is along the minimal geodesic v, from x to y.
d

Lemma 6.6.1. AS,p(z) => i o I(J;, Ji).

Proof. Fix a 0 € Eg() such that z = 7o. We have

up(z) = Af)(M)ﬁ(a),
where AG , is given by (6.5.2). It is easy to verify that the right side is

independent of the choice of the basis {e;}, so we can choose it so that ue;
is tangent to the geodesic v,,. We have

d d
Aoanz= Y (e es)e ex)HjaHeo = Y (e}, ex)Her 2Hp .
i,5,k=1 i,k=1

Note that e; = e () may not be a constant function on Eqyy), so in general
(7 ex)Her oHy o # Hf;,z-
Now, from (6.5.2),

d d
82 i0) =3 {H S et e s + wﬂ} 50).
=1 k=1

The term for ¢ = 1 is equal to zero; therefore it is enough to show that for
each ¢ > 2,
d
(662) HZQJ + Z <6;, ek>He;‘,2Hk,2 + 2He:,2Hi,1 ,5(0) = I(Jz, Jl)
jk=1
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Let v and 2 be the geodesics from x and y with the initial directions ue;
and mgyue; respectively. By the second variation formula (see Cheeger and
Ebin [9], pp.21-22),

2
(663 (&) (0220 = 15,5,

where the derivative is evaluated at ¢ = 0. Let {u;} and {v:} be the hori-
zontal lifts of v; and 7, starting from w and v respectively. Then we have

(6:6.4) (4 v men = (&) dtuvo

By the chain rule, we have

(6.6.5) (Z)Qﬁ(uwt) - (jt)Qﬁ(ut,vH (jt)pw )42 ),

all derivatives being evaluated at ¢t = s = 0. Now, by the choices of {u;}
and {v;} we have

( d 2
<dt> pug,v) = Hi2,1ﬁ(0),
d 2
(6.6.6) () At =t eptet. e Hiauapto).
d'd N
%@p(us,vt) = He;.*,2Hz,1P(U)-

The desired relation (6.6.2) follows from (6.6.3) to (6.6.6). O

To summarize, there is a Brownian motion  such that

1 d

Eor each t, I(J;,J;) is the index form of the Jacobi field J; along the
minimal geodesic vx,y; with boundary values J;(0) = X; and J;(p:) =
mx,y; Xi, where {X;} is a set of orthonormal vectors in T'x, M perpendicular
to ;)/Xth (O)

So far we have defined the coupled Brownian motions only up to the
stopping time T'AT¢,,. As with the case of the radial process of a Brownian
motion, the coupling Z = (X,Y) becomes useful only when we can pass
beyond the first hitting time T, of the joint cutlocus Cjs and extend Z up
to T, the coupling time. The following theorem shows that such an extension
is indeed possible; cf. THEOREM 3.5.1.

Theorem 6.6.2. (i) The process Z = (X,Y) defined up to Tc,, NT can
be extended beyond Tc,, up to the coupling time T such that X and Y
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are Brownian motions on M and Z = (X,Y) (or rather, its horizontal lift
Y = (U,V)) satisfies (6.5.1) when Zy & Cypy.

(ii) Let pr = p(Xt,Y:) be the distance between the coupled Brownian
motions. There are a Brownian motion B and a nondecreasing process L
which increases only when Zy € Cyy, the joint cutlocus of M, such that,
before the coupling time of Z,

1
pt:po+2ﬂt+2A {;I(JZ,JZ)} dS—Lt.

Proof. We sketch the proof. Let X be a Brownian motion on M starting
from z. Let U be a horizontal lift of X and W its anti-development. Let y
be another point on M different from z such that y ¢ C,. For each fixed
small positive §, we define a coupled Brownian motion Y? as follows. Let
Y? be the Kendall coupling before the stopping time

o =inf {t: dy (Y7, Cx,) <3}

Beginning at 751, we let Y continue as a Brownian motion independent of
X until

7 = int {t >0 da(YP,Cx,) = 25} .

During the time interval [7{, 79], the increment of Y is independent of X. A
slight extension of the proof of THEOREM 3.5.1 (now with an independently
moving initial point instead of a fixed one) shows that there are a Brownian
motion 3° and a nondecreasing process L which increases only when Y} €
Cx, such that

1
(6.6.8) dp(Xp, YY) = 24B] + 5 {Dara + Dara} p(Z7) dt — dLj.

Note that, because of the independence during the time interval [, 73], the

generator for Z° = (X,Y?), is {An1 + Ap2} /2. At the end of this time

interval Y4 & Cx 5+ and we let Y? resume the Kendall coupling after time
7'2 5

Tg. This process is to be continued until the coupling time. It is clear from
the construction that Y is a Brownian motion on M.
We now examine the situation as § | 0. Let

(e 9]

A(0) = U[ngflﬂ'gz]

=1

be the union of the time intervals during which Y runs as an independent
Brownian motion. For t € A(J), the process Y lies in the 25-neighborhood
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of the cutlocus C,. Therefore, from
t
E‘A N[0 tH < sup ds/ pym (s, z,y)dy
zeM Jo (y,C0)<26

we have

(6.6.9) I(SIE]IE‘A n[o,t]| =o.

Now, fix a frame v at y and let V? be the horizontal lift of Y from v and
Y% = (U, V?®). The equation for V® can be written as
AV = Lyg)e(t) Hi(VY) 0 €*(Z7) AWy + Las (t) dVy.

Since H; and e* are smooth in their respective variables, using (6.6.9) it
is easy to show that if 0 runs through a sequence which goes to zero fast
enough, with probability one, V9 converges to a horizontal Brownian motion
V pathwise such that dV; = H;(V;) o e*(X})dW;, where X' = (U, V). This
proves the first part of the theorem.

From (6.6.8) for t € A(d) and (6.6.7) for t € A(d)° we have

2ds + {ZIJZ,JZ} ]

t
+/ Las)(s) [Zdﬁg T3 {An1 + Anra} p(29) ds} — LY.
0

We note that pAjs;p is uniformly bounded on M x M (see COROLLARY
3.4.5). Thanks to (6.6.9), as § | 0, the second term on the right side tends
to zero. It follows that lims g Lf = L; must exists and satisfies the properties
stated in the second part of the theorem. [l

t
p(X, YY) :/0 Ta(s)e(s)

As before, we define Y; = X; for t > T. The resulting pair Z = (X,Y)
of coupled Brownian motion is called the Kendall-Cranston coupling..

6.7. Eigenvalue estimates

In this section we explain the method of Cheng and Wang[10] of using
the Kendall-Cranston coupling to study the first eigenvalue (spectral gap)
of the Laplace-Beltrami operator on a compact Riemannian manifold with
nonnegative Ricci curvature. A lower bound for the eigenvalue will be ob-
tained under the assumptions Ricys > (d — 1)K for some K > 0.

It has long been known in probability theory that fast coupling implies
large spectral gap for the generator of the diffusion process. Thus estimating
the first eigenvalue from below relies on an appropriate upper bound on the
drift part of py = p(X4,Y:). From the previous section, we see that the drift
part is expressed in terms of the index forms. The following well known
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fact about index forms gives an effective way of obtaining upper bounds for
index forms.

Lemma 6.7.1. (Index lemma) Let C be a geodesic segment in M from x
to y such that there are no points conjugate to x on C. Let V be a vector
field along C' and J the Jacobi field along C with the same boundary values
as V.. Then I(J,J) < I(V,V). In other words, among vector fields with the
same boundary conditions, the index form takes the minimum value at the
Jacobi field.

Proof. See Cheeger and Ebin [9], LEMMA 1.21. O

Let M be a compact Riemannian manifold such that Ricys(z) > (d —
1)K. We first need to find an upper bound for the index form. Suppose that
x,y € M are not on each other’s cutlocus, and let C' = {C,,0 < s < p} be
the distance-minimizing geodesic from x to y. Let {e;(0)} be an orthonormal
basis on T, M such that e;(0) = C(0). Let {€'(s),0 < s < p} be the parallel
translation of e;(0) along C. For each i > 2, let J; be the Jacobi field
along C' such that J;(0) = €;(0) and J;(p) = e;(p). We will use the index
LEMMA 6.7.1 to obtain an upper bound for the the sum of the index forms

e I(ir i),
If M has constant sectional curvature K, then the Jacobi field is
‘/1(3) = j(S)ei(S),
where j is the solution of the Jacobi equation
7"(s) + Kj(s) =0, j(0)=1, j(p)=1
Explicitly,

1- VK
j(s) =cossVK + &sinsvlf
sin pvV K

For a general M, we define the vector field V; along C' by the above formula.
By the index LEMMA 6.7.1, we have I(J;, J;) < I(V;,V;). On the other hand,
using the definition of the Ricci curvature, we have

d d
SV =Y [ VAP - (RO TIT V)
i=2 i=27C

d

- /0 ’ [(d—1>|j'<s>2—Z<R<%,T>T%> ds

=2

= /Op [(d—1)[5'(s)]* — j(s)*Ric(T, T)] ds
P
<(d- 1)/O [15(s)[? — Kj(s)?] ds.
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The last integral can be computed easily by integrating by parts and using
the Jacobi equation for j. We obtain

/0 17/ () = Kj(s)2] ds = 7/(p) — /(0) = —2tan “fﬂ.

Compare the above computation with the proof of the Laplacian compari-
son THEOREM 3.4.2. The following proposition summarizes what we have
obtained so far.

Proposition 6.7.2. Let M be a compact Riemannian manifold such that
Ricp(z) > (d — 1)K. Then for the distance pr = p(X¢,Y:) of the Kendall-
Cranston coupling, we have

K
(671) d,Ot = Qdﬁt — (d — 1) [tan \/;pt] dt — dAt,

where A is a nondecreasing process.

Let A1(M) be the first nonzero eigenvalue, i.e., the spectral gap, of
the Laplace-Beltrami operator Ajy;. We have the following Lichnerowicz
theorem.

Theorem 6.7.3. Let M be a compact Riemannian manifold of dimension

d such that Ricpr(z) > (d — 1)K > 0. Then \ (M) > dK.

Proof. By Myers’ theorem the diameter of M is d(M) < 7n/VK. Let

. VK
Pt = sin 5 Pt pt = p(Xt, Yz).

Then (6.7.1) and It6’s formula imply that
~ . dK ['
pr < martingale — > Ps ds.
0
Taking the expectation we have
. dK [*_
Ep: < po— 2/ E psds.
0

Hence by Gronwall’s lemma,

K
(6.7.2) E j, < e 9Kt/2 gin W.
Now let ¢1 be an eigenfunction of A;(M). Since the marginal processes X
and Y are Brownian motions, we have

E ¢1(X;) = e M12g) (z),
E ¢1(Y;) = e MO 20, (y);
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hence
e M2 (g (2) — 1 (y)} = E{¢1(Xy) — 1 (YV2)} -
We have
|61(X2) — d1(Ye)| < (V1 [loop(Xe, Ya)-
On the other hand,

p(Xt,Yy) = py < Pt

=

Hence

e‘Al(M)t/z‘ﬁbl(J:) — ¢1(y)| < TFHY/Q;%HOO

Using (6.7.2), we have

E 5.

Voilloo . VEp(z,y) _
e_’\l(M)tﬂ‘(bl(x) - ¢1(y)‘ < 7l \/(%H sin \Fp;: y) e IKL/2,

Taking two points z,y € M such that ¢1(z) # ¢1(y) and letting ¢ — oo in
the above inequality, we obtain A\ (M) > dK. O

The above result says nothing about the case Ricps(x) > 0. In this case
we need to choose a different function p of p. Let d(M) be the diameter of
M. The following result is due to Zhong and Yang [72].

Theorem 6.7.4. Let M be a compact Riemannian manifold with nonnega-
tive Ricci curvature. Then \i(M) > w2 /d(M)2.

Proof. We take

Op = sinz P
Pt 2 d(M)’

By (6.7.1), the decomposition of p; in this case is simply dp; = 2d3; — dAy;

hence

1 71'2 t
pr < martingale — QCW)Q/O ps ds.

This implies as before,

_n? 2 T p(E,y)
E o < o—m2t/2d(M) m '
pr e sin 2 d(M)

Now the proof can be completed in the same way as in THEOREM 6.7.3. [

Nothing is gained from the above proof of the Lichnerowicz lower bound
A (M) > dK using coupling of Brownian motion, even for a probabilist,
for the geometric proof is rather easy (see Li [55]). However, with the
Zhong-Yang lower bound A\ (M) > 72/d(M)?, the reader will surely draw
an entirely different conclusion from comparing the analytic proofs (e.g.,
Li [55], or Schoen and Yau [64]) with the well-motivated probabilistic proof
presented here.



Chapter 7

Brownian Motion and
Index Theorems

This chapter is devoted to the probabilistic proofs of two index theorems,
the Gauss-Bonnet-Chern theorem and the Atiyah-Singer index theorem, i.e.,
the index theorem for the Dirac operator on a twisted spin bundle. Our
proof of the Gauss-Bonnet-Chern theorem gives a fairly good overview of the
application of stochastic analysis in this area. The proof of the Atiyah-Singer
index theorem requires more technical preparations and can be skipped at
the reader’s discretion.

We will start with a review of some relevant facts on differential forms
on manifolds. There are two invariantly defined Laplacians on differential
forms: covariant Laplacian (also called rough Laplacian) and the Hodge-de
Rham Laplacian. While the former is naturally associated with Brownian
motion, the latter is geometrically more useful because it commutes with ex-
terior differentiation. They are related by the Weitzenbock formula. We will
review the proof of this formula and show how the heat equation on forms
can be solved by using a multiplicative Feynman-Kac functional defined by
the curvature tensor. The probabilistic representation of the solution to the
heat equation gives rise to a reprensentation of the heat kernel on differen-
tial forms in terms of a Brownian bridge and the heat kernel on functions.
Based on this representation, we prove Patodi’s local Gauss-Bonnet-Chern
theorem, which, after integrating over the manifold, gives the usual Gauss-
Bonnet-Chern theorem.

The proof of the Atiyah-Singer index theorem for the Dirac operator on
a twisted spin bundle follows basically the same idea, although we have to
devote a significant number of pages to necessary geometric preliminaries.

191
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After a quick review of Clifford algebra and the spin group, we introduce
the Dirac operator on a twisted spin bundle. Unlike the case of the Gauss-
Bonnet-Chern theorem, we need to calculate the first order term of the
Brownian holonomy, and for this purpose we also need to show that in the
normal coordinates a properly scaled Brownian bridge on a Riemannian
manifold converges to a euclidean Brownian bridge. These technical details
are carried out in the last section.

7.1. Weitzenbock formula

In this section we set up the necessary geometric framework to be used in the
rest of the chapter. A good reference for this section is the book Riemannian
Geometry and Geometric Analysis by Jost [50].

Let M be a Riemannian manifold and Aj,; the Laplace-Beltrami opera-
tor. By definition, Ay is the trace of the Hessian V?2f; namely,

d
A fla) =) V(X Xo),

=1

where {X;} is any orthonormal basis of T, M. Bochner’s horizontal Lapla-
cian on the orthonormal frame bundle is defined by

d
AO(M) = Z H’??
i=1

where {H;} are the fundamental horizontal vector fields on O(M). It is the
lift of the Laplace-Beltrami operator Ajs in the sense that

(7.1.1) Ap f(z) = Aoy f(u),

where f = fomw and mu = x; see PROPOSITION 3.1.2.

The Laplace-Beltrami operator Ajs on functions can be extended to
tensor fields by the same relation:

d
Apb =" V20(Xi, X).

i=1

If 0 € I'(TP9M) is a (p, q)-tensor field on M, then V0, the covariant deriv-
ative of 6, is a (p, g + 1)-tensor field. Taking the covariant derivative again,
we obtain a (p, g + 2)-tensor field V20. Thus A6 is obtained from V26 by
contracting (with respect to the Riemannian metric) the two new compo-
nents. The Ay, thus defined on differential forms is called the covariant (or
rough) Laplacian .
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On the orthonormal frame bundle O(M), a (p, q)-tensor field 6 is lifted
to its scalarization 6 defined by

0(u) = u0(ru).
Here a frame v : R — T, M is assumed to be extended canonically to an
isometry u : TP9R? — TEIM. By definition, 6 is a function on O(M) taking
values in the vector space TP4R? and is O(d)-invariant in the sense that
0(gu) = g0(u) for g € O(d). The horizontal derivatives H;0 and Bochner’s

horizontal Laplacian Ag(,s)6 are well defined, and we have a generalization
of (7.1.1) (see PROPOSITION 2.2.1):

AO(M)é(u) = u'ANO(2), Tu==.

Let us now turn to the Hodge-de Rham Laplacian on differential forms.

A p-form at x € M is an alternating multilinear form on the tangent
space T, M, or equivalently an alternating (0, p)-tensor. We denote the space
of p-forms at x by ALM and the vector bundle of p-forms of M by APM.
Thus I'(APM) is the space of p-forms on M. If §; and 0y are a p-form and a
g-form respectively, then the wedge product 6; A6 is a (p+¢q)-form obtained
by anti-symmetrizing the tensor product 61 ® 0. Locally a p-form can be
expressed as

(7.1.2) 0= > fiipde™ Ao Ada',
1< 4ennyip<d

where f;,..;, are smooth functions alternating in its supscripts. The exterior
differentiation

d:T(NPM) — T(APTIM)
is uniquely determined by the following conditions:
(i) df(X)=Xffor fe C®(M)and X € I'(TM);

(ii) d is an anti-derivation, i.e.,

d(01 A By) = dby A 0y + (—1)48%19, A dby;
(iii) d* = 0.
Locally we have

o= > Oufiipda’ Adat A Adar,

1<it,0nyip,i<d

Although the covariant Laplacian Ay is naturally associated with Brow-
nian motion on a manifold, it does not commute with the exterior differ-
entiation. Geometrically more significant is the Hodge-de Rham Laplacian
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Oy, which we now define. For two differential forms o and (8 of the same
degree and with compact support, we define their inner product by

(@8) = [ (0 Bhuda,

where (o, 3), is the canonical inner product of «, and (8, on T, M. Let
§: T(APM) — I'(AP~1M) be the formal adjoint of d with respect to this
inner product, i.e.,

(dov, B) = (e, 65).
Then the Hodge-de Rham Laplacian is

O = —(d6 + 8d).

Note that with the sign convention we have chosen [, coincides with Ajy
on functions. Using the fact that d> = 0 (and hence also % = 0) we verify
easily that dOy; = Oysd. The difference between (p; and Ay is given by
the Weitzenbdck formula. It turns out that at each point [y — Ay is a
linear transform on A} M determined by the curvature tensor.

In order to derive the Weitzenbock formula, we need a covariant expres-
sion for both the exterior differentiation d and its adjoint §. For a vector X
and a p-form 6, the interior product i(X)6 is a (p — 1)-form defined by

W(X)0(X1,..., Xp—1) =0(X, Xq,..., Xp-1).
Thus i(X)# is obtained from X ® 6 by contracting the first two components.

Lemma 7.1.1. Let {X;} be an orthonormal basis of T,M and {X'} the
dual basis for TiM, i.e., X'(X;) = 5; Then

(7.1.3) d) = X' ANVx,0
and
(7.1.4) 60 = —i(X;)Vx,0.

Proof. Let X; = 0/92", where {z'} are the normal coordinates at z. Then
X? = dz'. Writing 6 in local coordinates as in (7.1.2) and using

Vx,(da?) = —Fij}fdwk,

we verify by a straightforward calculation. We leave the details as an exer-
cise. U

We now describe the action of the curvature tensor R on differential
forms at a fixed point in the Weitzenbock formula. Let V = T,M for
simplicity, and keep in mind that the following discussion is valid for any
finite dimensional inner product space V. Suppose that T': V — V is a
linear transform and 7% : V* — V* its dual. Whenever feasible, we will
write T simply as T to lessen the notation. The linear map T on V* can
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be extended to the full exterior algebra A*V = ZZZO @& APV in two ways:
as a Lie group GL(d, R%)-action:
/\*T(01 A 92) =T601 NTHo,
or as a Lie algebra gl(d, R?)-action (derivation):
D*T(Ql VAN 92) = D*TH; N Oy + 61 AN D*TH,.
It is the second action of T' (written as D*T to distinguish it from the first)
that is important to us. The relation between these two actions is as follows.

Define the exponential e’ of a linear map T by

o0

TTL
Ty

n=0
where T™ is the nth iteration of T'. Then, as linear operators on A*V,
(7.1.5) Ael =eP'T,
If no confusion is possible, we write A*T" simply as 7.

Let End(V) denote the space of linear maps from V' to itself. By the
definition of tensor products we have End(V) = V* @ V. We now define a
bilinear map

D* : End(V) ® End(V) — End(A*V)
by
D* (Tl ® TQ) = D*Ty o D*T5.

By definition, the curvature tensor R € V* ® V* ® V* ® V. Using the
isometry V* — V induced by the inner product on the second component,
we can write

ReV*@VeV*®V =End(V)® End(V).
Thus the above definition can be applied, and we obtain a linear map
D*R: NV — A*V.

For the proof of the Weitzenbock formula, it is helpful to write D*R in
terms of a local orthonormal basis.

Lemma 7.1.2. Let {X;} be an orthonormal basis for V and {X'} the dual
basis. Suppose that T € V* @ V*. Then

D*T = T(X;, X;) X' Ni(X;).
Suppose that Re V*QV*@V*® V. Then

d
D*'R= ) X'Ni(X;)D*R(X;, X)),

1,j=1
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where D*R(X;, X;) is the extension of R(X;,X;) : V. — V to A*V as a
derivation.

Proof. The first identity follows from the definition of D*T'. For the second
identity it is enough to assume that R = T ® T5. In this case, by the first
identity the right side reduces to

Ty (Xi, X;) X' Ni(X;) D*Ty = D*Ty o D*T,
which is equal to D*(T1 ® Tb). O
Theorem 7.1.3. (Weitzenbock formula) Let Ay and Oy be the covariant

Laplacian and the Hodge-de Rham Laplacian on a Riemannian manifold,
and R the Riemannian curvature tensor. Then

Oy = Ay + D*R.

Proof. Both sides are invariantly defined, so we need only to verify it in a
specially chosen local orthonormal frame. Let {xz} be the normal coordi-
nates at a fixed point . Let X; = 9/0x" at x and define the vector field X;
in the neighborhood of = by parallel-translating along radial geodesics. Us-
ing the same proof as in LEMMA 2.5.5, we can show easily that Vx, X; =0
at x, i.e., all the Christoffel symbols vanish at x. Since the connection is
torsion-free, we also have [X;, X;] = 0 at . This gives

R(X;, Xj) =Vx,Vx, = Vx,Vx,.
We know that R(X;, X;) €End(T,M). Its action D*R(X;, X;) (as a deriva-
tion) is given by the same formula, i.e.,

D*R(X;, X;) =Vx,Vx, —Vx,Vx,.
Now,
Apl = V?0(Xi, X;) = Vx,Vx,0 — Vv, x,0 = Vx,Vx,0.
Using (7.1.3), (7.1.4), and VX].Xi =0 at z, we have
—6d = i(X;)Vx, (X' AVx,) = Vx,Vx, — X' Ni(X;)Vx, Vx,.

On the other hand, because covariant differentiations commute with con-
tractions,

Vxi(Y)=i(Y)Vx +i(VxY).
Hence, using the fact that Vx, X; = 0 again, we have
—ds = X' AV, (i(X;)Vx,) = X' Ni(X;)Vx,Vx,.
Adding the two identities, we obtain
Ou = Vx,Vx, + X' Ni(X5) {Vx,Vx, — Vx,Vx, } -

The first term on the right side is the covariant Laplacian Ay, and the last
term is equal to D*R by LEMMA 7.1.2. (Il



7.1. Weitzenbéck formula 197

The Weitzenbock formula takes an especially simple appearance on 1-
forms.

Corollary 7.1.4. If 6 is a 1-form on M, then
Omé = Ay — Ric,
where Ric: Ty M — T M is the Ricct transform.
Proof. Let {X;} be an orthonormal basis for T, M and {X’} the dual basis
for Ty M. The curvature tensor is
R=(R(X;, X)) Xp, X)) X' ® X7 @ X* @ X.
By the definition of the action of (1,3)-tensor on 1-forms we have
D*(X'® X 0 XF @ X)0 =6 0(X;) X",
Hence we have
(D*R)0 = X"(R(X;, X;)0, X;) = —Ric#.
O

For our purpose it is more convenient to write the Weitzenbock formula
on the orthonormal frame bundle O(M). The curvature form Q of M is the
o(d)-valued horizontal 2-form on O(M) defined by

QAX,Y) =u'R(m.X, 7Y ) u.

At a frame u € O(M), Q can be identified with an element in (R?)* @ R ®
(RY)* @ R (still denoted by €2) as follows:

Q= Y QH, H)ue'oe; 0 e,
1<i,j,k,1<d
where {e;} is the canonical orthonormal basis for R, {ei} its dual basis,
and {H;} are the fundamental horizontal vector fields on O(M). By the
procedure described above, D*Q) is a linear map on the exterior algebra
ARY. Let
Then gy is a lift of the Hodge-de Rham Laplacian in the sense that

DO(M)é(u) = o 'O 0(z), 7u=uz.

Finally, we express D*{) in component form. Let {€;;1;} be the compo-
nents of the anti-symmetric matrix Q(H;, H;). The scalarization of a p-form
6 can be written as

é = Hil...ipeil VANEEIVA eip,
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where 6;,...;, are smooth functions on O(M) alternating in its indices. We
leave it as an exercise to verify that

(716) D*Qé = Z Z Qlﬁiﬂjai&Qil...lﬁ...ipeil Ao ANeda Ao Ne,
a,,@ ijlB

7.2. Heat equation on differential forms

Consider the following initial-value problem for 6 = 6(t, z):

09 1
(7.2.1) o7 = 30ml, (1) € (0,00) x M;

0(0,z) = 0p(z), =€ M.

We can rewrite the above equation on O(M). Let 0 be the scalarization of
f. Then the above equation is equivalent to

90 1 -
(7.2.2) o~ atount, - (tu) € (0,00) x O(M);

0(0,u) = Op(u), u e O(M).
By the Weitzenbock formula
Oo(ry = Aoy + D4,

where Ag(pp) is Bochner’s horizontal Laplacian. The difference Do) —
Aoy = D*Q is a fibre-wise linear operator (a “potential”). The solution
of the heat equation (7.2.1) can be obtained by using a matrix version of
the well-known Feynman-Kac formula. Let M; be the End(A*RY)-valued
multiplicative functional determined by

dM; 1
(7.2.3) Wt = M D*Q(Uy), My =1, (the identity matrix).
Theorem 7.2.1. The solution of the initial value problem (7.2.2) is given
by
é(t, u) = Eu {Mté()(Ut)} .
Correspondingly, the solution of (7.2.1) is given by

0(t,z) = E, { MU "00(X,)}

where U is the horizontal lift of a Brownian motion X.

Proof. In view of the equivalence of (7.2.1) and (7.2.2), the second formula
in the statement of the theorem is just a rewriting of the first formula.
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Supppose that 6 is a solution. Differentiating M, sé(t — 5,Us), we have
. . 1 .
d {Mse(t —s, US)} = M, d0(t = 5,Uy) + 5 M,D*Q(U)A(E — 5,Uy) ds
= M H,U(t — s,Us) dW!

o 1 1, -
The last term vanishes because 6 is a solution of the heat equation. Hence

{Msé(t —5,U;),0<s< t} is a martingale. Equating the expected values
at s = 0 and s = ¢, we obtain é(t,u) =E, {Mtéo(Ut)}. O

Remark 7.2.2. We often use a fixed frame Uy to identify the tangent space
T, M with R, Under this identification Uy becomes the identity map and is
often dropped from the notation. Thus a more precise writing of the second
relation in the above theorem is 0(t,z) = E, {UoMtU{190(Xt)}.

We use the above representation to prove a heat semigroup domination
inequality. We need an elementary fact about matrix equations.

Lemma 7.2.3. Suppose thatt — S; is a continuous function on [0,T] taking
values in the space of symmetric (n x n)-matrices such that vSyv* > alv|?
(i.e., the smallest eigenvalue of Sy is greater than or equal to a) for all t.
Let A; be the solution of the equation

dA;
— + A5, =0, Ag=1.
gt + ApSt ) 0

Then ’A‘Q’Q < e,
Proof. Suppose that v is a column vector and let f(t) = [v*4;|3 = v* A; Afv.
Differentiating with respect to t, we have

fl(t) = —20* Ay Si Afv < —2alv* A]? = —2af(t).

Hence f(t) < e72%|v|?, or equivalently |[v*A| < e~%|v|. The inequality we
wanted to prove follows by duality:

|Auly = sup v*Au < |uly sup |v*Alz < e |uls.
v]a=1 |v]2=1

O

Theorem 7.2.4. Suppose that M is a complete Riemannian manifold with
Ricps(z) > K. Let

Pif(z) = Eaf(X:) = /MpM(t,x,wf(y)dy
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be the heat semigroup. Then
IVP,f| < e K2R V.
Proof. Consider 6(t,z) = dP,f(x) = VP,f(x). Define P; on differential

forms as P, = ePM4/2 Since d commutes with [y, we have 0(t,z) =
P,(df)(x). Thus 6(t,z) is a solution to the heat equation (7.2.1). Hence

VP f(x) = E, {M,U; 'V F(X,)}.
From LEMMAS 7.1.4 and 7.2.3 we have [M;|z2 < e~ Kt/2 The desired result

follows from this and the fact that U; is an isometry. O

The solution of the heat equation on functions
%::;AMf, (t,z) € Ry x M,
f(0,z) = f(z), xeM,
is given by
fta) = [ pustta) ) dy
Similarly, in view of THEOREM 7.2.1, let
Pyt z,y) /\;M — Ao M

be the heat kernel on differential forms. Then
(7.2.4) B (MU 00X} = [ gt 060 .

Let P 4.+ be the law of a Brownian bridge from x to y in time ¢, i.e., the
Wiener mesure on the bridge space L ;. From (7.2.4) the heat kernel on
differential forms can be written as

Phr(t, 2, y) = par(t, 2, y) By { MU}
Of particular importance is the value of the heat kernel on the diagonal
(7.2.5) Pyt x,x) =pu(t,z,x)Ep gt {MtUt_l} ,
where, under the probability P ;.¢,
U AEM — AEM

is the stochastic parallel transport along the reversed Brownian bridge at x
(Brownian holonomy). This representation of the heat kernel on the diagonal
is the starting point of the probabilistic proof of the Gauss-Bonnet-Chern
formula in the next section.
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Remark 7.2.5. We have restricted ourselves in this section to the bundle
of differential forms A* M, but everything we have said remains true for any
vector bundle 7w : E — M over M equipped with a connection and a second
order elliptic operator Og on I'(E) provided that there is a Weitzenbock
formula for O, i.e., the difference O — Ag is a fibre-wise linear transform
(a Oth order operator). We will see an example of this situation when we
discuss the index theorem for the Dirac operator on a spin manifold.

7.3. Gauss-Bonnet-Chern formula

The Gauss-Bonnet-Chern theorem, one of the most beautiful theorems in
differential geometry, is the index theorem for the operator d + ¢ on differ-
ential forms. It states that for an even dimensional, compact, and oriented
Riemannian manifold M, its Euler characteristic x(M), a topological in-
variant, is the integral of a function e defined in terms of the curvature
tensor:

(M) = /M e(x) da.

The connection of this formula with Brownian motion is made through the
heat kernel on differential forms (7.2.4), in particular its value on the diag-
onal (7.2.5). We start our probabilistic proof of the Gauss-Bonnet-Chern
theorem with the relation between the Euler characteristic and the heat
kernel on forms.

Let V' be a finite-dimensional inner product space and T' € End(V) a
linear map on V. As we mentioned in the last section, 7' can be extended to
the exterior algebra as a degree-preserving derivation D*T : A*V — A*V.
We define the supertrace Trace T by

n
TraceT = Z(—l)pTrAva*T.
p=0

Let M be a compact, oriented Riemannian manifold. A form 6 is called
harmonic if Oj/0 = 0. Let HP?(M) be the space of harmonic p-forms. From
the theory of elliptic operators we know that each HP(M) is finite dimen-
sional. For our purpose we define the Euler characteristc by

d
X(M) = (~1)? dim H?(M).
p=0
The Hodge-de Rham theory (see Warner [71]) shows that HP(M) is isomor-
phic to the pth cohomology group of M; hence x(M) is in fact a topological
invariant independent of the choice of the Riemannian metric on M. Either
from geometric or topological consideration, the Poincaré duality gives a
natural isomorphism between HP(M) and H*P(M). Hence x(M) =0 if d
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is odd. This fact will also follow from our proof of the Gauss-Bonnet-Chern
theorem.

We now connect the Euler characteristic x(M) with the heat kernel
pis(t, z,y) on forms. L?-theory of elliptic operators shows that the spectrum
of Oy on I'(A*M) is discrete. Let

A=0<A <A<

be the eigenvalues of —[1j; counted with multiplicity. There are orthonormal
eigenforms f,, € I'(A*M) such that Oy f,, = — A, frn, and the heat kernel has
the following L?-expansion:

(7.3.1) h(t,y) Ze MR f (@) @ fiy):

The diagonal map p},(t,z,z) : NsM — ALM is a degree-preserving map.
Hence the supertrace Tracep}, (¢, x, x) is well defined.

Theorem 7.3.1. For any t > 0, we have
X(M) :/ Trace py,(t, z, x) dz.
M

Proof. Let
po =0 < py < pg <---
be the distinct eigenvalues of —Oys. For each p, let E¥ be the space of

p-forms in the p;-eigenspace. If f is a normalized differential form, then it
is clear that

Trace(f(z) ® f*(z)) = |f(2)[?,

and hence
/ Trace(f(z) ® f*(z)) =1
M
It follows that

/ Trace py,(t,x, x) dr = Ze ’“t/zz 1)Pdim E? (M).

=0 p=0

For py = 0, the eigenspace E}y (M) = HP(M), the space of harmonic p-forms.

Hence
d

S (~1)PdimEL (M) = x(M).
p=0
It is therefore enough to show that for any u; > 0,
d
(7.3.2) > (~1)PdimEP (M) = 0.
p=0
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In order to prove this relation, we first note that if f is a p-eigenform with
eigenvalue p;, then df is a (p + 1)-eigenform, and 6 f is a (p — 1)-eigenform,
both with the same eigenvalue u;. This follows from the fact that both d
and its adjoint § commute with Oy = —(dd + dd). Therefore we have

dEPT' C EP, SEPTT C EP.
We claim that for any eigenvalue p; > 0,
(7.3.3) EP =dEP ' @ sEMT

This is the Hodge decomposition. The orthogonality is obvious, because
from d? = 0 we have

(df,69) = (d*f,9) = 0.
Now suppose that an eigenform h is orthogonal to the subspace on the
right side of (7.3.3). Since both dh and Jh are eigenforms with the same
eigenvalue, we have

(dh,dh) = (h,8dh) =0, (5h,6h) = (h,dSh) = 0.
Hence
— (b, h) = (Darh, h) = (dh, dh) + (6h, 6h) = 0.
This implies A = 0, and (7.3.3) is proved.
From the decomposition (7.3.3) it is clear that the map d : 5Ef+1 — dE?
is onto; it is also one-to-one, for déh = 0 implies (6h,dh) = (doh,h) = 0;
hence §h = 0. If we let n, = dim(dE?), then dim E¥ = n,_; + n,, and we

have
d

d
Z(_l)pdimEf = Z(_l)p(np—l +n,) = 0.
0

p= p:O

We will use the representation of the heat kernel
pir(t e, @) = pur(t, o, ) Bo gy { MU'}
to show that the limit
e(z) = ltig)l Trace pj;(t, x, x)
exists and to express the limit explicitly in terms of the curvature tensor.
This is Patodi’s local Gauss-Bonnet-Chern theorem. Once this is proved,

from THEOREM 7.3.1 we will have immediately the Gauss-Bonnet-Chern
formula

X(M) = /M e(z)dz.

Note that from THEOREM 5.1.1, the behavior of the heat kernel on the
diagonal is pas(t,z,z) ~ (27t)~%? as t | 0. Therefore we expect some
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sort of cancellation in Exjm;tTrace{MtUt_l} so that it has the order of t%/2,
What we will show is that this “fantastic” cancellation (to quote McKean
and Singer [56]) occurs at the path leve, namely,

Trace {MtUt_l} ~ const. t¥? as t ] 0.
This cancellation is a consequence of the following purely algebraic fact.
Lemma 7.3.2. Let T; € End(V),1 <i < k. If k < dimV, then
Trace(Tyo---0Tg) =0.
If k = dimV, then

k
H(Tyo---0Ty) = (—1)F - coefficient of x1---xj, in det (Z x,TZ> .
=1

Proof. It is an easy exercise to verify that, for a linear matrix 7,

det(I —T') = TraceT.
The right side is the supertrace of T'. Using this identity and the fact that
ANel = eP™T (see (7.1.5)), we have

det (1 — em T eka’“) = Trace {e’“D*Tl e ez’fD*T’“} .

The result follows by comparing the coefficients of 1 - - - z; on both sides. [J

An element S = T1 ® Th € End(V) ® End(V) acts on A*V by D*S =
D*Ty o D*T5, and this definition is extended linearly to all of End(V) ®
End(V). The following corollary is immediate from the above definition.

Corollary 7.3.3. Let Si,...,5 € End(V) ®g End(V) and T,...,T; €
End(V). If 2k + 1 < dimV then

Trace (Syjo---0SyoTyo---0T;) =0.

The same result holds if we make a permutation on (Si,..., Sk, T1,...,T7).

We now analyze the expression Trace{MtUt_l}. Recall that Ut_1 is the
parallel transport along a Brownian bridge. Therefore it, or more precisely,
A* Ut_l, is an isometry on AXM. For a small time, U, is close to the identity
map I, and we can find a unique u; € so(d) such that U; = expu; in O(d).
From (7.1.5) the action of U; (as an isometry) on A, M is given by

N Uy = exp D*uy.
We now show that U; — I has the order of ¢t as t | 0, or equivalently

ug = O(t). More precisely we have the following result, which is the only
technical part of our probabilistic proof of the Gauss-Bonnet-Chern theorem.
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Lemma 7.3.4. For any positive integer N there is a constant Ky such that
Byt |Ur — IIN < Knt™.
Equivalently, there is a constant Cn such that

]Ex,z;t|ut‘N < CNtN-

Proof. We assume that N = 1. For the general case only trivial modi-
fications are needed. We work under the probability P, ..;, the law of a
Brownian bridge X at x in time ¢. The horizontal lift U of X is the solution
of the following stochastic differential equation:

dUy = H;(U;) o AW} + h(t — s,Us) ds,

where h(s,u) is the horizontal lift of V In p(s,y, x); see THEOREM 5.4.4. We
use the normal coordinates {:L’l} at = to explicitly calculate U;. Let O, Oq
be two neighborhoods of = covered by the coordinates such that the closure
of O7 is contained in O. In these coordinates the coordinates for the frame

bundle O(M) are u = {xi, e§-}, where eé- are determined by ue; = eé(a/axi).

Let F: O(M) — M(d,d) be a smooth function such that F(u) = {ej»} on
771(01) and zero on 771 (M\O). Then we have F(Uy) = I and F(U;) = U;.

Using It6’s formula on F(Us), we have

(7.34) U -1 :/t<VHF(US),dWS> + /t(VHF(US),h(t — 5,Us))ds
0 0

1 t
0

CRI(t) + Ra(t) + Rs(t).

The key to the proof is the following observation: there is a constant C' such
that

(7.3.5) \VEF(u)| < Cd(x, 7).
To see this, we write H; in the local coordinates on O,
;0 k1 O
HZ' = ez@ — F]Z (y)el €p876g,

where I, (y) are the Christoffel symbols at y = mu; see PROPOSITION 2.1.3.
By LEMMA 2.5.5 in the normal coordinates all the Christoffel symbols vanish
at x. From this the inequality (7.3.5) follows immediately.

We now estimate the three terms in (7.3.4). For R;(t) we have, by
(7.3.5),

t
Bt R (t)|* < C4 / By zed(, Xs) ds.
0
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By LEMMA 5.5.4 E, ;.d(z, X,) < C24/s; hence

t
Eoot|R1(1)]? < 03/ Vsds < Cut®?.
0

To estimate Ro(t), we need the estimate on V In p(s, x,y) in THEOREM 5.5.3.
This estimate combined with (7.3.5) gives

(VHF(U,), bt — 5,U,)| < Cs {d@,Xs)Q LAz X,) } |

t—s Vi—s

Hence, because E, ;.+d(7, Xs)? < Cg(t — s) (see LEMMA 5.5.4), we have

By e R2(1)] < C?/ { x’w’tt (2, Xs) vt d(, X)
0 -5 Vi—s

For R3(t), because the integrand is obviously uniformly bounded, we have
E; o:t|R3(t)| < Cot. Combining the estimates for Ry (t), R2(t), and R3(t), we
obtain E; ,.|U; — I| < Ciot, as desired. O

] ds < Cgt.

We now come to the proof of the local Gauss-Bonnet-Chern theorem.
Theorem 7.3.5. The limit
e(z) = lirln Trace pj;(t, x, x)
exists and
Trace(D*Q)!

e(x) = (4m)it
0, if d is odd.

if d = 2l is even,

Proof. Recall that the heat kernel on differential forms has the representa-
tion
p?\d(tu xz, ll) = pM(tu z, x)Em‘,x;t {MtUt_l} .

L\ /2
pM<t,x,x>~( ) ,

2t
we need to show that the following limit exists:

Since

(1T \"? .
(7.3.6) e(z) = lim (m> Trace { MU, '} .

Note that U; ! in the above relation is A*U;!, the action of U, ! on AXM
as an isometry. Let | = d/2 and I, = [d/2] + 1. From U; ' = e" we have
AU = exp D*v;. Therefore

U i
D*
N =Y Wk | gy,

, 7!
=0
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where the remainder R(t) satisfies the estimate E, .,..|R(t)| < Cit"" by
LEMMA 7.3.4. On the other hand, iterating the equation

1 t
M, =1+ 2/ M, D*Q(U,) dr,
0

we have
[1]
(7.3.7) My = milt) + Q).
=0
where mg(s) = I and
mi(s) = Ql / mi_1(r)D*Q(U,) dr.
0

The remainder in (7.3.7) satisfies |Q(t)| < Cat! for some constant Cy. From
the expansions of M; and U; ' we have

1 .
MU =Y =mi() (D o) + S(1),
ig<i
where the remainder satisfies E;, ;..S;| < Cstt.

We now come to the crucial point. By the definition of m;(t), it is
clearly the limit of a sequence of linear combinations of terms of the form
D*Syo---0D*S; with S; € End(R?) ® End(R%). Hence, by COROLLARY
7.3.3,

Trace {m;(t)(D*v )’} =0 if 2i +j < d.
On the other hand, by PROPOSITION 7.3.4,
Eo e [mi (8) (D)7 | < Cyt™.
We conclude from these two facts that the limit (7.3.6) is possibly nonzero
only if i + j < d/2 and 2i + j > d, that is, j = 0 and 2i = d. In this case
[ = d/2 must be an integer, and using the fact that

*0))\!
iy (8) _ DY) ’
t—0 ¢! 2l
we have
. 1\"? -1
e(x) = %E}% <27rt> Trace { M;U; "}
1\!
=1li — ) T
lim (27rt> race my(t)
_ Trace (D*Q)!
B (4m)H!

This completes the proof. ([
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Using the explicit formula for D*Q2 in (7.1.6), we can show that, for an
even d,

1
e(r) = W [E; sgn(/; J)Qi1i2j1j2 T Qidflidjdfljd’

where I = {i1,...,iq} and J = {j1,...,ja}. Let dz be the volume form
of M. The d-form e = e(x) dx is called the Euler form of the manifold M.
Define the Pfaffian Pf(Q2) by

Pf(Q) = ZQi1i2 A Ny iy
1

P£{(2) is a horizontal d-form on O(M), and we can verify that the pullback
of the Euler form e on M is given by

P{(Q2)
(Am) 72 (d]2)1

e =

Let us conclude this section by a formal statement of the Gauss-Bonnet-
Chern theorem.

Theorem 7.3.6. Suppose that M is an even dimensional, compact, and
oriented Riemannian manifold and e(x)dz is its Euler form. Then

Proof. Combine THEOREMS 7.3.1 and 7.3.5. |

7.4. Clifford algebra and spin group

In the next few sections we will prove the Atiyah-Singer index theorem
for the Diract operator on a twisted spin bundle. Besides the difference
in necessary algebraic and geometric backgrounds for the two problems,
probabilistically the main new feature for the Dirac operator lies in the fact
that, while in the previous case of the Gauss-Bonnet-Chern theorem it is
enough to show that the Brownian holonomy satisfies U; — I = O(t), in the
present case we need to compute precisely the limit of (U, — I)/t as t | 0.

We will start with the general setup of a spin bundle over a spin manifold
and the associated Dirac operator, much of which is parallel to the case of
exterior vector bundle of a manifold and the operator d + d. For analytic
treatment of Dirac operators we recommend Dirac Operators in Riemannian
Geometry by Friedrich [28] and Invariance Theory, the Heat Equation, and
the Atiyah-Singer Index Theorem by Gilkey [31].

Let R? be a euclidean space with even dimension d = 2I. We fix an
oriented orthonormal basis {e;}. The inner product on R? is denoted by
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(-,-). The Clifford algebra C(R?) is the algebra generated by R¢ and the
relation

uwv 4+ vu + 2(u,v) - 1 = 0.
Thus C(R?) is a vector space over R of dimension 2¢ with basis
er=¢ej €, I={ih<...<ig}el
where I runs through the collection I of ascending subsets of {1,2,...,d}.
The spin group Spin(d) is the set of all w € C(R?) of the form
W= vivy - Vop_1V2k, U € RY lv)| =1

(product of an even number of unit vectors in R%). It is the (two-sheeted)
universal covering of the special orthogonal group SO(d). The covering map
o : Spin(d) — SO(d) is given explicitly by

0; 0;
o H (cos 5] + sin 2j€2j162j>

J=1
cosf; sinf;
—sinfy cosb;

cosf; sin§,
—sinf; cos

From now on we assume that C(R9) is complexified. A special element
in Spin(d) is
l
T=v—-1ler - eq.

It acts on the Clifford algebra C(R?) by left multiplication. Since 72 = 1,
this action decomposes C(R?) into eigenspaces of eigenvalues 1 and —1:

CR?) = C(RHT @ C(RY)~.

The spin group Spin(d) acts on C(R?) by left multiplication, which makes it
into a left Spin(d)-module. This representation of the spin group is reducible;
in fact it is the direct sum of 2! isomorphic representations:

C(RY) = 2!A.

A is called the spin representation of Spin(d). By the action of 7, each A can
be further decomposed into two irreducible, nonisomorphic representations:

(7.4.1) A=ATo A,

A* are the half-spin representations.
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The Lie algebra of Spin(d) is just so(d), the space of anti-symmetric
matrices. The exponential map exp : so(d) — Spin(d) can be described as
follows. Let A € so(d). Then there is a basis {e;} of R? such that A has the

following form:

0, 6
—-0; 0
(7.4.2) A=
0 6
-6, 0
In this basis we have
: 0; 0;
(7.4.3) expA = H (COS 5] + sin 2j€2j_162j) .
j=1

The representation of Spin(d) on C(R?) described above induces in naturally
a representation D* of so(d) on C(R?), which preserves the decompositions
of C(RY). This action is described in the following lemma.

Lemma 7.4.1. The action D*A : AT — A% of A = (a;;) € so(d) on C(R?)
s given by

1
D* A = multiplication on the left by 1 Z aije;e;.
1<i,j<d

Proof. We may assume that A has the special form in (7.4.2). Recall that
the action of exptA on C(R?) is the multiplication on the left. Replacing A
in (7.4.3) by tA and differentiating with respect to ¢, we have

l

dexptA 1

o W D DUCIREY
j=1

If A= (a;j) € s0(d) we define

d
1
A(e) = B Z a;je; Nej € AR,
i,7=1
The Pfaffian Pf(A) is defined by the relation
AN =1'Pf(A) ey A - Aeg.

We see that Pf(A) is a homogeneous polynomial in a;; of degree [, and
Pf(A)? = detA.
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For any linear transformation S : A — A which preserves the decompo-
sition (7.4.1) we define the supertrace of S by

Trace S = Tra+S — Tra-S = Tra(7S).

In the following, whenever needed we regard an element f € C(R?) as a
linear transformation on C(R%) by left multiplication. Thus if f preserves
decompostion (7.4.1), the supertrace Tracef is well defined.

Lemma 7.4.2. Let A € so(d). Then

T A
P ) racetexpt V1 Pf( ).

Proof. By the decomposition C'(R?%) = 2'A, we can compute Trace exptA
on C(R?) and then divide by 2!. Without loss of generality, we may assume
that A has the form (7.4.2). Then we have

! 0t 0t
(7.4.4) exptA = H <cos % + sin ;62]'_162]') .
j=1

In order to compute the supertrace, we need to find a suitable basis for
C(RH*. If I € 1, the collection of ascending subsets of {1,...,d}, we let
I*=(1,...,d)\I, arranged in the ascending order. For an ascending multi-
index I € I we have Te; = ¢(I)es« for some constant ¢([). It is easy to verify
that the elements

ff=er+cler, Iel,
form a basis for C'(R?)* respectively, or more precisely, twice a basis, because
fIi is a multiple of flji. From (7.4.4) and 7f; = f;~ we have

l

(exptA)fI"':H f[ +v-1 HS fI —I—Za

j=1 J£I
A similar relation holds also for f~ with a minus sign on the second term.

Therefore the supertrace of exptA on C(RY) is

!
-1 0;t
Trace tA =24/—1 in -
C(R9) exXp H sin 9
J=1
Now it is easy to see that

T A -
fjg TEACCODIA 7ty g, g = T PE(A).

t—0 t

We have the following analogue of LEMMA 7.3.2.
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Lemma 7.4.3. Let Ay,...,A; €so(d). If k <, then
Trace (D*Ayo0---0 D*Ag) = 0.
If k=1, then
Trace (D*Aj 0 ---0 D*Ay)
= \/jl_l - coeff. of xv1xe---xp in Pf(x1 A + x0As + - + 3 4y).

Proof. Let A(z) = 21A1 + 22 As + - - + 1 A;. Since the representation D*
of s0(d) is induced from the representation of Spin(d) on C(R?), as actions
on C(R%), we have

o0 t"

exptA(x) = Z ) D*A(z)".
n=0 "

Take the supertrace on both sides and compare coefficients. By LEMMA
7.4.2, we have

Trace Z D*Agyo -0 D" Ay

€Sy
0, if k<,
= ¢ coefficient of z1x9---x; in

l!\/—l_le<I‘1A1 + 29y + - -- —|—.’L'lAl), ifk=1.

(Sk is the permutation group on {1,...,k}.) The desired result follows
because the supertrace of a product of D*A; is independent of the order of
the factors. O

The following corollary will be useful later.

Corollary 7.4.4. We have

Trace (D*Ajo---0oD*Aj)er A+~ Neg=+v—1 _lAl(e) AN Ae).
Proof. By the definition of Pfaffian we have

PE(A()) e1 A -+ A ey = ;1, i Ar(e) + - - + m ()

= (x1---x)A1(e) A+ A Ai(e) + other terms.

The corollary follows by using the lemma on the left side of the above iden-
tity. ([

We now leave algebra and turn to geometry.
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7.5. Spin bundle and the Dirac operator

Let M be a compact, oriented Riemannian manifold of dimension d = 2I.
The bundle of oriented orthonormal frames SO(M) is a principal bundle
over M with structure group SO(d). We further assume that M is a spin
manifold. This means that there exists a principal bundle SP(M) with
structure group Spin(d) and a two-sheeted covering map

& : SP(M) — SO(M)

such that
onu=o(n)u, wu € SP(M), n € Spin(d),

and o : Spin(d) — SO(d) is the standard covering map. Any such Spin(d)-
principal bundle over M is called a spin structure of M. The necessary
and sufficient topological conditions for the existence of a spin structure on
a Riemannian manifold is known. In the following we assume that M is a
spin manifold and fix a spin structure (or a Spin(d)-principal bundle SP(M))
on M.

The spin bundle over M of the spin structure is the associated vector
bundle
S(M) = SP(M) Xspin(a) A-
From the decomposition (7.4.1) we have a natural (fibrewise) decomposition
S(M) =S(M)* & S(M)~, S(M)* =SP(M) Xgpinay A
The (fibre-wise) Clifford multiplication
¢:TpyM — Hom(S(M )4, S(M),)

is defined as follows. Let v € T, M and & € S(M),. Take a frame u : A —
S(M),. Tts projection is gu : R* — T, M. Then

c(v) =u ((5u)_1v . u_lf) ,

where - is the the usual multiplication in C(R9). In other words, the Clifford
multiplication by ¢(v) is simply the pushforward (by u : A — S(M),) of the
usual left mutiplication by (Gu)~'v on A. It is clear that c(v) exchanges
S(M)E.

Because the principal bundle SP(M) is a two-sheeted cover of SO(M),
the Levi-Civita connection V on M extends naturally to a connection on

the spin bundle S(M):
V:I'(TM)x I'(S(M)) — I'(S(M)).

We describe this connection. Let w be the connection form of the original
Levi-Civita connection V. By definition w is an so(d)-valued 1-form on
SO(M). Since SP(M) is a covering of SO(M ), w can be lifted to a connection
form on SP(M) and defines a connection on the associated bundle S(M)
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by the representation of the Lie algebra so(d) on A. The corresponding
curvature tensor of this connection is a map

R: I(TM) x T(TM) x ['(S(M)) — I'(S(M)).

The following lemma expresses V and R on the spin bundle S(M) explicitly
in a local moving frame.

Lemma 7.5.1. Let ou = {X;} € SO(M) be an oriented local orthonormal
frame for the tangent bundle TM and Fi’; be the corresponding Christoffel
symbols. Let u be the lift of ou to SP(M) and X; = u(er). Then {X,I €
I} € SP(M) is a local frame for the spin bundle S(M). In terms of this
frame, the covariant differentiation V on S(M) is given by

d
1
Vi Xi = > Tfie(X)e(Xi) Xr.
Jk=1
The curvature R on S(M) is given by

1 d

R(X;, X;) X1 = 5 D (R(X3, X)X, Xp)e(Xp)e(X0) X
k=1

Here ¢(X) denotes the Clifford multiplication.

Proof. The connection form in this case is defined by
w(X;) = {Fi’j-} .

LEMMA 7.4.1 describes the representation of so(d) on A. The action of
w(X;) on A is D*w(X;), i.e., the multiplication on the left by the element
Z;{k:l ﬂ?ejek/4. Hence, from X; = u(ey) we have

1 d

Vx, Xr=u(D'w(X;)er) = 1 Z Fi’;-u(ejekej).
Jik=1

This implies the desired expression for the connection because
u(ejerer) = c(X;)c(Xk) X7
The proof for the curvature is similar. ([l

Remark 7.5.2. ¢(X;)c(X;) corresponds to the action of A;; on A, where
A;; € so(n) is the matrix such that a;; = 1,a;; = —1 and all other entries
are 0. More precisely,

C(Xz)C(XJ) =2uo D*AU o 'U,_l,

where o denotes “composition of maps”.
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The setting we have developed so far can be made more interesting by
“twisting” the spin bundle S(M) with a hermitian vector bundle . Namely,
let ¢ be a hermitian vector bundle on M equipped with a connection V&.
We denote the corresponding curvature operator R¢ of ¢ by L. The twisted
bundle is the product bundle G = S(M) ® £ with the product connection
V ® V¢, which we will simply denote by V. We have

G=G"ToG", GE=SM)*w¢
The Clifford multiplication exchanges Gi.
The Dirac operator D on the twisted bundle G is defined as a series of
compositions:
D:I'G) % NT*M o G) 2 r(TM ® G) - I'(G).

If {X;} is an orthonormal basis, then it is immediate from the definition
that

(7.5.1) D =) ¢(X;)Vx,.
i=1
It is easy to see that D exchanges I'(G¥).

At this point it is perhaps helpful to point out that the counterpart
of the Dirac operator D for the exterior bundle A*M is D = d + 6. The
decomposition G = G @ G~ corresponds to the decomposition of A*M into
the subbundles of even and odd forms. The Hodge-de Rham Laplacian is

Oy = —(d6 + 6d) = —D?.
The operator —D? should play the role of 0y in the current setting.

Since G is a vector bundle over the Riemannian manifold M with the
connection V, we have the covariant Laplacian Aj; defined by

d
AMf:szf(X“Xl)a feF(G)v
i=1
for an orthonormal frame {X;}. There exists a Weitzenbock formula relating
D2 and A M-

Theorem 7.5.3. (Lichnerowicz formula) Let {X;} be an orthonormal basis
of T,M. Then

d
S 1
D2 = Ay + Tt3 .;1 o(X;) e(Xy) ® L(Xj, Xp).
]7 =

Here S is the total (scalar) curvature of M.
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Proof. We use the notations in LEMMA 7.5.1. Fix a point on the manifold
as the origin and let X = {X;} be the moving frame obtained by parallel-
translating the frame at the origin along the geodesic rays. This moving
frame has the property that all Christoffel symbols vanish at the origin (see
the proof of LEMMAZ2.5.5), and, because the connection is torsin-free, all the
brackets [X;, X;] vanish at the origin as well. The curvature operator on the
twisted bundle G becomes

(7.5.2) RY =Vx,Vy, — Vx,Vx,.
These facts will simplify our computation
Using (7.5.1), we have
D? = ¢(X;)e(X;)Vx, Vx, + c(X;)e (Vx,X;) Vx,.

The last term vanishes because the Christoffel symbols vanish at the origin.
From the definition of Clifford multiplication and the orthogonality of {X;}
we have

(7.5.3) C(Xi)C(Xj) + C(Xj)C(XZ') + 25@' =0.
Using this and (7.5.2), we have
D? = c(Xi)e(X;)Vx, Vx;
1
= 5 {e(Xi)e(X))Vx, Vi, + e(Xj)e(Xi) Vi, Vi, }
1
= —Vx,Vx, + ic(Xi)C(Xj) [invXj - invXj]
1
=-Ay+ §C(X¢)C(Xj)RG(Xi,Xj).
We now compute the curvature R® on a section of the form X; ® f of the
twisted spin bundle G. We have by definition
Vx,Vx,;(Xr® f)
=Vx,Vx, X1 @ f+Vx, X1 ®Vx, f
+VXjX[ &® Vle + X5 ® invXjf-
The two terms in the middle vanish by LEMMA 7.5.1. Hence, using (7.5.2),
we have

RO(X;® f) = R(X;, X;) X1 ® f + X1 ® L(X;, X)) f,

where L is the curvature operator on the factor bundle £. The second term
on the right side yields the last term in the Lichnerowicz formula. In view
of LEMMA 7.5.1, to complete the proof we need to show that

d
Z Rijm C(Xi)C(Xj)C(Xk)C(Xl) =285,
,7,k,l=1
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where R;ji = (R(Xs, X)Xk, X;), and S = ijzl R;jj; is the scalar curva-
ture. This identity follows from the first Bianchi identity
Rijr + Ryjr + Rigj =0

and the commutation relation (7.5.3). We leave this straightforward verifi-
cation to the reader. d

7.6. Atiyah-Singer index theorem

Let D* = D| .. We define the index of D by
Ind(D*") = dim KerD" — dim KerD™.

The reader can verify that its counterpart for d + § on A*M is exactly
the Euler characteristic x(M). The Atiyah-Singer index theorem expresses
ind(DV) as the integral of a d-form on M determined by the curvature.

The supertrace on the twisted bundle G = S(M) ® £ is defined as fol-
lows. If S : G, — G, is a linear map on the fibre G, which prerserves the
decomposition G, = G & G, we define

Trace S = Trg+ S — Trg-S.
From this definition it is clear that if S has the form U®V with U : S(M ), —
S(M); and V : £, — &, then

Trace S = TraceU - Tr¢V.

Let pP (¢, x,y) be the heat kernel for —D? on the twisted bundle G. We
have the following representation for the index of DT.

Theorem 7.6.1. For any t > 0, we have

Ind(D+):/ Trace pYy (¢, z, z) d.
M

Proof. See the proof of THEOREM 7.3.1. O

As in the case of the Gauss-Bonnet-Bonnet theorem, we will derive a
probabilistic representation of the heat kernel p]\D4 (t,z,x) in terms of a Brow-
nian bridge and show that a cancellation takes place after taking its trace.
We will then evaluate the limit (the so-called local index)

I(z) = lgfg Trace p¥) (t, z, )

explicitly in terms of the curvature.

Let us start with some notations and a precise formulation of the result
we will prove. Let M be a Riemannian manifold and 7 : V' — M a vector
bundle on M equipped with a connection compatible with the metric. Let
RV be the curvature of this connection. Fix a point & € M and let {:L"} be
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a local coordinate system in a neighborhood of x such that X; = 9/dz" is
an orthonormal basis at . By definition the curvature transform

RY(Xi,X;): Vi — Vi

is an anti-symmetric (or anti-hermitian) linear transform on the fibre V,. It
is also anti-symmetric in the indices ¢ and j. Let {XZ} be the dual basis.
Define the following the End(V')-valued curvature 2-form

d
1 . 4
vV _ Vix. x.\x°
(7.6.1) =2 3 RV (Xi X)X A X,
i,5=1
If f(A) is a power series in the entries of A € so0(d) and is invariant under

the group SO(d) in the sense that f(O~1AO) = f(A) for all O € SO(d),
then the form f(QV) is well-defined and is independent of the choice of the
basis. For our purpose the following examples are relevant:

(i) V=TM, RV = R, Q¥ = Q. The A-genus of the tangent bundle
TM is

A [ 0/4n

1/2
A(TM) = det Smg/m} (TM).

(i) V. =¢ RV = L, Q¥ = A. The Chern character of the hermitian
bundle ¢ is

V-1
ch¢& = Treexp [A] .
27
If A and B are two differential forms on M, we use A 2 B to denote
that A and B have the same d-form components.
Theorem 7.6.2. The limit
I(z) = lil%l Trace pYy(t, z, z)
t
exists and
d -
I(x)de =~ A(TM) A ch&.

[dx is the volume form on M|

The Atiyah-Singer index theorem for the Dirac operator follows from
the above local index theorem and THEOREM 7.6.1.

Theorem 7.6.3. We have

Ind(D") = / A(TM) Aché.
M
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As before, in order to derive the desired probablistic representation of
pﬁ(t, x,x) we need to solve the initial value problem
af 1

(7.6.2) E —§D2f> (t,z) € (0,00) x M,

u(0,2) = fo(z), x€ M.

This can be done by introducing an appropriate multiplicative Feynman-Kac
functional using the Lichnerowicz formula.

In the following we always fix a frame Uy at = and identify T,M with
R? using this frame. We use {e;} to denote the usual oriented orthonormal
basis of R%. We use X to denote the coordinate process on the path space
W (M) and U the horizontal lift of X starting from Uy. The law of Brownian
motion from x and the law of Brownian bridge at z in time ¢ are denoted
by P, and P, ,.; respectively. Note that U[l is the parallel transport from
X: to Xy = = along the Brownian path X0, ].

Proposition 7.6.4. Let S(z) be the total (scalar) curvature at z and defined

ne-e [ ['sixal

Define the linear map My : Gy — Gy by the following ordinary differential
equation:
dMs 1

d
g~ 1M %31 c(ej)cler) ® UsL(Usej, User)U; ", Mo =1.
]7 =

Then the solution of the initial value problem (7.6.2) is
flt,x) =E, {RAMU; F(Xy) ]}

Proof. Apply Ito’s formula to RsMsf(t — s,Us), where f is the lift of f
to the orthonormal frame bundle of the twisted bundle G; see the proof of
THEOREM 7.2.1. ([

From
ft.2) = [ ofittan) fa)ay
and the above proposition we have the representation we have
I(t,z) = pm(t,x,x)Eq 2 {RtTrace (MtUt_l)} .

Since Ry — 1 as t — 0, this factor does not play a role. As before, the
equation for M can be iterated to obtain a series for M; in the form (I = d/2)

(7]
M =3 mit) + Q(1),
=0
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where
B0t Q(1)] < Crt'*!
and i
mi(t) —>F,— ast— 0
t! il
with
1 d
(7.6.3) F=— > clej)eler) @ Lalej, ex).
7,k=1

Next, we need to compute the stochastic parallel transport V; def Ut_l. It
moves the two components of the fibre G4, = S(M), ® &, separately,

V, = VSS(M ) ® V:f ’
(M)

and V¢ are the parallel transports on the respective bundles.
(M)

where VsS
Note that under the probability Py ., V;S and Vf are orthogonal trans-
forms on the fibres S(M), and &, respectively. In the proof of the Gauss-
Bonnet-Chern theorem, we have shown that V;S(M) — I5(M) — O(t), but
now we need more precise information on the parallel transport V;S(M). In
the statement of the following proposition concerning Brownian holonomy
in the spin boundle, Y is a euclidean Brownian bridge defined by

Y,
dYs = dW, — =——ds, Yo =0.
S

Proposition 7.6.5. We have

S(M)z _ 7S(M)s 1
I 1
lim V2 ::—A (R(ej, e)Yar dYy) cle;)cler)

t—0 t 8
in LN (Q,F.,P) for all N > 1. Here we identify Y, with Zle Yie;.

In order not to interrupt our discussion of the local index theorem for
the Dirac operator, we will prove this result in the next section, in which
the reader will also find a more precise statement.

From pps(t,z,2) ~ (27t)~" and Ry — 1 as t | 0 we have
l
1
I(t,z) ~ <2ﬂ> By, Trace { M (V2 @ V) |

As actions on S(M),, VtS(M)

vtS(M) € s0(d) such that such that VtS(
TION 7.6.5 now implies that

is close to the identity; therefore there exists a

M) = exp ’UtS(M) in Spin(d). PROPOSI-

S 1
of . 1
¢ % Jim ——/<quwnAnW@%@m
0

t—0 t 8
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As in the proof of the local Gauss-Bonnet-Chern theorem, in the supertrace
Trace{Mt (VtS(M)
Thanks to LEMMA 7.4.3 all terms with total exponent less than [ vanish.
We thus obtain the following formula for the local index

® Vf)} we replace M; and VtS(M) by their expansions.

Fkom g I8
Z ey 9

2 k! m!

I(z) = (1>1ETrace

k+m=l

It remains to rewrite this into an elegant form. We multiply I(x) by the
volume form dz = da' A --- A dx?, and use COROLLARY 7.4.4 and REMARK
7.5.2. This gives

Tre MM Jim
Ix)de=E| > Al B
k+m=l
where
VI V=1
M = M];ldx] /\dl’ ®L(€j,ek) = ?A

is the curvature of the hermitian bundle &, and, with € being the curvature
form on Spin(M) (see (7.6.1)),

d 1
1 .
J:_vhz:muwﬁ®/kR@ﬂwn@n>
0

— 1
— Y=L Loy, av).
47T 0

Note that M and J commute because they act on £ and S(M) separately.
Hence we can write

(7.6.4) I(x) dz ~ Eexp J A Tre exp M.

The expected value can be evaluated by a matrix version of Lévy’s stochastic
area formula. Let Y; = (Y;!, Y2) be the standard two-dimensional Brownian
bridge from 0 to z. Then Lévy’s stochastic area formula is

! 1 — Acoth \)|z|?
E |:€Xp /_1>\/ }/sld}/s2_Y82d}/;l:| :ﬁexp |:( Aco >\)|Z‘ .
0

2 ?
see Tkeda and Watanabe [48], p.388. This can be generalized to the following
matrix form by diagonalization.

Lemma 7.6.6. Let Y be the standard Brownian bridge in R® from 0 to z,
and A an anti-symmetric matriz. Then

1
E [exp\/l/ (AYS,dYS>] = det [ _A
0 sin A

1/2
} exp (I — Acot A)z, z) .
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Proof. Exercise. ([

Finally, using this lemma to evaluate the expectation in (7.6.4), we ob-
tain the following local index formula:

I(x) dz 2 det [S,m%%} v (TM) A Tre exp <\/2?A>

= A(TM) A ch(¢).

Except for the proof of PROPOSITION 7.6.5, which will be carried out in
the next section, we have completed the proof of the Atiyah-Singer index
theorem for the Dirac operator of a twisted spin bundle.

7.7. Brownian holonomy

We first analyze the Brownian bridge X at x as the time length ¢ | 0. Let
exp, : R? — M be the exponential map at . We show that the image
exp, ' X of the Brownian bridge is asymptotically a euclidean Brownian
bridge scaled (in space) by a factor of /t.

Strictly speaking, under the probability P, ;.;, the Brownian bridge X
will not always stay within the cutlocus of z, so the expression exp; ! X is
not defined with probability 1. But it can be shown that the probability of
the set of loops which do not lie within the cutlocus is exponentially small.

Lemma 7.7.1. For any positive u, there is a positive constant A such that

Py ay {X[0,4] € B(a; )} < e

Proof. By symmetry we only need to consider the half interval [0,¢/2]. Let
7, be the first exit time of B(z;p). Then by (5.4.1) we have

Ex {par(t/2, Xojo, )7 < /2}
pm(t 2, x) '

From COROLLARY 5.3.5 there is a constant C such that
C -1
pM(t/Q’Xt/27w) S W’ pM(t,x,.%') Z W

Poa {mn <1/2} =

Hence,
Py oy < C? P, {7, <t/2}.
The result follows from this inequality and PROPOSITION 5.1.4. (|
As t | 0, this small probability is irrelevant for our purpose. This obser-

vation justifies our carrying out the following analysis as if X lies in a local
coordinate chart with probability 1.
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Let {x’} be the normal coordinates based at the fixed point x € M. The
Riemannian metric is given by ds? = gijdajidxj. Recall that the Laplace-
Beltrami operator in local coordinates has the form

1 0 0
Ay = —=— Gg¥ —
Mﬂm«@MJ
where G = det (g;;) and {g*} is the inverse of {g;;}. Let o be the positive
definite matrix square root of { g% },

bz‘_ld 1 9 N 1iji
vgmm(g%vgw

Define

. )
(7.7.1) C'(s,z) = g% (z)a Inpa(s, z, ).

In these local coordinates the Brownian bridge X is the solution of the
stochastic differential equation

dX§ = o(X5) dWs +b(X() ds + C(t — 5, X{) ds,

where W is a Brownian motion on R?. This is just the local version of the
equation (5.4.6). Note we have used the notation X' instead of X to show
the dependence on the time length of the Brownian bridge. We want to
show that the scaled Brownian bridge

L Xy
7.7.2 Z.=—2  0<s<1,
(7.7.2) NG <s<
converges to a standard euclidean Brownian bridge Y in an appropriate
sense. In view of the equation (7.7.4) for Y, this should be clear by a rough
calculation using the following three facts:

(1) X! shrinks to the origin as ¢ | 0;

(2) 0(0) = I, the identity matrix;

(3) sC(s,2) = —zas s | 0.
To actually talk about convergence, it is more convenient to put Brown-
ian bridges in different time lengths on the same probability space. This
can be achieved by replacing the Brownian motion W in the above equa-
tion for X! with the Brownian motion {\/ZWS/t,O <s< t}, where now
{W5,0 < s <1} is a euclidean Brownian motion defined on a fixed prob-

ability space (€2, F,,P). The stochastic differential equation for the scaled
Brownian bridge Z! becomes

(7.7.3)  dZt = o(VtZL) AW, + VIb(VtZE) ds + VtC(t(1 — s), VtZ) ds.
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Let Y be the euclidean Brownian bridge defined by
Y,

(7.7.4) dY = dW, — —"—ds, Yo =0.

We will show that Z! — Y as t | 0 on the fixed probability space (Q, F,,P).
In the proof of this result, we will need the following two facts about the
gradient of the logarithmic heat kernel in (7.7.1):

(7.7.5) V| C(t(1 - 5),V2)] SCl{1’i|S + \/Eﬁ}

z
1—s
The convergence is uniform for 0 < s < 1/2 and uniformly bounded z. The

first fact is a consequence of the estimate on VInpys(s,z,y) in THEOREM
5.5.3. For the proof of the second fact see Bismut [6], p. 104 or Norris [60].

(7.7.6) lim VIO (t(1 - 5), Vtz) = —

Lemma 7.7.2. For any positive integer N,

}in(l)IE\Zt Y)Y —0.
Proof. We prove for N = 2 and leave the rest to the reader. By the
symmetry of a Brownian bridge under time reversal, it is enough to work
on the half interval [0,1/2]. Using the inequality (7.7.5) it is easy to show

by Doob’s martingale inequality that, for any positive integer N, there is a
constant C'y such that

(7.7.7) EIZ' s < Cny BV, < Cx.

Since we are restricted to [0,1/2], VtC(t(1—s),v/tz), o, and b are uniformly
bounded. Now using Doob’s inequality again, we have

S 2
E[Z' - Y2 < C’ﬂE/ ‘a(\/izj) — I‘ dr + Cyt
0

—I—ClE/
0

Using the inequality |o(z) — I| < const.|z| and (7.7.7), we have

)
0

For the last term on the right side, we have

/8 2
0

Y. 2
1—171

VIC(t(1 — 7),VtZE) + dr.

2
o(Vizt) — I’ dr < Ot

VIC(t(1 —7),VtZt) + Yr

1—7

S S
2/ dT+2/
0 0

dr <

2 2

7t Y,
T T dr.

1—71

Zt
VIC(t(1 = 7),VtZE) + T
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For any positive € we have, for sufficiently small ¢,

S 1 2
/
0

VIC(H(1 — 7),ViZh) + 1277 dr <.
This estimate follows considering two cases: |zL| > X and |2L| < . Using
(7.7.7), we see that the former case occurs with arbitrarily small probability
if A is a fixed large number, and hence by (7.7.7) again the expected value
in this case can be made arbitrarily small; for a fixed \, using (7.7.6), we see
that the expected value in the latter case is arbitrarily small if ¢ is sufficiently
small.

Putting these estimates together, we see that for any positive €, the
folowing inequality holds for all sufficiently small ¢ and all s € [0,1/2]:

S
E|Z' - Y2 < 03/ E|Z' = Y|? d7 + Cs(t + ).
0

From this we conclude by Gronwall’s inequality that
liy B2 — Y0, = 0.

O

After this long digression on Brownian bridge, we come back to the
problem of the asymptotic behavior of the Brownian holonomy on the spin
bundle S(M). Recall that U; : T,M — Tx,M is the stochastic parallel
transport along the path X[0,¢]. In the following theorem, we assume that
Brownian bridges at x of different time lengths are defined on the same
probability space (€2, F,,P) in the manner described above.

Proposition 7.7.3. We have
S(M)e _ 7S(M)s 1
I 1
lion 2t — ¢ | (ReepYaavieede)
t—0 t 8 0

in LN (Q, F,,P) for all positive integers N.

LEMMA 7.4.1 describes the action of so(d) on the spin bundle S(M). It
is clear from this lemma that it is enough to prove that

ity — 57
(7.7.8) lim & =% _ 1

1
ti SO = 2 [ (e vava),

where U; = {e{ (t)} The rest of this section is devoted to the proof of this
result.

We will calculate U; explicitly in the normal coordinates {x’} The
curvature enters into our calculation through the following expansion of the
Christoffel symbols in these coordinates.
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Lemma 7.7.4. Let {azz} be the normal coordinates at a point x € M, and
denote by {X;} the local orthonormal frame obtained from {8/8;10"} at x by
translating along geodesic rays from x. Then the Christoffel symbols have
the following expansion at x:

d
1
rl= ) D (R(Xi, X)X, Xi)a + O(|z]?).
=1

Proof. We know that the Christoffel symbols vanish at = (see the proof of
LEMMA 2.5.5); hence it is enough to prove that, at z,

1
VXlFil;' = _§<R(Xiv X)X, X))

From the definition of Christoffel symbols and the orthogonality of { X;}, we
have

I = (Vx,Xj, Xg).
Differentiating along X; and using Vx, X = 0 at x, we have, at the same
point
Vx I = (Vx,Vx, X5, X).
Now for [ # 4, the unit vector field (X; + X;)/v/2 is parallel along the
geodesic ray {x,, = 0,m # i,l;x; = 2;}. Hence it is the tangent vector field
of the geodesic. On the other hand, X is parallel along the geodesic; hence
Vx,+x,;X; = 0 along the geodsic, which implies trivially that
VXI+Xile+Xin =0
at x. A similar argument shows also that
Vx,Vx,X; =Vx,Vx,X; =0.
It follows that
Vx,Vx, X; +Vx,Vx,X; =0.
Finally, since the bracket [X;, X;] = 0 at , by the definition of the curvature
tensor we have
1
szFi];' = *§<VX¢VX1XJ' - szinvaXk>
1
= =5 (B(Xs, X)X, X
This completes the proof. O

In the normal coordinates, an orthonormal frame is expressed as

) J
u:{x 6-} ue; = €, —-.
) g I (] Zal']
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From the local equation for horizontal Brownian motion we have (see (3.3.9)
in EXAMPLE 3.3.5)

del(s) = —T7, (Xs) e (s) odX™, 0<s<t.
Replacing X by VtZ!, (see (7.7.2)), we obtain

) (ViZh) ek (st)
Vi

As t | 0, the limit of the expression in brackets can be obtained from the
local expansion of the Christoffel symbols (LEMMA 7.7.4) and the fact that
Z' —Y ast | 0 (PROPOSITION 7.7.2), and we have

. r’ VitZs) ek (st 1

ltll%l mk( \/g) 7,( ) :_§<R(ei7€j)}/syem>-
Integrating (7.7.9) from 0 to 1 and taking the limit, we have, at least for-
mally,

(7.7.9) del (st) = —t odzt™m, 0<s<1.

di) -5 1 [ [CL WAz
(7.7.10) 205 —2/0 =

1 1
=5 | (R e)Yi, odra)
0

Since the matrix R(e;, e;) is anti-symmetric, its diagonal elements are zero;
hence the bounded variation part of the Stratonovich integral vanishes, and
we have

o dZtm

j j 1
i O — [ (e )i, av)
To justify the passing to the limit in (7.7.10) we consider the half time
intervals [0,1/2] and [1/2,1] separately. Using the equation (7.7.3) for Z!
we can convert the Stratonovich in the equation (7.7.9) for eg(st) into the
corresponding It6 integral. Then, integrating from 0 to 1/2 and using (7.7.6)
and (7.7.4), we see that
J _ 8 1/2
i L 0 [ RGeep v ana).

Likewise, by symmetry we have
Cd)—e /2 1 !
lglrg% = 2/1/2<R(ei,ej)Y;,dY;>.

Adding the two limits, we obtain (7.7.8). We have therefore completed the
proof of PROPOSITION 7.7.3.



Chapter 8

Analysis on Path
Spaces

Stochastic analysis on path and loop spaces is an active area of current
research. In this chapter we concentrate on two topics for the path space
over a compact Riemannian manifold: integration by parts and logarithmic
Sobolev inequalities. For the quasi-invariance of the Wiener measure we
only discuss the euclidean case, for including a proof of this theorem for
a general Riemannian manifold would take too much space. Although the
integration by parts formula can be derived easily once the quasi-invariance
of the Wiener measure under Cameron-Martin shifts is established, fortu-
nately there are other approaches which circumvent the quasi-invariance,
thus making the integration by parts formula in path space much more ac-
cessible. The reader should consult Malliavin [57] for a different approach
to the topics in this chapter.

The first two sections of this chapter is devoted to the euclidea theory,
where most results can be proved by explicit computations. In SECTION
8.3 we prove several formulas due to Bismut [6] involving Brownian motion
and the gradient operator on a Riemannian manifold. Driver’s integration
by parts formula in the path space is proved in SECTION 8.4. In SECTION
8.5, we use the integration by parts formula to extend the Clark-Ocone
martingale representation theorem from euclidean Brownian motion to Rie-
mannian Brownian motion. SECTION 8.6 contains a general discussion on
logarithmic Sobolev inequalities and hypercontractivity. In the last SEC-
TION 8.7 we prove a logarithmic Sobolev inequality for the path space over
a compact Riemannian manifold.

229
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8.1. Quasi-invariance of the Wiener measure

We will restrict ourselves to the unit time interval I = [0, 1] and denote by
P,(R™) the space of continuous functions from I to R™ from the origin o.
The Wiener measure on P,(R?) is denoted by P.

If an h € P,(R™) is absolutely continuous and h € L2(I;R"), we define

1
Bl = 1/ / (g 2ds
0

otherwise we set |h|g = co. The (R"-valued) Cameron-Martin space is
H={h e P,(R"):|hlg < cco}.

Theorem 8.1.1. Let h € H, and let
¢pw =w+h, w € P,(R"),

be a Cameron-Martin shift on the path space. Let P be the Wiener measure
on P,(RY). Then the shifted Wiener measure P* = P o {,:1 is absolutely
continuous with respect to P, and

dPh L. 1t
(8.1.1) dP:exp{/o <h5,dws>—2/0 |hs] ds}.

When the shifted Wiener measure P" is equivalent to P (meaning they
are mutually absolutely continuous), we say that the Wiener measure is
quasi-invariant under the Cameron-Martin shift £,. The above theorem is
implied by the the following more general Girsanov’s theorem

Theorem 8.1.2. Let B = {B;,t € I} be an F.-Brownian motion on a fil-
tered probability space (Q,F.,P), and V' an R"-valued, F.-adapted process
such that

1
/ |Vi|2ds < C
0

for a fixed (nonrandom) constant C. Define a new probability measure Q by
dQ ! 1t
T ED) st —~ s d .
i =] [ vaam - g v
Let X = {Xy,t € I} be defined by
(8.1.2) Xy =Bs — / V.dr.
0
Then X is an F.-Brownian motion on the probability space (2, F,, Q).

Proof. Let e = {es, s € I} be the exponential martingale

S 1 S
€s = exp {/ (V;,dB;) — 2/ |VT’2d7—} .
0 0
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Then
dQ p [dQ P
—| =E<{—|F;,=E F,} =e;.
dP |, {dP } feafFs} =e
From this it is easy to check that if Y; € F; and s < ¢, then

E? {V;[F,} = c; 'E¥ {Yier|F}

This means that a continuous, F,-adapted process Y is a local martingale
under Q if and only if eY = {esYs,s € I} is a local martingale under P.
Now by Ito’s formula we have des = es (Vs,dBs) . Another application of
1t6’s formula gives

d(esXs) = esdBs + es X (V, dBs) .

This shows that eX = {e;Xs, s € I'} is a local martingale under P; hence by
the above remark X is a local martingale under Q. From (8.1.2) it is clear
that X has the same quadratic variations as B. Lévy’s criterion now implies
that X is a Brownian motion under Q. O

There is a similar result for the loop space
Lo(M) = {w € P(RY) : wy = o} .

Let
H,={heH:h(1)=0}.
Recall that the Wiener measure P, on L,(R") is the law of a Brownian
bridge at o with time length 1. We show that P, is quasi-invariant under
the Cameron-Martin shift &, : L,(R™) — L,(R™) for h € H,.
On the probability space (P,(R"™), Bs,P) consider the stochastic differ-
ential equation for a Brownian bridge

X
dXs =dW, — %ds, Xy =o,
s

where W is the coordinate process on W (R?). The assignment JW = X
defines a measurable map J : P,(R") — L,(R™). The map J can also be
viewed as an L,(R™)-valued random variable. Suppose that h € H,. A
simple computation shows that

d{Xs+hs} =d{Ws+ks} —

X
8+h5ds,
1—s

where

s hT
k‘SZhS—i-/ dr.
0 1—17

This shows that through the map J, the shift X — X + A in the loop space
L,(R™) is equivalent to the shift W — W +k in the path space P,(R™). The
following lemma shows that the latter is a Cameron-Martin shift.
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Lemma 8.1.3. Let h € H, and

ks:hs+/ hT dr.
0 1—71

Then k € H and |k|lg = |h|u.

Proof. We have, for any ¢ € (0,1),

t . t 2.k t 2
/ |ky|?ds = / |hs|ds + 2/ =2 s +/ | ds.
0 0 0 1—s 0 1—s
Integrating by parts in the last integral, we obtain
Yl Y ||
/ les[2ds :/ g |2ds + L
As t — 1, the last term tends to zero because
|2 1 1 2 1
l t‘t =1 / heds| < / |hs|2ds — 0.
- —t|J t
This completes the proof. O

The lemma implies that & € H. Define the exponential martingale

e :exp{/ </%:T,dW / i | dT}
0

Let P* be the probability measure on P,(R") defined by
d Pk
dP
By the Cameron-Martin-Maruyama theorem, P¥ is the law of W + k. Since

it is absolutely continuous with respect to P, the random variable J(W + k)
is well-defined, and under the probability P*,

(8.1.4) JW+k)=X+h.

Let P? be the law of the shifted Brownian bridge X + h. Then for any
C € B(Lo(R™)),

(8.1.3) =

PMC) =P,(C — h) =P(J'C - k)
=PHJIC) = P(ey; J1C)
=Py(e;0J 1 0),
where we have used (8.1.4) and (8.1.3) in the second and the fourth steps,

respectively. Now it is clear that P? and P, are mutually equivalent on
L,(R™), and

h
dPO =e1 oJ L.

A
(8.1.5) dp,
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Finally, it is easy to verify that

[ () = [ (hoax.).

This together with LEMMA 8.1.3 implies that

L. 1 /.
-1 _ i 2
ejodJ —exp{/0 <hs,dXS>—2/0 |hs| ds}.

We have proved the following result.

Theorem 8.1.4. Let h € H, and §,y = v+ h for v € Lo(R™). Let P,
be the Wiener measure on the loop space Lo(R™). Then the shifted Wiener
measure P = P, o (€)= on the loop space L,(R™) is absolutely continuous
with respect to P, and

dPh L. I
P, —exp{/o <hs,dXs> —2/0 |hs| ds}.

The converse of THEOREM 8.1.1 also holds.
Theorem 8.1.5. Let h € P,(R"™), and let
Ehw=w+h, w € Py(R")

be the shift on the path space by h. Let P be the Wiener measure on P,(R%).
If the shifted Wiener measure P =P o (€4)71 is absolutely continuous with
respect to P, then h € H.

Proof. We show that if A ¢ H, then the measures P and P"* are mutually
singluar, i.e., there is a set A such that PA =1 and P*A = 0. Let

1 .
<fag>H:/O f5d987

whenever the integral is well defined. If f € H such that f is a step function
on [0,1]:

-1
f= Z Jills; si01)
i=0

where f; e R" and 0 = sy < s1 < -+ < §; = 1, then

-1
(fo R = fi (s — hs,)
=0

is well defined. It is an easy exercise to show that if there is a constant C
such that

(£, < Clfln

for all step functions f, then h is absolutely continuous and h is square-
integrable, namely, h € H.
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Suppose that h ¢ H. Then there is a sequence {f;} such that
=1 and (b fi)y = 2L

Let W be the coordinate process on P,(R?). Then it is a Brownian motion
under P and the stochastic integral

(fi W)g = /01 <fl,sadWs>

is well defined. Let

A ={{fi W)y <1}
and A = limsup;_,, A;. Since |fj|lu = 1, the random variable (f;, W) is
standard Gaussian under P; hence

PA; >1— €_l2/2.
This shows that PA = 1. On the other hand,
PP A = P{(fi, W + h)y <1} <P{(fi, W)y < —1}.

Hence P"4; < e '"/2 and P"A = 0. Therefore P and P" are mutually
singular. ([

8.2. Flat path space

Before we study the general path space P,(M) over a Riemannian manifold,
it is helpful to have a complete understanding of the flat path space P,(R™).
We first introduce the basic directional derivative operator Dj, along a di-
rection h € H and the gradient operator D on the flat path space P,(R™).
They are first defined on the set of cylinder functions and then extended to
closed operators on appropriate LP-spaces. The extensions are accomplished
by establishing integration by parts formulas for these operators. Along the
way we will see that a natural set of directions i along which the D; are
well-defined as closed operators is the Cameron-Martin space H. Thus at
this preliminary stage, we can roughly regard H as the natural tangent space
of the infinite-dimensional manifold P,(R™). A parallel theory can be de-
veloped for the loop space L,(R™). It should be pointed out that, from the
point of view of Gaussian measures, owing to the linear structure of the base
space R, there are no differences between the flat path and loop spaces.

By analogy with finite dimensional space, each element h € P,(R™)
represents a direction along which one can differentiate a nice function F' on
P,(R™). Naturally the directional derivative of F' along h should be defined
by the formula

(8.2.1) DyF(w) = lim Flwt ﬂ? — Flw)
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if the limit exists in some sense. The preliminary class of functions on
P,(R™) for which the above definition of Dy F makes immediate sense is
that of cylinder functions.

Definition 8.2.1. Let X be a Banach space. A function F : P,(R") — X
is called an X -valued cylinder function if it has the form

(8.2.2) F(w) = f(wsy, +  ws),

where 0 < s1 < --- < 51 < 1 and f is an X-valued smooth function on
(R™)! such that all its derivatives have at most polynomial growth. The set
of X -valued cylinder functions is denoted by C(X). We denote C(R') simply
by C.

Let P be the Wiener measure on P,(R") and LP(P) = LP(P,(R"),B,P)
be the Banach space of R-valued LP-integrable functions on P,(R™). For
a Banach space X, denote by LP(P; X) the space of X-valued functions F’
such that |F|x € LP(P). Then LP(IP; X) is a Banach space with the norm

1/p
|F]l, = { / \F&dl@} -
P, (R™)

It is easy to verify that the set C(X) is dense in LP(IP; X) for all p € [1, 00).
Typically X = R, R, or H.

If F € C is given by (8.2.2), then it is clear that the limit (8.2.1) exists
everywhere and

l
(823) DhF - Z <VZF1 hsi >Rn )

i=1
where
ViF(w) =V f(ws, - ,ws)
Here V' f denotes the gradient of f with respect to the ith variable.

From functional analysis we know that the directional derivative opera-
tor Dy, is useful only if it is closable in some LP(IP). The directional derivative
Dy, operator is closable if it has an integration by parts formula. We will see
later that this requirement forces us to restrict ourselves to the directions
h € H, the Cameron-Martin space H, because only for these directions does
Dj, have an integration by parts formula. The fact that the restriction h € H
is appropriate can also be seen from the preliminary definition (8.2.1) of Dy,.
The limit there should be understood at least in measure with respect to IP.
Since in general F' is only defined P-a.e., the function w +— F(w + th) is not
well defined unless the shifted measure P (the law of w + th) is absolutely
continuous with respect to P. This means that h € H by THEOREM 8.1.5.
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It is natural to define the gradient DF of a function F' € C to be an
H-valued function on P,(R™) such that

(DF, h)y = DyF.

By a simple calculation we verify that

l
(8.2.4) (DF), = min(s,s;)V'F
=1
and
l

IDFIf =) (si = si-1)

i=1

2

l
> VIF
j=i

We can now proceed as follows. First we define Dy, on the set C of cylin-
der functions by (8.2.3). We then exhibit an integration by parts formula
for Dy, defined this way. This will gives us a formal adjoint D} on the set
of cylinder functions. Using a standard argument from functional analysis,
we show that Dy, is closable in LP(P) for all p > 1 and C is a core. The clos-
ability of the gradient operator D follows immediately. The same procedure
will be followed later when we discuss Dy, and D on the path space over a
Riemannian manifold.

There are two methods for the integration by parts formula. The first
method uses the quasi-invariance of the Wiener measure (Cameron-Martin-
Maruyama THEOREM 8.1.1). The second method is to show the formula
for cylinder functions with one time point dependence F'(w) = f(ws), and
then to apply induction on the number of time points. We will use the first
method for the flat path space in this section and the second method when
we discuss general path spaces in SECTION 8.4.

In the following we will use the notation

(F,G) :/ FGdP.
P, (R™)
Theorem 8.2.2. Let F,G € C and h € H. Then
(8.2.5) (DLF,G) = (F,D;G),
where

1
D; = —Dh+/ (hg, dW5).
0

Proof. Let &pw = w + th be the flow generated by the vector field Dy, on
the path space P,(R") and Pt" = Po ¢! the shifted measure. Then P and
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[P are mutually absolutely continuous (THEOREM 8.1.1). We have
/ (Foty)GdP = / (G ot ) FdPh
PO(R") PO(RTL)
d]P)th
= Go f_ h F——dP.
/PO(R")( th) dP

We differentiate with respect to ¢ and set ¢ = 0. Using the formula for
the Radon-Nikodym derivative (8.1.1) in the Cameron-Martin-Maruyama
THEOREM 8.1.1, we have at t =0

d dPth} /1 .
d = [ (hg,dW,).
dt{ dP . )

The formula follows immediately. ]

Since Dy, is a derivation, we have
D;G = —DyG + (D;1)G.
Thus the above theorem says that

Di1= /01 <hs,dW5>.

To understand the integration by parts formula better, let’s look at
its finite dimensional analog and find out the proper replacement for the
stochastic integral in Dj. Let h € R and consider the differential operator

N d
D":thdxi'
=1

Let i be the Gaussian measure on RV i.e.,

N/2
dp (LN a2
dx 27

[dz is the Lebesgue measure.] For smooth functions F, G on RY with com-
pact support, we have by the usual integration by parts for the Lebesgue
measure,

(8.2.6) (DuF,G) = (F, D;,G),
where D} = —Dy, + (h,z) at x € RY.

An integration by parts formula for the gradient operator D can be
obtained as follows. Fix an orthonormal basis {h’} for H. Denote by Co(H)
the set of H-valued functions G of the form G =) i Gjh7, where each G is

in C and almost all of them are equal to zero. It is easy to check that Co(H)
is dense in LP(P; H) for all p € [1, 00).
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Since DF = Zj(Dth)hj in L2(P; H), we have

(DFvG) = Z(Dth, G]) = Z(F7DZJGJ)

J J
By the assumption that G € C,(H), the sums are finite. Let

1
D*G =) D;,Gj =~ DyG;+ ZGj/ <izg,dws> :
j j j 0
We rewrite this formula in a more compact form. If
J=> Jixh! @ hF
7,k
is in H ® H, we naturally define

Trace J = Z Jjj-
J

For G =Y, GxhW € Co(H) we define its gradient to be
DG = (D}, Gp)lW @ h*.
g,k
Then it is clear that
Trace DG = Z Dy,;Gj.
J

For G =3, Gjh/ we define

/01 (Go aW,) = > G /01 (b, aw,).

Note that in general Gy is not B,-adapted and the above integral is inter-
preted as the term-by-term integration with respect to a specific basis for
H, but it is independent of the choice of the basis. Using the notations
introduced above, we can write

1
(8.2.7) D*G = —Trace DG —i—/ <GS,dWS>.
0

We have proved the following integration by parts formula for the gradient
operator D.

Theorem 8.2.3. Let F € C and G € Co(H). Then
(DF,G) = (F,D*G),
where D*G is given by (8.2.7).

Proof. See above. U
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One use of the integration by parts formula is to show that both Dy, and
D are closable. The argument is standard in functional analysis. Let’s first
review some basic facts.

Definition 8.2.4. Let By, By be Banach spaces and A : Dom(A) — Ba a
densely defined linear operator. The graph of A is

G(A) = {(z,Az) € By x By : x € Dom(A)}.

A is closed if G(A) is closed. A is closable if the closure G(A) is the graph
of a linear operator A, which is called the closure of A. If A is closed, any
set C C Dom(A) such that G(A|c) = G(A) is called a core of A. Here A|c
is the restriction of A to C.

Definition 8.2.5. Let A : Dom(A) — By be a densely defined linear oper-
ator from By to By. Let Dom(A*) be the set of elements y* € B; such that
there exists a constant C' with the property that

" (Az)| < Clz[p,

for all x € Dom(A). For each element y* € Dom(A*) there is a unique
element A*y* € B} such that

Aty*(z) = y*(Ax)
for all € Dom(A). The linear operator A* : Dom(A*) — Bj is called the
dual operator of A. When By = By = H, a Hilbert space, the linear operator
A* on H is called the adjoint of A. In this case we say that A is symmetric
if AC A* (i.e., Dom(A) € Dom(A*), and A*[pom(a) = A), and selfadjoint
if A= A*.

The next lemma contains a basic criterion for closability.

Lemma 8.2.6. A : Dom(A) — By is closable if and only if it has the
following property: If x,, — 0 in By and Az, converges in Bo, then Ax,, — 0.

Proof. Exercise. ]

We now use the integration by parts formula to show that Dj, is closable
on LP(P) for any p > 1. Recall that by definition C C LP(P) for all p € [1, 00).

Theorem 8.2.7. Let h € H and p € (1,00). Then Dy : C — LP(P) is
closable. Furthermore, C C Dom(Dy) and, for G € C,

DG = —DpG + (Di1) G,

Dil= /01 <h5,dW5>.

where
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Proof. By Lemma 8.2.6, for the closability of Dj, it is enough to show that
if {F,} C C such that F,, — 0 and DyF,, — K in LP(PP), then K = 0. The
fact that C is a core of the closure of Dy, is clear.

Recall Doob’s inequality: for any r > 1,

/01 <hs,dW5>

for some constant C(r) depending on 7. Let ¢ = p/(p—1) be the index dual
to p. Suppose that G is a real-valued cylinder function on P,(R™). Then
DyG € L4(P). By (8.2.8) and Holder’s inequality we have (D;1)G € L4(P);
hence D;G € L4(PP). We have the integraion by parts formula (D F,, G) =
(Fn, D;G). Letting n — oo, we see that (K,G) = 0 for all G € C. Since C
is dense in L4(P) = LP(P)*, we have immediately K = 0.

If G € C, then by Holder’s inequality we have
(DnF,G) = (F, DG) < | DGl Lal[ Fl| e

for all ' € C. Hence G € Dom(Dj) by definition. This shows that C C
Dom(Dy) and D;G is given by the indicated formula. O

(8.2.8) E r < C(r)|hlg

Similarly we have the following integration by parts formula for the
gradient operator D.

Theorem 8.2.8. Let 1 < p < co. Then the gradient operator D : C —
LP(P;H) is closable. We have Co(H) C Dom(D*) and

1 .
D*G = —Trace DG +/0 <GS,dWS>.

Proof. Use Theorem 8.2.3 and the same argument as in the proof of the
preceding theorem. Note that the assumption G € Cy(H) implies that D*G €
L4(P) for all ¢ € (1,00). O

We have shown that the gradient operator D : Dom(D) — L?(P;H) is a
closed operator and the set of cylinder functions C is a core. Let Dom(E) =
Dom(D) and define the positive symmetric quadratic form

€ :Dom(€) x Dom(€) — R
by
E(F,F) = (DF,DF)2p.n = E|DFf.

Then (£,D()) is a closed quadratic form, i.e., Dom(€) is complete with
respect to the inner product

E(F,F) = E(F,F) + (F, F).
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By the general theory of closed symmetric forms (Fukushima[29], 17-19),
there exists a non-positive self-adjoint operator L such that Dom(€) =

Dom(y/—L) and
(8.2.9) E(F,F)=(V—LF,v/—LF).
L is called the Ornstein-Uhlenbeck operator on the path space P,(R™).

Proposition 8.2.9. L = —D*D and C C Dom(L). If F € C is given by
F(w) = f(ws, -+ ,ws,), then

(8.2.10) LF =min{s;,s;} Vi, VI F(w) = (W,,,V'F), .

[Summation over repeated indices!] Here VékF denotes the derivative along
the kth coordinate unit vector e, € R™ with respect to ith variable of F'.

Proof. Assume that F € Dom (D*D) and G € Dom (v—L). Then they

are both in Dom(D), and we have
(\/—LF, \/—LG> = £(F,G) = (DF,DG) = (D*DF,G).

Hence v—LF € Dom (\/—L) and —LF = D*DF, that is, —D*D C L.

If F € Dom(L), then F € Dom (v/—L) = Dom(D). For any G €
Dom(D), we have

(DF,DG) = £(F,G) = (V=LF,V=LG) = (-LF,G).

Thus DF € Dom (D*) and D*DF = —LF. Therefore L C —D*D. It
follows that L = —D*D.

Now we prove the formula for L on cylinder functions. Suppose that
F,G € C and they depend only on the time points s1,...,s. By definition

(DF), = Zmin{s, si} V'F

and )
(DF, DG) 2pm) = /0 (DsF, DsG) 2pgny ds,
where DsF = d(DF')s/ds. Hence
(DF, DG) = min {s;,s;} (V'F,VIG)
= min {s;, s;} (VikF, ngG)
=Y (Ve F. D1, G),

where [;;, € H is given by

l;(s) = min{s;, s} eg.
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Note that both VikF and ngG are in C. Integrating by parts in the the
last expression, we obtain

(DF,DG) = (D}, V. F.G).
This implies, formally,

1
LF = =Dy, Ve, F = Dy, Ve, F — </0 <lik’dW8> ,VlekF> '

/01 <lzk:7dWs> = <Wsi7€k>

in the second term on the right side, we can write

LF =min{s;,s;} VL, VI F — (W, ,V'F)g, .

Using

The right side is clearly in L?(P), and we have just shown that, with LF
given as above, (DF,DG) = (—LF,G) for all G € C. It follows that DF €
Dom(D*), F' € Dom(L), and LF is given by (8.2.10). O

From now on, we fix an orthonormal basis k%, = 0,1,..., for H such
that each h* € C1(]0, 1], R"). For example, in the case n = 1 we may take

- 2
hd = s, hézl(l—cosiﬂs), i>1.
im

For an h € H we use the notation

(h, Wy = /01 <hs,dW5>Rn.

The following result will be useful later.
Proposition 8.2.10. Let F : P,(R") — R have the form
(8.2.11) F = f((h%, W)y, ..., (K", W)n),

where f : R — R is a Schwartz test function. Then F € Dom(L). The
set of such functions forms a core for both D and L, and

l
DF =) F,, (Wi,
=0

!
LF = Z {szzz(W) - <hiv W>H le} )
i=0

where
Fﬂ?z(W) = fmz(<h07 W>H7 ceey <hla W>H)
and

Froi(W) = forw, (W0, W, ..., (B, W)n).
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Proof. Replacing each (h, W)y in (8.2.11) by the Riemann sum

N

D ey (Wi = Wisnyn);
=1

the resulting function Fl is a cylinder function. The formulas for DF and
LF can be obtained by taking the limits in the explicit formulas of DFy
and LFy as N — oo. O

We now describe the spectrum of L. This means finding a set of eigen-
functions of L which span the whole L?(P,(R%), B,P). Let us first consider
the case of the Gaussian measure p on R!. Let

d d
D=—, D'=——+ux.
dx dz +
Then D* is the formal adjoint of D with respect to the standard Gaussian
measure u. Hence,
d? d
L=-D'D=— —x2—.
d? T
For the time being we may assume that L is defined on the space of Schwartz
test functions, i.e., the set of smooth functions on R! whose derivatives of
all orders have at most polynomial growth. Let Hy be the Nth Hermite
polynomial:

DN ey dV e
HN(x):(\/%e /Qd:vNe 2,

Then the following identities hold:
(8.2.12) Hy\ =VNHy_1, HY —azH\+NHy=0.
The following result is well known.

Proposition 8.2.11. {Hy, N € Z. } is the orthonormal basis for L*(R, p)
obtained from {mN} by the Gram-Schmidt procedure, and LHy = —NHy.
The operator L defined on the space of Schwartz test functions is essentially
self-adjoint. Denote its unique self-adjoint extension still by L. Then

Dom(L) = {fGLQ(,u;Rl) : i]\f2 (f,Hy)? < oo}

N=0

Hence the spectrum of —L is

Spec(—L) ={0,1,2,...}.

Proof. See Courant and Hilbert [13], CHAPTER II. O



244 8. Analysis on Path Spaces

Returning to the path space, for simplicity we will assume in the fol-
lowing that the base space has dimension d = 1. Let i be the standard
Gaussian measure on the product space R%+. Then Tw = {<h’,w>H} de-
fines a measure-preserving map

T : (Py(R),P) — (RZ+,P)

between the two measure spaces. With PROPOSITION 8.2.11 in mind, the
following construction is in order. Let I denote the set of indices I = {n;}
such that n; € Z4 and almost all of them are equal to zero. Denote |I| =
ny+ng +---. For I €1 define

H = HHm(<hi,W>H).

Each Hj is a function on the path space P,(R™). The fact that the Her-
mite polynomials {Hy, N € Z,} form an orthonormal basis for L*(R, p)
(PrOPOSITION 8.2.11) implies immediately that {Hy, I € I} is an orthonor-
mal basis for L?(P,(R),P). Moreover, from PROPOSITION 8.2.10 and (8.2.12)
we have H; € Dom(L) and LH; = —|I|H;. Thus the eigenspace of L for the
eigenvalue N is

Cn = the linear span of {Hy:|I| = N},
and
L*(P,R),P)=Co®C1 ®Co®--- .
This is the Wiener chaos decomposition. The following theorem completely

describes the spectrum of the Ornstein-Uhlenbeck operator L on the flat
path space.

Theorem 8.2.12. We have
Spec(—L) =Z,

and C is the eigenspace for the eigenvalue N. Let Py : L?(P,(R),P) — Cn
be the orthogonal projection to Cn. Then

Dom(L) = {F € L*(P,(R),P): > N?||PyF|* < oo}
N=0
and

[e.e]
LF =-) NPyF.
N=0
Note that all eigenspaces are infinite dimensional except for Cy = R.

Proof. The key point here is that Dom(L) is exactly as given in the state-
ment of the theorem. This is the result of three facts: (1) L is already known
to be self-adjoint (hence closed) because it comes from a closed quadratic
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form; (2) {Hy, I € 1} is a basis for L?(P,(R),P); and (3) each H; € Dom(L).
We leave the details as an exercise. O

Remark 8.2.13. In THEOREM 8.2.9 we have found an explicit formula for
LF when F' is in the space C of cylinder functions. It can be shown that
L|C is essentially self-adjoint.

For a self-adjoint operator A on an L?-space with nonnegative spectrum
such that 0 is an eigenvalue whose eigenspace consists of constant functions,
the spectral gap of A is defined by

(8.2.13) SG(A) = inf {Spec(—L)\ {0}}.

The above theorem shows that for the Ornstein-Uhlenbeck operator on the
flat path space we have SG(—L) = 1. For a general path space, although
we do not have an explicit description of the spectrum of the generalized
Ornstein-Uhlenbeck operator, we will show that it has a positive spectral
gap which can be bounded from below in terms of the Ricci curvature of the
base manifold; see THEOREM 8.7.3.

Let P, = e'2/2 in the sense of spectral theory. The Ornstein-Uhlenbeck
semigroup {P;} is the strongly continuous L2-semigroup generated by the
Ornstein-Uhlenbeck operator L. Clearly P,F = e~ NY/2F for F € Cy. From

the definition it is clear that each P, is a conservative L?-contraction, i.e.,
P;1 =1 and ||P¢Fll2 < || F||2-

Proposition 8.2.14. The Ornstein-Unlenbeck semigroup {P.} is positive,
ie., PAF >0 if F > 0.

Proof. The closed quadratic form
E(F,F)= (DF,DF), F € Dom(D)

comes from the gradient operator D; hence it is a Dirichlet form and L =
—D*D is the self-adjoint operator associated with £. The positivity of the
semigroup P; = e'2/2 follows from the general theory of Dirichlet forms, see
Fukushima[29], 22-24. O

Using the positivity of P;, we show that it can be extended to a contrac-
tive semigroup on LP(P) for all p € [1, 00].
Proposition 8.2.15. For each p € [1,00|, the Ornstein-Uhlenbeck semi-

group {P} is a positive, conservative, and contractive LP-semigroup.

Proof. Let ¢ be a nonnegative convex function on R with continuous de-
rivative. Then

¢'(a)(b—a) + ¢(a) < (b).
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Let 1 <p < oo and F € LP(P) N L?(P). Put b = F in the above inequality
and apply P; to both sides. By the positivity and P;1 = 1 we have

¢(a) + ¢'(a)(PF —a) < Pip(F).

For each fixed a this inequality holds for P-almost all w. By Fubini’s theorem,
for P-almost all w, it holds for almost all a (with respect to the Lebesgue
measure, say), hence for all a by continuity. Now we can let a = P,F" and
obtain P:¢(F) > ¢(P.F'), P-almost surely. Choosing ¢(s) = |s|P, we have
|P F|P < Py|F|P. Therefore

PG = (PP, 1) < (Pe|FIP, 1) = (|F[7, Ped) = [[F][".

Since LP(P) N L%*(P) is dense in LP(P), we see that P; can be extended
uniquely to a positive, conservative, and contractive LP-semigroup. The
case p =1 or oo can be handled similarly and more simply. O

8.3. Gradient formulas

In preparation for the integration by parts formula in the next section, we
will prove several formulas involving at the same time the gradient operator
V and Brownian motion. One of them (THEOREM 8.3.3) will serve as the
starting point for proving an integration by parts formula in the path space.
We start with a review of a formula of this type we have already discussed
in SECTION 7.2. Let M be a compact Riemannian manifold and

Puf(x) = /Mpms,m,y)f(y)dy

be the heat semigroup on M. Let X be the coordinate process on P,(M) and
P, the law of Brownian motion on M starting from x. Fix an orthonormal
frame at « and let U be the horizontal lift of X to the orthonormal frame
bundle O(M) starting from this frame. We denote the anti-development of
U by W. Define a multiplicative functional M by

dM
ds

Here Ric,, : R™ — R" is the Ricci curvature transform at u € O(M).

1
(8.3.1) + 5 M. Ricy, =0, My=1.

Theorem 8.3.1. For f € C*°(M) we have
VPrf(e) =B, {MrUz'V f(X7)} .

Proof. This is a special case of THEOREM 7.2.1 applied to the 1-form
0(t,x) = VP, f(z), which is a solution of the heat equation for the Hodge-de
Rham Laplacian [y;. See also THEOREM 7.2.4. ([
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This result tells us how to pass the gradient operator V through the
heat semigroup. The next result we will discuss shows how to remove the
gradient V under the expectation from the function. It is a special case of
the integration by parts formula in the path space P,(M).

Let f be a smooth function on M and
o (S’U) = Psf(ﬂ'u)
the lift of Psf to O(M). Then J satisfies the following heat equation:
0 1
(8.3.2) %@ (T — s,u) + QAO(M)@ (T — s,u) =0.
Applying 1t6’s formula to @ (T' — s, Us) and using the heat equation (8.3.2),
we have
(8.3.3) d{D (T — 5,Us)} = (VIO (T — 5,U,),dWs) ,
which shows that the process {@ (T — s,Us),0 < s < T'} is a martingale.

Lemma 8.3.2. The process {MSVHQ5 (T —s,Uq),0< s < T} 18 a martin-
gale.

Proof. V# J(T—s,u) is the scalarization of d(Pr_sf) = Pr_s(df), where on
the right side P, = e'™4/2 is the semigroup generated by the Hodge-de Rham
Laplacian [Jy7; hence it satisfies the heat equation for this Laplacian. By the
Weitzenbock formula [y = Ajy—Ric (applied to 1-forms, see COROLLARY
7.1.4),

d

1
£VH<15(T— s,u)+ 5 {Ao) — Ric} VHO (T — s,u) = 0.

Now, using the above relation and the definition 8.3.1 of M, we find that
A{M VD (T - 5,Uy)} = (M;VHVHS (T - 5,Uy), dW,).
This proves the lemma. O

Theorem 8.3.3. Suppose that X is a Brownian motion on M, U a hori-
zontal lift of X, and W the corresponding anti-development of X. Let {hs}
be an adapted process with sample paths in H such that ]E|h|2H < 00. Then
for f € C*(M) we have

E(Vf(Xr), Urhr) = B {f(XT> / ' <h5 + 1 Ricy, b, dws>} |

Proof. Let Ny = M,V & (T — s5,U,). According to LEMMA 8.3.2 N is a
martingale. From (8.3.3) we have

(834)  f(Xr)—Ef(Xr) = / (B (1 s U,
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This is a special case of the martingale representation theorem, see SECTION
8.5. Suppose that {gs} is an R™-valued, adapted process with sample paths
in H such that E|g|} < co. We have the following sequence of equalities:

[ (XT/ <M Ger AW, >}

)
= [t -} [ (Mg aws)
|

T
(V& (T — 5,U,) dW>/ MTgs,dW>]
0

:E/O <qu5 —s,U,), Mgs>ds

T
_E/ (MNP (T - 5,Uy), gs) ds
0

T
:E<MTVH@(O,UT)7QT>+E/ <957st>7
0

where MST denotes the transpose of M. Here in the last step we have
integrated by parts. The last term vanishes because IV is a martingale;
hence we obtain

(835) E {f(XT) /OT <Mjgs, dWS>} —E <VH¢ (0, Ur), M}gT> .

To convert this equality in the form in the theorem, we let hy = MJ gs- It
satisfies the equation

|
Mg, = hs + 5 Ricu, hs.

On the other hand, V@ (0, u) = u= 'V f(ru). Hence the right side of (8.3.5)
becomes E (V f(Xr), Urhr). The proof is completed. O

Combining THEOREMS 8.3.1 and 8.3.3 gives the celebrated Bismut’s cel-
ebrated formula for Vpu (T, z,y).

Theorem 8.3.4. (Bismut’s formula) Let M be a compact Riemannian man-
ifold and x,y € M. Let P, .7 be the law of a Brownian bridge on M from x
to y with time length T. Let X be the coordinate process on the path space
P,(M), U a horizontal lift of X, and W the corresponding anti-development
of U. Define an M(n,n)-valued process {Ms} by

dM;,
ds

=0, My =1.
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Then

1 T
(8.3.6) Velnpy (T, z,y) = TEx’y;T/O My dWs.

Proof. Fix an element e € R" and let hy = (S/T)M;re. The factor s/T is
chosen so that hg = 0 and hyr = M}e. We first use THEOREM 8.3.1 to pass
the gradient through the heat kernel:

(VPpf(z),e) = Eo (MpU; 'V f(X1),€) = B (Up 'V f(X1), hr) -
Because Ur is orthogonal, this is equivalent to
(VPrf(x),e) = E, (Vf(Xr),Urhr) .

Next we apply THEOREM 8.3.3 to remove the gradient from the function.
From the definition of M, we have

M;re

hs + iR‘lCUsh‘S = T

Therefore THEOREM 8.3.3 gives
1 T
(P fa)e) =y { 1) [ (arfe.aw)
0

or equivalently

VPrf(a) = 1 Es {f(XT> / " dWs} .

This equality can be rewritten as

/ va:pM (Ta €, y)f(y)dy
M

/ {11@ /TM dW] (T, z,9)f(y)d
= u T z,y;T ) s s| PM\L,T,Y y)ay.

This gives the desired formula (8.3.6) for almost all y. In this formula, the
left side is obviously continuous. In order to show that the formula holds
for all y, it is sufficient to verify that the right side is continuous in y.

For any ¢t < T, we have

t
Em |:pM(T - ta Xt> y)/ Ms dWs:|
0

pM(T7 z, y)

which is obviously continuous in y. On the other hand, from (5.4.7) we have

t
IEan,y;T/ Ms dWs =
0

9

T T
E@y;T/ M, dW,| < const. E%y;T/ IVou (T — s, Xs,y)| ds.
¢ t
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Using the bound of the gradient of the logarithmic heat kernel

d(Xs,y)Jr 1
T—s T —s

|V Inpy (T — s, X, y)| < const. [

in THEOREM 5.5.3 and the inequality
Ey g1 d(Xs,y) < const.vVT — s

in LEMMA (5.4.2), we see that

t
E%y;T/ M, dW| < const. vT —t.
0

It follows that
t T
Ea:,y;T/ My dWs — Ex,y;T/ My dW
0 0

uniformly in y € M as ¢t T T, and the right side is a continuous function of
1. O

There is also a more direct proof of this formula. By LEMMA 8.3.2
{MSUS_1VpM(T —5,Xs5,y),0<s< T} is a martingale under P,. This im-
plies that {MSUS_IVIHpM(T —5,X5,9),0<s< T} is a martingale under
P,.r. There is some checking to do at s = T', where we define the value of
the martingale as the limit from the left; see the end the above proof. Hence
forany 0 < s<T

vlan(Tw%.’y) - Ecc,y;T {MSUs_lva(T — S, XS')y)} .

Integrating from 0 to 7', we have

T
TV Inpp (T, z,y) :IEM;T/ { MU'V (T — 5, Xs,y)} ds.
0

This is equivalent to (8.3.6) because from (5.4.7), the anti-development W
of the Brownian bridge X is

Ws = bs ‘|‘/ UT_IVhlpM(T -7, X7>y) dTa
0

where b is a euclidean Brownian motion under P ,.7.

8.4. Integration by parts in path space

In this section M is a compact Riemannian manifold. We denote a general
element of the path space P,(M) by ~, while reserving the letter w for a gen-
eral element in the flat path space P,(R™). The coordinate process of P,(M)
is denoted by X. In the filtered probability space (P,(M),B(P,(M))+,P),
where P is the Wiener measure, X is a Brownian motion on M starting
from o. Let U be the horizontal lift of X to the orthonormal frame bundle
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O(M) starting from a fixed orthonormal frame at o and W the corresponding
anti-development of X.

Following the euclidean theory in SECTIONS 8.1 and 8.2, we study the
gradient and Ornstein-Uhlenbeck operators on the path space P,(M). The
first thing we need to do is to find a proper definition of the directional
derivative operator Dy, for an h € H. A vector at a point (path) v € P,(M)
is a vector field along the path v in the ordinary differential geometric sense.
Likewise a vector field V on P,(M) is an assignment of a vector field V()
for each v € P,(M). As with the flat path space (see SECTION 8.2), we need
to restrict the type of vector fields which are allowed to enter our discus-
sion. In differential geometry, we require that vector fields possess a certain
smoothness according to the nature of the problems under consideration. In
the present setting, we introduce a special class of vector fields on P,(M),
the Cameron-Martin vector fields. Although the Cameron-Martin vector
fields do not form the most general class of vector fields we can work with,
they are adequate for most applications we have in mind.

The discussion of the flat path space in SECTION 8.2 should serve as
a guide for the definition of the directional derivative operator D on a
general path space we will give here. On the flat manifold R", a vector at
a point defines a vector field on the whole manifold by parallel translation.
On a general manifold, parallel transport is path dependent. Suppose that
v € Py(M) is a smooth path and U(vy) its horizontal lift starting from an
orthonormal frame at o. With T, M identified with R"™ via this frame, U ()
also serves as the parallel transport along the path . Let V' be a vector field
along 7. Then hg = U(7); Vs defines a continuous function h : [0, 1] — R™.
Conversely, each such function h determines a vector field V along a smooth
path v by Vi = U(v)shs or simply V' = U(vy)h. Since h is R™-valued, it is
more convenient to work with A than with V. In the setting of the path space
(P,(M),Bs,P,), the stochastic parallel transport U(vy) along a Brownian
path « is well defined amost surely, and Dy(y) = U(7)h is a vector field on
P,(M), P-almost surely defined. The vector fields { Dy, h € H} form the set
of basic directional derivative operators we will work with. Sometimes it
may be necessary to allow h to be dependent on the path . In this case, we
usually assume h is an R"™-valued, adapted process on (P,(M ), B,,P) with
sample paths in H such that E|h|% < oo.

By analogy with the flat case, Dy, F' should be given by

(8.4.1) DpF(v) = Zl/im
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where {(;1,,t € R} should be the flow generated by the vector field Dy, i.e.,
it is the solution of the ordinary differential equation on P,(M):

d
(3:7) = Dp(Ctny)-

This flow is the substitute of the flow &w = w + th in the flat path space.

The space C of cylinder functions on P,(M) is defined in the same way
as before. They are functions of the form

(8.4.3) F(V) = f('}’su T 7781)7

where f : M! — R is a smooth function and 0 < s; < --- < 5; < 1. By
applying (8.4.1) to a cylinder function we find the following definition.

(8.4.2)

Definition 8.4.1. Let F' be a cylinder function as in (8.4.3). The directional
derivative of F' along the Cameron-Martin vector field Dy, is

l

DRE(y) =3 (V'FO), UMk (i),
i=1

where
VZF(V) = vlf<781u s st 7'781) € T%iM

is the gradient with respect to the i variable of f.

The gradient DF : P,(M) — H is determined by (DF, h)y = Dy F, and
we have

l
DF(7)s =Y min{s,s;}U(y);' V'F (7).
=1

The norm of the gradient is given by
! !

IDE)[F = (si—si-1)| Y UMW) VIF(y)

i=1 j=i

2

We now prove the integration by parts formula for D; by induction
on the number of time dependences of a cylinder function. We start with
THEOREM 8.3.3:

(84.4)  E(VS(Xs),Ushs) = E {f(XS) /01 <hs + ;RicUShs,dW3>} .

This is the integration by parts formula of Dj in the path space for the
special cylinder function F'(y) = f(7s). Indeed, it is easy to check that in
this case

DhF(’Y) = <U(7)S_1Vf(%), hS>Rn ’
and the left side of (8.4.4) is simply (D F,1).
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Theorem 8.4.2. (Driver’s integration by parts formula) Let F,G be two
cylinder functions and h € H. Define

1. 1
D;G = —DyG + G/ <h5 + §RicUshs, dWS> )
0

Then we have
(8.4.5) (DLF,G) = (F,D;G).
Proof. Because

DiG = —DyG + (Dj1)G,
it is enough to show (8.4.5) for G = 1:

1
.1
(8.4.6) Di1 = / <h3 + 2RicUshs,dWs> .
0

Let F be of the form (8.4.3). We argue by induction on [, the number of
time dependences in F'. Recall that P, is the law of a Brownian motion on
M starting from z, and E, the attendant expectation operator. Define a
new function of [ — 1 variables by

g(xlv T axl—l) = E:lelf(xlv T aml—leslfsl,l)-
Note that the last variable x;_1 appears twice on the right side, once as the
starting point of the Brownian motion X, and once in the variables of the
function f. Let G be the cylinder function
G(V) = 9(7817 T 7/78171)‘

[Of course this G has nothing to do with the one in the statement of the
theorem!] For i =1,...,1 — 2,

Vig(xl, e ,.Tlfl) = E$l_1vif<m17 Ly T—1, XSl—Sl_l)'

Evaluating this identity at X and applying U, 1 to both sides, we obtain an
identity in R™. Take the expected value and using the Markov property at

time s;_1 on the right side, we have, fori =1,...,1 — 2,
(8.4.7) EU,'V'G=EU,'V'F.
We now calculate the gradient of g(x1,...,x;—1) with respect to x;_1.

This variable appears twice; therefore the gradient has two terms:
Vi lg(ey, - m)
=Be V7 f(@1, o mimy, Xgmsy)
+E;,_, {Msl—sl,lUs_lisFlVlf(ﬂUl, E 7xl71>Xsl—sl,1)} :

The second term corresponds to the gradient with respect to the starting
point of the Brownian motion and is given by THEOREM 8.3.3. Again we



254 8. Analysis on Path Spaces

evaluate at X and apply U, 1 to both sides. Taking the expected value and
using the Markov propety on the first term of the right side, we have

(8.4.8) EU,' V"'G=EU,' V"'F+EEx, M. u.l, VE

Si—1 S1—1 SI=S1-1781—81—1

We now come to the inductive step. By definition,

!
(8.4.9) EDyF =Y E(V'F,Ushs,) .
=1

We rewrite the right side in terms of G. If i <1 —2, then by (8.4.7) we have
(8.4.10) E(V'F,Ushs;) = E(V'G,Us,hs,) .
For i =1—1, by (8.4.8) we have

(84.11) E <VHF, Usl_lhsl_1> =E <VHG, Usl_lhsl_1>

S1—S81—-185;—8;—1

“EEx,, , (Moo Uste V'E Ry, )
For i =1, we write
(8.4.12) E <vlF, U, hsl> —E <vlF, Us, (hsy — hSH)> +E <vlF, Uslh5H> .

Combining (8.4.9)-(8.4.12), we have

-1
(8.4.13) E DyF = ZE <ViG, Usihsi> +E <VZF, USz(hsz - h8171)>
=1

+E(V'F Uyhy ) —EEx, | (My s ,V'F by ).

The first term on the right side is equal to ED,G; hence by the induction
hypothesis we have

-1 ' s/ 1
(8.4.14) > E(V'G,Uyhs)=E {G/ <h5 + -Ricy, hs, dW5>] :
0 2

i=1

For the second term on the right side of (8.4.13) we first use the Markov
property at s;_1. In the inner expectation of the resulting expression we use
the integration by parts formula for one time dependence (8.4.4). Then we
use the Markov property again. These steps give

(8.4.15) E <vlFa Usl(hsl - hSl—1)>

S . 1
F/ <h5 + gRicy, (hs = hs,_,), dWS>] .
S1—1

=K
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For the last two terms on the right side of (8.4.13), using the Markov prop-
erty at time s;_1 we have

E <VlF, Uslhsl,1)> - Il”-_‘:IEXSF1 <Mslfsl,1 Uil VZF? h8171>

S1—81—-1
- ]EEXSlfl <VZF’ Usl*51—1h8171>

~EEx, , (V'F Uy o My o)

S1—Si1—1
—EEx,, | <vlF, Usl,slflksl,slfl> ,

where
ke = he,_, — M}

s+sl,1hszf17 0<s< S — Si—1-

A simple calculation shows that
ks + %RicUs ks = %RicUS he,_, -
Hence, applying (8.4.4), we have
(8.4.16) E <vlF, Uslhsl_1> ~EEx,, <M Ul V'R hsl_1>

S1—=S81—-1-8;—81-1

1

S1
F.2/ <RicUsh8l_1,dW5>].

S1—1

=E

Finally, from (8.4.13) — (8.4.16) we have

Si—1 /. 1
ED,F =E [G/ <h8 + gRicy, s, dWS>]
0

S] . 1
F/ <h5 + §RiCUs (hs - h81_1)7 dWS>]
s1-1

F;/l <RiCUShsllvdW3>]
S1—1

1 /. 1
=K |:F/ <h5 + §RiCUSI’LS, dWs>:| .
0

This completes the proof of (8.4.6). O

+E

+E

The following consequences of the integration by parts can be proved in
the same way as their counterparts in the flat case (see SECTION 8.2).

Theorem 8.4.3. Suppose that h € H and 1 < p < co. Then Dy : C —
LP(Py(M),P) is closable. Furthermore C C Dom(Dj) and, for G € C,

DG = —DyG + (D;1)G,
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where .
. 1
D;1 = / <hs + 2RicU5hS,dWs> .
0

Theorem 8.4.4. Suppose that 1 < p < oco. Then D : C — LP(P,(M),P; H)
is closable. We have Co(H) C Dom(D*) and

1 . 1
D*G = —Trace DG +/ <Gs + §RiCUsG8v dWs> .
0

8.5. Martingale representation theorem

In preparation for the discussion of logarithmic Sobolev inequalities on the
path space in SECTION 8.7, we generalize the classical Clark-Ocone mar-
tingale representation theorem for euclidean Brownian motion to Riemann-
ian Brownian motion. Let’s first review the case of the flat path space
(P,(R™),B(P,(R™)),P). Let W be the coordinate process on this path
space. The martingale representation theorem asserts that every martingale
adapted to the filtration B, = B(P,(R")). is a stochastic integral with re-
spect to the Brownian motion W. Suppose that F € L?(P,(R"),P). Then
Ms; =E{F|Bs},0 < s <1, is a square-integrable martingale adapted to the
filtration B,. There is a unique B,-adapted, R"-valued process {Hs} such
that

1
(8.5.1) F= EF+/ (H,, dW,) .
0

The Clark-Ocone formula identifies the integrand process H, explicitly: if
F € Dom(D), then
d(DF),

ds

On the general path space (P,(M),B(FP,(M)).,P) of a compact Rie-
mannian manifold M. The coordinate process X and its anti-development
W generate the same filtration (after proper completions):
B, =FX =FW.

Now suppose that F € L?(P,(M),B1,P). Then F is also measurable with
respect to B¥V, the terminal o-field of the euclidean Brownian motion W.
Thus the representation (8.5.1) applies and we have

H,=E{D,F|B,}, D,F =

F= ]EF+/1 <IE {ES(FO J)\BS}, dWs>,
0

where J : W — X is the It6 map and D(F o.J) is the gradient of F' in the
path space P,(R™). But this is not what we wanted; we need an explicit
representation of the integrand in terms of DF', the gradient of F' on P,(M).
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Theorem 8.5.1. Suppose that F' € Dom(D). Then

1
FzIEF—i—/ (Hs, dWs) ,
0
where

1 1
(8.5.2) Hy,=FE [DSF + ngl / M, Ricy, (D, F)dr

b.]

and M 1is the solution of the equation

dMg 1
+ — M Ricy, =0, My =1.
ds 2 s

Proof. From the general martingale representation theorem we know that
H exists and is unique, so the proof is a matter of identifying it. Suppose
that {js,0 < s <1} is an arbitrary R"-valued, B,-adapted process defined
on P,(M) such that

1
IE/ |js|?ds < oo.
0
Define
S

hsz/ Jrdr.
0

Recall the integration by parts formula in the form
D; = —Dy + Dy1,
where

1 1
Dil= / <hs + QRiCUShS,dWS> :
0

We compute EDp F' in two ways. On the one hand, noting that he = Js € B,
we have

1
EDyF =E(DF,h)y = E/ (DsF, js) ds.
0

On the other hand, by the integration by parts formula (THEOREM 8.4.2)
we have

1 1
. 1
ED,F =E(FD;1)=E [/ <Hs,dWs>/ <hS + 2RicUshs,dWs>] .
0 0
Hence
1 1 ] 1
(8.5.3) E/ (DsF, js)ds = E/ <H8, hs + 2RicU5h5> ds.
0 0

The next step is to extract a formula for Hg from the above relation. Set

.
s = hs + 5 Ricy, hs.
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Let {M,} be defined as in the statement of the theorem. Then we can solve
for hg in terms of K, and M. The result is

S
he = M] / Mk dr.
0
Differentiating with respect to s, we obtain
1 S
js = ks + 5RicUsMg /0 Mk dr.

Using this expression for js in the integral on the left side of (8.5.3) and
changing the order of integration, we have

1 1 1 1
/ (DSF,js>ds:/ <DSF+2M5_1/ MTRicUT(DTF)dT,ks>ds.
0 0 s

The expected value of this expression is the left side of (8.5.3). On the
right-hand side of the same equation we use the definition of ks;. After these
manipulations, (8.5.3) becomes

1 1 1 1
IE/ <DSF+2MS_1/ M, Ricy, (D, F)dr, k:s>ds:IE/ (Hg, k) ds.
0 s 0

In this relation {ks} can be an arbitrary B,-adapted process. The formula
for Hs in the theorem follows immediately. (]

8.6. Logarithmic Sobolev inequality and
hypercontractivity

Various forms of Sobolev inequalities play an important role in analysis and
partial differential equations. On R (with the usual Lebesgue measure),
the L2-Sobolev inequality takes the form

[ fllon/n—2 < CN[IV fll2
if both f and V f are square integrable. Note that

No2 *TN—%

Thus this Sobolev inequality shows that the square integrability of both f
and its gradient V f improves the integrability power of f by 4/(N—2), which
is the main reason for the importance of this inequality. The improvement
of integrability disappears as N — oco. If we replace the Lebesgue measure
by the standard Gaussian measure p, then the following logarithmic Sobolev
inequality holds.

Theorem 8.6.1. (Gross’ logarithmic Sobolev inequality) Let v be the stan-
dard Gaussian measure on RN and V the usual gradient operator. Suppose



8.6. Logarithmic Sobolev inequality and hypercontractivity 259

that f is a smooth function on RYN such that both f and Vf are square
integrable with respect to . Then

(36.1) [ PmsPan <2 [ VP #1313
RN RN
Here || f||2 is the norm of f in L?(RN, ).

Proof. For a positive s let us be the Gaussian measure

LN ey
ps(dx) = <27T$) e dz,

where dz denotes the Lebesgue measure. Then p = pu1. Let h = f? and
P(e) = [ ha = puldy)
R

Consider the function Hy = Ps¢(Py_sh), where ¢(t) = 27 tInt. Differenti-
ating with respect to s and noting that the Laplacian operator A commutes
with Py, = e52/2, we have

dH, 1 1 )
v 2P5A¢(P1,Sh) — 2P5 {¢/(Pi_sh)AP,_sh}
1
= 3P, {¢’(P1_sh)AP1_Sh + ¢ (Pi_sh) \VPl_shIQ}
1
- §P5 {¢'(Pi_sh)AP,_sh}
_ 1 // 2
= 3P, {¢ (Pi_sh) |V Pi_sh| }
2
— 4 Pi_sh
< P {P_s|V S}
= PIIVf\Q.

Here we have used the fact that |V P _sh| < Pi_4|Vh| (from the translation
invariance of the euclidean heat kernel) in the fourth step and the inequality

(PS—TIVhD2 < 4Ps—7“h : PS—T’vf|2

in the fifth step, the latter being a consequence of the Cauchy-Schwarz
inequality. Now, integrating from 0 to 1, we obtain the desired result im-
mediately. O

A striking feature of the logarithmic Sobolev inequality (8.6.1) is that the
coefficient before the integrated gradient is independent of the dimension V.
Therefore it can be transferred immediately to the path space P,(R™). For



260 8. Analysis on Path Spaces

this reason, logarithmic Soboleve inequalities are important tools in infinite
dimensional analysis.

Theorem 8.6.2. For all F' € Dom(D) we have

(8.6.2) / |F*In|F|dP < / |IDF3dP + ||F 310 || F||2.
P, (R™) P, (R™)

Proof. Let {h’} be an orthonormal basis for the Cameron-Martin space H.
Let F have the form

F = f((h°, W)u,..., (h', W)n),

where f : R*! — R is a Schwartz test function. The set of such functions
is a core for D, so it is enough to show (8.6.2) for such an F. We have
DF =YL F..h' (see PROPOSITION 8.2.10). Hence

’DF’H = ‘Vf(<hOvW>H7 T a<hlaW>H)"

On the other hand, the distribution of {<h0,W>H o ,<hl,W>H} is the

standard Gaussian measure on R/*1. Therefore (8.6.2) reduces to (8.6.1).
U

The logarithmic Sobolev inequality for D is intimately related to the hy-
percontractivity of the associated semigroup P; = etl/2 where L = —D*D:
it is an infinitesimal formulation of hypercontractivity. This equivalence
holds in the general setting of Dirichlet forms. Let X be a complete metric
space and P a Borel probability measure on X. Suppose that £ is a Dirichlet
form on L?(X,P) and let L be the associated nonpositive self-adjoint op-
erator and P; = e'2/2 the corresponding strongly continuous, positive, and
contractive L?-semigroup.

Definition 8.6.3. A semigroup {P;} is said to be hypercontractive if there
exist a to > 0 and a pair of indices 1 < py < qo such that ||Pt||go.p0 = 1

Remark 8.6.4. It turns out that under suitable conditions, which are sat-
isfied in the current setting, ||P¢,|lq,,p0 = 1 for one triple (po, qo,to) implies
|Pt|lgp =1 for all 1 < p < ¢ such that

et/c > == 1
- p _ 17
where
1 4 ( 11 )
C to\po @/
See Deuschel and Stroock [15], 244-247. O

We will prove the equivalence of logarithmic Sobolev inequality and hy-
percontractivity.
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Lemma 8.6.5. Let ¢ > 1. If G € Dom(L) is nonnegative and uniformly
bounded, then

(G, LG) < —4(qq; D) £(GY/?,GY/?).

Proof. We have
2
(G LG) = lim E(GH, PG - Q).
Now,

(G971 P,G - @)
== [ PG = GG - G B(dy) — (671~ )
X

<220 [ by (6 - 6)7) Bl - (671~ Pa)

2
4(617;1)(@/2&@/2 —G?) - (1 - 2) (G7,1 = Py1)
q q
4g—1)
e

Here in the second step we have used the elementary inequality

< (G2, P,GY? — GI/?),

(8.6.3) (@'~ Y (a - b) > ‘l(flq;l)(aq/z i),

The equalities in the first and the third steps can be easily verified by the
symmetry of P;. The last step holds because P;1 < 1. O

We have the following Gross’ equivalence between logarithmic Sobolev
inequality and hypercontractivity

Theorem 8.6.6. Let £ be a Dirichlet form on a probabililty space (X, B,P)
and C a positive constant. Let {P.} be the associated semigroup. The fol-
lowing statements are equivalent.

(I) Hypercontractivity for {Pi}: ||Pillqp = 1 for all (t,p,q) such that
t>0,1<p<qand

/e 5 171
it p _ 1 .
(II) The logarithmic Sobolev inequality for &:
E (F?InF?) <2C&(F, F) + EF? mEF?.

Proof. We will sketch the proof.
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(I) = (II). Let ¢ = q(t) be a smooth, strictly increasing function such
that ¢(0) = p and ¢’ = ¢/(t) > 0. Set

f=f@) = [PeFl|E = (PF)% 1), 0=06(t) = P:F|g = f1/
Differentiating f, we have

(8.6.4) f' = ¢ ((PeF)?,InP,F) + % ((P,F)=} LP,F) .

Now differentiating In# = ¢~!In f and multiplying the result by ¢*f/q’, we
have

Pf 0 qf

Choose ¢ = ¢(t) such that (¢ —1)/¢' = C, or

/e 94— 1
p—1
Then the hypercontractivity implies 6(¢) < 6(0) for all ¢; hence 6'(0) < 0.
By (8.6.5) this implies

q(0)
¢ (0)
Taking p = 2, we have ¢(0) = 2, ¢’(0) = C~1, f(0) = EF?, and, from (8.6.4),

(8.6.6) - f'(0) < £(0)In £(0).

£ (0) = (2C)'E(F?In F?) — £(F, F).

Thus (8.6.6) reduces to the logarithmic Sobolev inequality.

(IT) = (I). Using Lemma 8.6.5 on the last term of (8.6.4) and multiplying
by q/2q¢', we obtain

/!
q—1
(8.6.7) va < (G*,InG) — T5(G, G),

(8.6.8) —1L.

/

—1
< (G2 InG) - ch;(G, Q) — |GE |G-

With the choice of ¢ = ¢(t) as before, the logarithmic Sobolev inequality
applied to G implies that the right side of (8.6.8) is nonpositive; hence ¢’ (t) <
0 for all ¢. This shows that 6(¢) < 6(0), which is the hypercontractivity of
{P:}. O

Applying THEOREM 8.6.6 to the Ornstein-Uhlenbeck semigroup on the
flat path space P,(R™), we have Nelson’s hypercontractivity theorem.
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Theorem 8.6.7. The Ornstein-Uhlenbeck semigroup {P.} on the flat path
space is hypercontractive. More precisely, ||P¢llqp = 1 for all (t,p,q) such
thatt > 0,1 <p<q and

et > Q
=01
In general a logarithmic Sobolev inequality for a Dirichlet form implies

the existence of a spectral gap for the corresponding self-adjoint operator.
This is the content of the following theorem.

Theorem 8.6.8. Let £ be a Dirichlet form on a probability space (X,B,P)
such that £(1,1) = 0. Suppose that it satisfies a logarithmic Sobolev inequal-
ity

E(|F*In|F|?) < 2CE(F, F) +E|F|InE|F%.
Then we have the Poincaré inequality:

(8.6.9) E|F —EF|* < CE(F, F).

Proof. Without loss of generality, we assume that EF = 0. Applying the
logarithmic Sobolev inequality to the function G = 1 + tF and expanding
in powers of ¢, we find that

E (G*InG?) = 3EF? - % + O(t%),
E(G,G)=E(F,F) -2+ O(t%),
EG?InEG? = EF? -t + O(t%).

Comparing the coefficients of #? in the logarithmic Sobolev inequality for G
gives the desired inequality. O

If the Poincaré inequality (8.6.9) holds, then in particular E(F, F) = 0
implies that F' is a constant. Thus 0 is an eigenvalue, and the eigenspace
consists of constant functions. A simple argument by the spectral theory
of self-adjoint operators shows that the spectral gap (defined in (8.2.13))
SG(—L) > 1/C. This implies in turn that the corresponding semigroup
approaches the equilibrium at an exponential rate:

IP.F —EF|s < ™"/ F||s.
8.7. Logarithmic Sobolev inequality on path
space

We now turn to the logarithmic Sobolev inequality for a general path space
P,(M).



264 8. Analysis on Path Spaces

Theorem 8.7.1. Let M be a compact Riemannian manifold and let K be
the upper bound (in absolute value) of its Ricci curvature. Then we have

E(G?*InG?) < 20(K)E|DG|4 +EG*InEG?,

where

(8.7.1) CK) =1+ eK—l—K—Fi(eK—l—K)geK.

Proof. Let F' = G? and consider the martingale Ny = E {F|Bs}. We have
S
N, =FEF + / (Hy, dW;),
0

where the adapted process { Hs} is given in (8.5.2). Now apply 1t6’s formula
to NsIn N;. We have

1 1
(8.7.2) EN;In Ny — ENyln Ny = 2E/0 N H, | ds.

It is easy to see that
(8.7.3) the left side of (8.7.2) = E(G*InG?) —EG?*InE G

On the other hand,
DF = D(G?) = 2GDG.

Using this relation in the explicit formula (8.5.2) for H; in THEOREM 8.5.1,
we have

1 1
(8.7.4) H, =2E [G (DSG + §M;1 / MTRicUT(DTG)dT> ‘BS] :
S

From the equation for {M;} we have

1 T

MM, = 2/ M M;Ricy, dt.
S

Hence by Gronwall’s lemma and the bound on the Ricci curvature,

|’M;1MTH < eK(T*S)/Q.

Using the Cauchy-Schwarz inequality in (8.7.4) and the above inequality, we
can write

1 1 2
|H,|5 < 4E {G?B,} E (IDSG|+2K/ €K(T_S>/2|DTG|d7‘> B,

Note that Ny = E {G2|B5}. Now we have

the right side of (8.7.2)
2

1 1
< 21[«:/ {\DSG] +;K/ eK(TS)/2|DTG]dT} ds.
0 s
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It remains to estimate the last expression in terms of | DG|g. By the Cauchy-
Schwarz inequality,

1 2 1 1
{/ €K(Ts)/2|D7—GdT} S/ eK(TS)dT./ ‘DTGPCZT

= {0 —1} po,

< =
- K

and
2

1 1
/ {]DSG\Jr;K/ eK(T_S)/QlDTG\dT} ds
0 s

1 2
§/ {D5G|+;\/E\/6K(13)1\DG|H} ds
0
1 1
:/ \DSGPdsHDGyHﬂ?/ VeK1=5) —1|D,G|ds
0 0

+i|DG\%{K /01 {eK(I_S) - 1} ds
< C(K)|DGJ}.
It follows that
(8.7.5) the right side of (8.7.2) < 2C(K)E|DG|}.
The desired inequality now follows from (8.7.2), (8.7.3), and (8.7.5). O

If the manifold M is Ricci flat, we have C(K) = 1, and the above
logarithmic Sobolev inequality reduces to the usual one for the flat path
space.

The hypercontractivity of the Ornstein-Uhlenbeck semigroup {P;} on
the path space P,(M) follows directly from THEOREM 8.7.1 and the general
equivalence THEOREM 8.6.6.

Theorem 8.7.2. Let M be a compact Riemannian manifold whose Ricci
curvature is bounded (in absolute value) by K. Then the Orstein-Uhlenbeck
semigroup {P.} on the path space P,(M) is hypercontractive. More precisely,
|Ptllgp =1 for all (t,p,q) such thatt > 0,1 < p < q and

e/cE) 5 471
p—1
where C(K) is given in (8.7.1).
The existence of a spectral gap for the Ornstein-Uhlenbeck operator on

the path space follows from the logarithmic Sobolev inequality and THEO-
REM 8.6.8.
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Theorem 8.7.3. (Fang’s spectral gap theorem) Let M be a compact Rie-
mannian manifold whose Ricci curvature is bounded (in absolute value) by
K. Let L be the Ornstein-Unlenbeck operator on the path space Py(M).

Then
1

C(K)’
where C(K) is given in (8.7.1). Equivalently, we have the Poincaré inequal-
1ty

SG(~L) >

E|F —EF|* < CO(K) |DF|q,



Notes and Comments

CHAPTER 1. The material in this chapter is standard and can be found in
many books on stochastic differential equations, for example, Elworthy [21]
and Tkeda and Watanabe [48]. Our point of view is very close to that of [21].
LEMMA 1.3.3 is from Phillips and Sarason [62]. Consult Stroock and Varad-
han [68] for the general theory of martingale problems. The long chapter
in Hackenbroch and Thalmaier [36] on stochastic analysis on manifolds can
also be consulted by those who read German.

CHAPATER 2. Basic differential geometry of frame bundles can be found
in Bishop and Crittenden [4] and Kobayashi and Nomizu [53]. The text-
books Jost [50] and Do Carmo [17] are also recommended. The fact that
the lifetimes of a semimartingale X and its horizontal lift are equal (THE-
OREM 2.3.5) was implicit in Schwartz [65] and was pointed out to me by
Bang-he Li. Consult Emery [24], [25] for more information on martingales
on manifolds. SECTIONS 2.5 and 2.6 are largely adapted from [24]. THEO-
REM 2.6.4 seems to be new.

CHAPTER 3. Tkeda and Watanabe [48] and Elworthy [23] should be con-
sulted for Brownian motion on manifolds. Basic properties of the Laplace-
Beltrami operator can be found in Jost [50] and Do Carmo [17]. LEMMA
3.3.4 is due to Knight, see Tkeda and Watanabe [48], pp. 86-89. For a good
discussion on cutlocus, consult Cheeger and Ebin [9]. That book is also a
good reference for various comparison theorems in Riemannian geometry.
THEOREM 3.5.1 on the decomposition of the radial process beyond the cut-
locus is due to Kendall [52]. The basic exit time estimate THEOREM 3.6.1
can be found in Hsu and March [37], but the proof given here is new.

CHAPTER 4. Chavel [8] contains a wealth of information on heat ker-
nels. The section on the Cp-property is taken from Hsu[38]. THEOREM

267
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4.2.3 first appeared in Varopoulos[70]. SECTION 4.4 draws partly from
Ichihara [47]. The survey paper by Grigor’yan [33] should be consulted for
stochastic completeness, recurrence and transience, and other related top-
ics. The comparison theorems for the heat kernels in SECTION 4.5 are drawn
from Debiard, Gaveau, and Mazet [16].

CHAPTER 5. The proof of short-time expansion of the heat kernel by the
method of parametrix can be found in Berger, Gauduchon, and Mazet [3]
and Chavel [8]. The proof of Varadhan’s asymptotic relation in SECTION 5.2
is taken from Hsu[40]. SECTION 5.3 is taken from Azencott et al.[2] and
Hsu [39]. The global logarithmic gradient and Hessian estimates in SECTION
5.5 were proved by Sheu [66], and the method presented here is taken from
Hsu [46].

CHAPTER 6. A discussion of the Dirichlet problem at infinity from the
geometric point of view is contained in Schoen and Yau [64]. The baisc prob-
abilistic method explained here was established in Hsu and March [37]. The
idea of studying the number of steps between two geodesic spheres is due
to Leclercq [54]. SECTION 6.4 is taken from March [58] with some improve-
ments. The discussion of coupling of Brownian motion follows Cranston [14]
closely, see also Kendall [51]. The results on index forms used in this chap-
ter can be found in Cheeger and Ebin [9]. The probabilistic approach to
eigenvalue estimates in SECTION 6.7 is due to Chen and Wang [10]. Li[55]
contains a nice analytic presentation of the Zhong-Yang eigenvalue lower
bound discussed in this chapter.

CHAPTER 7. The discussion on th Weitzenbock formula in SECTION 7.1
follows that of Jost [50], which should also be consulted as a general text-
book on differential geometry. For the heat equation on differential forms
in SECTION 7.2 we closely follow Ikeda and Watanabe [48]. THEOREM 7.2.4
first appeared in Donnelly and Li[18]. The basic relation between the Euler
characteristic and the trace of the heat kernel (THEOREM 7.3.1) is due to
McKean and Singer [56]. The algebraic preliminaries in SECTION 7.3 are
taken from Patodi[61]. The proof of the Gauss-Bonnet-Chern formula in
SECTION 7.3 is taken from Hsu [43]. Geometric background for the Dirac
operator can be found in Gilkey [31] and Friedrich [28]. The earliest proba-
bilistic proof of the Atiyah-Singer index theorem is due to Bismut [5]. Since
then many other probabilistic proofs have emerged. The proof presented
here is contained in an unpublished manuscript by the author in 1985.

CHAPTER 8. The monography Malliavin [57] contains a wealth of in-
formation on general stochastic analysis, its CHAPTER XI being especially
relevant here. It also contains an extensive bibliography of recent literature
on stochastic analysis. Another approach to path space analysis is presented
in Stroock [69]. The proof of THEOREM 8.1.5 is taken from Janson [49], pp.
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226-227. The quasi-invariance of the Wiener measure on the path space of
a Riemannian manifold was first proved by Driver [20], and completed by
Hsu [41] (see also Enchev and Stroock [26]). The various gradient formulas
presented in SECTION 8.3 all originated in Bismut [6]; the proofs presented
here are from Hsu[45]. This is also the reference from which most of this
chapter is derived. The integration by parts formula in the path space over a
general compact Riemannian manifold was proved in Driver [20]. THEOREM
8.5.1 on the martingale representation for Brownian motion on a Riemannian
manifold originated in Fang [27], where the THEOREM 8.7.3 on the existence
of a spectral gap for the Ornstein-Uhlenbeck operator was first proved. The
equivalence of logarithmic Sobolev inequality and hypercontractivity was
proved by Gross[34]; see also a general discussion on the subject by the
same author [35]. The proof of the logarithmic Sobolev inequality for the
Gaussian measure in THEOREM 8.6.1 is due to Bakry. The presentation
of general properties of logarithmic Sobolev inequalities and hypercontrac-
tivity in SECTION 8.7 draws heavily from Deuschel and Stroock[15]. A
logarithmic Sobolev inequality for the path space of a Riemannian manifold
with bounded Ricci curvature was first proved by Hsu [42], [44] (see also an
extrinsic proof by Aida and Elworthy [1]). The method used here is due to
Capitaine, Hsu and Ledoux [7].



General Notations

Notation Definition

B(X) Borel o-field of a metric space X

B. Borel filtration of W (M) = {B;}

B(z;R)  (geodesic) ball of radius R centered at

U Hodge-de Rham Laplacian on M

(X,Y) co-variation of semimartingales X and Y’

(X) quadratic variation of X = (X, X)

C>°(M) smooth functions on M

Cy cutlocus of x

o Stratonovich stochastic integral, X odY = XdY + %d(X, Y)
c(X) Clifford multiplication by X (in CHAPTER 7)

d exterior differentiation

dy(z,y) distance between x and y on M

D gradient operator on P,(M)

D Dirac operator (in CHAPTER 7)

Dy, Cameron-Martin vector field on P,(M)

o dual of exterior differentiation

AN Laplace-Beltrami operator on M = —(dd + éd)

Aoy Bochner’s horizontal Laplacian on O(M) = Z?:l H?
A* dual operator of A

e(w) lifetime (explosion time) of a path w
End(V) space of linear transforms on V'
exp, exponential map based at o

F. filtration of o-fields = {F;}
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Notation  Definition

F(M) frame bundle of M

FX filtration generated by process X = {FtX }
I'(E) space of sections of vector bundle E

I Z’; Christoffel symbols

I'(f,g)  I'of fand g=L(fg)— fLg —gLf
GL(d,R) set of real nonsingular (d x d) matrices

H; fundamental horizontal vector field on F(M)

H Cameron-Martin space

i(X) interior product with X

iy injectivity radius at x

iK injectivity radius on K = min{i, : = € K}

I(J,J) index form of a vector field J

Ky () set of sectional curvatures at a point x € M

L Orstein-Uhlenbeck operator (in CHAPTER 8)

M(d, 1) space of (d x l) matrices

Mt transpose of a matrix M

M one-point compactification of a manifold M =M U {dx}
|+ |m Cameron-Martin norm

\Y connection and covariant differentiation

V2f Hessian of f

vig horizontal gradient of G = {H,G, ..., HyG}

O(d) (d x d) orthogonal group

o(d) (d x d) anti-symmetric matrices

O(M) orthonormal frame bundle of M

Q curvature form

Pf(A) Pfaffian of an anti-symmetric matrix A

P,(M) space of paths on M starting from o with time length 1
P, law of Brownian motion starting from x

Py yit law of Brownian bridge from z to y with time length ¢
pum(t,z,y) heat kernel on a Riemannian manifold M

{P:} heat semigroup= e!4nm/2

{P:} Ornstein-Uhlenbeck semigroup= e'~/?

11 second fundamental form

RN euclidean space of dimension N

Ry set of nonnegative real numbers = [0, 00),

R(X,Y)Z curvature tensor evaluated at X,Y, Z
Ricps(z)  set of Ricei curvatures at a point z € M
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Notation Definition

Ric,
S+(d)
S’n
Spin(d)
S(M)
SP(M)
X*

)

0

Ricci transform at a frame u € O(M)

(d x d) symmetric positive definite matrices
n-sphere

Spin group

spin bundle over a spin manifold M
Spin(d)-principal bundle over M

horizontal lift of X € TM to the frame bundle F(M)
first exit time of D = inf {t: X; & D}

shift operator in a path space: (Giw)s = wits
first hitting time of K = inf {¢t: X; € K}
scalarization of a tensor 6

supertrace (in CHAPTER 7)

tangent bundle of a manifold M

tangent space of M at x

cotangent space of M at x

space of p-forms at a point x € M

space of paths on M with lifetimes
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Co-property, 113
L-diffusion, 24
A-genus, 218
V-martingale, 55

additive functional, 96

adjoint operator, 239

angular process, 88
anti-development, 40, 45
associated bundle, 38
Atiyah-Singer index theorem, 217

Bessel process, 170
Bismut’s formula, 248
Bochner’s horizontal Laplacian, 193
bridge space, 142
Brownian bridge, 18, 142
Brownian holonomy, 200
Brownian motion, 78
Fy-, 16
horizontal, 82
in local coordinates, 86
on circle, 82
on manifold, 65, 78
on radially symmetric manifold, 84
on sphere, 83
bundle
associated, 38
frame, 37
orthonormal frame, 40
principal, 37
spin, 213

Cameron-Martin space, 230
canonical 1-form, 149
Cartan-Hadamard manifold, 111, 128, 158

Chapman-Kolmogorov equation, 103, 105
Chern character, 218
Christoffel symbol, 36, 73
Clark-Ocone formula, 256
Clifford algebra, 209
Clifford multiplication, 213
closed operator, 239
cohomology group, 201
cone topology, 158
connection, 36

Levi-Civita, 43, 73

product, 68

torsion-free, 43
connection form, 149
continuous additive functional, 96
convex hypersurface, 62
coordinate process, 102
core, 239
cotangent space, 41
coupling time, 179
covariant differentiation, 36
covariant Laplacian, 192
curvature

Ricci, 89

scalar, 219

sectional, 89
curvature form, 149, 197
curvature tensor, 89
cutlocus, 88
cylinder function, 235

development, 40

differential form, 193
diffusion coefficient, 6
diffusion measure, 24
diffusion procress, 24
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Dirac operator, 215 Hodge-de Rham theory, 201
Dirichlet form, 245 Hopf-Rinow theorem, 88
Dirichlet heat kernel, 102 horizontal Brownian motion, 82
Dirichlet problem, 118 horizontal curve, 38
Dirichlet problem at infinity, 159 horizontal gradient, 146
divergence, 74 horizontal Laplacian, 75, 192
Doob’s inequality, 8, 240 horizontal lift
dual operator, 239 of curve, 38
of semimartingale, 45
Eells-Elworthy-Malliavin construction, 2, 35 of vector, 38
embedding theorem horizontal semimartingale, 45
Nash, 76 horizontal vector, 38
Whitney, 21 hyperbolic manifold, 117
Euler form, 208 hypercontractivity, 260
exhaustion, 11, 104
explosion time, 5, 11 index form, 91, 183
exponential map, 58 index lemma, 91, 187
exponential martingale, 17, 145 injectivity radius, 89
exterior differentiation, 193 integration by parts formula, 236, 252
exterior product, 193 interior product, 194
isometric embedding, 76
Feller property, 113 1t6’s formula, 7
Feynman-Kac formula, 198 in Stratonovich form, 19
filtered probability space, 6
first Bianchi identity, 217 Jacobi equation, 90
first exit time, 104 Jacobi field, 91, 182
first variation formula, 183
frame, 37 Kendall-Cranston coupling, 186
frame bundle, 37 Kolmogorov continuity criterion, 143
orthonormal, 40 Kolomogorov’s extension theorem, 143
fundamental horizontal vector field, 39
fundamental solution, 105 Laplace-Beltrami operator, 74
fundamental vertical vector field, 149 Laplacian
covariant, 192
geodesic, 37 Hodge-de Rham, 193
geodesically complete, 88 Laplacian comparison theorem, 90
Girsanov’s theorem, 146, 230 law of the iterated logarithm, 167
gradient, 236 Levi-Civita connection, 43, 73
Green function, 121 Levy’s criterion, 28
Gross’ equivalence theorem, 261 Lichnerowicz formula, 215
Gross’ logarithmic Sobolev inequality, 258 Lichnerowicz theorem, 188
Lie bracket, 43
half-spin representation, 209 lifetime, 11
harmonic forms, 201 Lipschitz condition, 6
heat equation, 198 local convergence theorem, 59
heat kernel, 105 local Gauss-Bonnet-Chern theorem, 206
Dirichlet, 102 logarithmic Sobolev inequality, 258
minimal, 105 loop space, 142
on euclidean space, 102
on forms, 200 manifold
on space forms, 132 Cartan-Hadamard, 158
heat semigroup, 112, 113 geodesically complete, 88
Hermite polynomial, 243 Riemannian, 40, 72
hermitian vector bundle, 215 spin, 213
Hessian, 43 stochastically complete, 107
Hodge decomposition, 203 martingale

Hodge-de Rham Laplacian, 193 exponential, 17, 145
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nonconfluence, 65

on manifold, 55

on submanifold, 60
martingale problem, 24
martingale representation theorem, 85, 257
maximum principle, 119
mean curvature, 62
minimal heat kernel, 105
minimal submanifold, 62
multiplicative functional, 198
Myer’s theorem, 188

Nash’s embedding theorem, 76

Nelson’s hypercontractivity theorem, 262
nonconfluence of martingales, 65

normal coordinates, 58

one-point compactification, 11
Ornstein-Uhlenbeck operator, 241
Ornstein-Uhlenbeck process, 17
orthonormal frame bundle, 40

parabolic manifold, 117

parallel transport, 37, 38

path space, 11

Patodi’s local index theorem, 191
Pfaffian, 208, 210

Picard’s iteration, 9

Poincaré inequality, 263
principal bundle, 37

probability space, 6

filtered, 6
process
Bessel, 170

coordinate, 102
Ornstein-Uhlenbeck, 17
radial, 88

product connection, 68

quadratic variation, 53
quasi-invariance, 230

radial process, 71, 88, 92

radially symmetric manifold, 172
Rauch comparison theorem, 165
recurrence, 117

regular conditional probability, 31
Ricci curvature, 89

Riemannian manifold, 40, 72
Riemannian metric, 72

rolling without slipping, 40

scalar curvature, 90, 217, 219
scalarization, 42

Schwartz test function, 243
second fundamental form, 61
second order elliptic operator, 24

second variation formula, 91, 184

sectional curvature, 89
semimartingale, 6
horizontal, 45
on manifold, 19
up to a stopping time, 12
shift operator, 33
solder form, 53
space
bridge, 142
loop, 142
path, 11
spectral gap, 179, 245
sphere at infinity, 158
spin bundle, 213
spin group, 209
spin manifold, 213
spin representation, 209
spin structure, 213
stochastic area formula, 221

stochastic differential equation

on euclidean space, 6
on manifold, 20

stochastic differential geometry, 35

stochastic line integral, 52

stochastic parallel transport, 50

stochastically complete, 107
Stratonovich formulation, 19
strong Markov property, 31
structure equation, 149
submanifold

minimal, 62

totally geodesic, 61
supertrace, 201, 211

tangent bundle, 36
tangent space, 36

tensor field, 41

torsion, 43

torsion-free connection, 43

totally geodesic submanifold, 61

transience, 117

uniqueness in law, 15

Varadhan’s asmptotic relation, 133

vertical vector, 38
volume measure, 73

warped product, 85
weak uniqueness, 15
Weitzenbock formula, 196

Whitney’s embedding theorem, 21
Wiener chaos decomposition, 244

‘Wiener measure, 78

Yamada’s theorem, 97





